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Preface 


Inequalities have proven to be one of the most important and far-reaching tools 
for the development of many branches of mathematics. There are many types 
of inequalities of importance. Integral and finite difference inequalities with 
explicit estimates are powerful mathematical appartus which aid the study of 
the qualitative behavior of solutions of various types of differential, integral 
and finite difference equations. Because of its usefulness and importance, such 
inequalities have attracted much attention and a great number of papers, surveys 
and monographs have appeared in the literature. The extensive surveys of 
such inequalities which are adequate in many applications may be found in the 
monographs [34] and [42] up to the years of their publications. 


Inequalities with explicit estimates are particularly fascinating and have nu- 
merous applications. The variety of nonlinear problems is evergrowing, and new 
methods have to be found to study them. By the desire to widen the scope of 
such inequalities, recently many papers have appeared which deal with the large 
number of inequalities applicable in situations in which the earlier inequalities 
do not apply directly. I believe that these inequalities will strongly influence 
further research into the topic for a long time to come. 


The present monograph is an attempt to present some of the more recent 
developments related to integral and finite difference inequalities with explicit 
estimates. The literature in this field is extensive and as yet scattered in the 
original papers in the journals. The rapid development of this area and the 
variety of applications force us to be quite selective. We only concentrate on 
recent advances not covered in the earlier monographs [34] and [42] by the 
author. Our choices reflect our interests and what we know, as well as those 
results we consider potentially applicable in a wider range of applications. We 
do not claim to include all the recent results about such inequalities, but at 
least to cover those results that have a considerable variety of applications. 


This monograph will be of interest to mathematicians whose work involves 
differential, integral and finite difference equations and numerical analysis. For 
researchers working in these areas, it will be a valuable source of reference and 
inspiration. All the material included is presented in an elementary way and 
the book can be used as a text for advanced graduate cources. It will also be 
of interest to researchers in mathematical analysis, statistics, computer science 
and other areas of applied science and engineering. 


It is my pleasure to acknowledge the fine cooperation and assistance provided 
by Jan van Mill, Arjen Sevenster, (Mrs.) Andy Deelen and the editorial and 
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production staff of Elsevier Science. Finally, I wish to express my greatful ap- 
preciation to my family members for their understanding, patience and constant 
encourgement during the writing of the book. 


B.G. Pachpatte 
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Introduction 


It is a well known truth that the inequalities have always been of great im- 
portance for the development of many branches of mathematics. Indeed, this 
importance seems to have increased considerably during the last century and 
the theory of inequalities nowadays may be regarded as an independent branch 
of mathematics. This field is dynamic and experiencing an explosive growth in 
both theory and applications. A particular feature that makes the study of this 
interesting topic so fascinating arises from the numerous fields of applications. 
As a response to the needs of diverse applications, a large variety of inequalities 
have been proposed and studied in the literature, see [1-85] and the references 
given therein. This theory did not just add new objects of study, but also 
brought with it some new insights and new techniques which are instrumental 
in solving many important problems. 


The integral inequalities of various types have been widely studied in most 
subjects involving mathematical analysis. They are particulary useful for ap- 
proximation theory and numerical analysis in which estimates of approximation 
errors are involved. In recent years, the application of integral inequalities has 
greatly expanded and they are now used not only in mathematics but also in the 
areas of physics, technology and biological sciences. The theory of differential 
and integral inequalities has gained increasing significance in the last century 
as is apparent from the large number of publications on the subject. With 
the growing range of applications, the theory of integral inequalities enjoy a 
rapid increase of interest and widespread recognition as an important area of 
mathematical analysis. 


Many nonlinear dynamical systems are too complicated to be effectively anal- 
ized. In many situations, we are interested in knowing qualitative properties of 
solutions without explicit knowledge of the solution process. Having knowledge 
of the existence of solutions of the system, the integral inequalities with explicit 
estimates serve as an important tool in their analysis. In fact, the integral in- 
equalities with explicit estimates and fixed point theorems are powerful tools in 
nonlinear analysis. The theory of integral inequalities with explicit estimates 
has emerged as an interesting and fascinating topic of applicable analysis with 
a wide range of applications. One can hardly imagine the development of the 
theory of differential and integral equations without such inequalities. As the 
literature is extensive and spans more than a century, it will be helpful to sum- 
marize some fundamental known inequalities. 


An early significant result in this area and certainly a keystone in the devel- 
opment of the theory of differential equations can be stated as follows: 
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If uw is a continuous function defined on [a,a+ h] and 


t 


0<ult)< J (e+ au(s)) as. 


a 


for t € [a,a+h] where c,d are nonnegative constants, then for the function u(t) 
one has the estimate 


u(t) < cexp (dh), 


for t in the same interval. 


The above inequality was discovered by Gronwall [16] in 1919 while investigat- 
ing the dependence of a system of differential equations with respect to a param- 
eter and now known in general as Gronwall’s inequality. However, it seems that 
the idea of such an inequality was grounded in the work of Peano [80] in 1885-86. 
Gronwall might not have thought that this discovery would be an object for such 
great interest in the future. Gronwall’s inequality, like the fundamental inequal- 
ities as, the arithmetic mean and geometric mean inequality, the Holder’s (in 
particular, Cauchy-Schwarz) inequality and the Minkowoski inequality caught 
the fancy of a number of research workers and a large number of papers which 
deal with various generalizations, extensions and numerious variants have ap- 
peared in the literature, see [1-9,11,12,14,15,17,19,20-28,33-79,84,85] and the 
references cited therein. 


In 1956, Bihari [8] gave a nonlinear generalization of Gronwall’s inequality, 
of fundamental importance in the study of nonlinear problems and is known as 
Bihari’s inequality. Another important development that also started almost 
simultaneously, when Wendroff has given some important extensions of Gron- 
wall’s inequality in two independent variables, see [4, p. 154]. The main result 
due to Wendroff can be stated as follows. 


Let u(x, y), c(x, y) be nonnegative continuous functions defined for x,y € Ry. 
If 


cy 


u(y) <a(e)+b(v) + | fe(s,t)u(s,t)atds, 
0 


0 


for x,y € Ri, where a(x), b(y) are po has continuous functions for x,y € Ry 
having derivatives such that a’ (a) > 0,0’ (y) > 0 for x,y € Ry, then 


x 


y 
u(x,y) < E(a,y) exp jon ; 
0 0 
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for x,y € R,,where 


E(2,y) = 
for z,y € Ry. 


The above inequality has its orgin in the field of partial differential equa- 
tions and provides a very useful and inspiring integral inequality of fundamen- 
tal importance. Indeed, the well known book ‘Inequalities’ by Beckenbach and 
Bellman [4] is certainly to be credited for bringing to the notice a fundamental 
unpublished work of Wendroff. Since the publication of the book [4] in 1961, 
a great interest in such kinds of inequalities has certainly contributed to the 
development of the theory of certain partial differential and integral equations, 
see [3,34] and the references given therein. 


The well known Gronwall’s inequality and its nonlinear version due to Bihari 
[8] are not directly applicable to studing integral equations with weakly singular 
kernels. In the theory of such problems, Henry [17] proposes a method to 
estimate solutions of linear integral inequality with weakly singular kernel. In 
1997, Medved [24] proposed a new approach for obtaining explicit estimates on 
the inequalities of the form 


t 


uO) <a(t) + f (ts)? f(s) w(u(s)) ds, 


0 


and its variants and generalizations, where 0 < @ < 1. The case 6 = 1, a, f,u 
continuous, nonnegative, w linear is covered by the Gronwall’s inequality and 
the case 3 = 1, w continuous, nonnegative, nonlinear is covered by the Bihari 
result [8]. The resulting estimates obtained in [17,24-28] play the same role in 
the theory of parabolic partial differential equations; see [25,27,28]. 


In the study of qualitative behavior of solutions of certain nonlinear differ- 
ential and integral equations some specific types of inequalities are needed in 
various situations. To name a few, the following inequality which provides an 
explicit bound on unknown function has played a very important role in the 
study of various classes of differential and integral equations; see [33,34]. 


If u, f are nonnegative continuous functions on R,, c > 0 is a constant, and 


w(t) <c+2 ff (s)u(s)ds, 
0 
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for t € R,,then 


us ver f F(s)as 
0 


for t E Ri. 


The striking feature of this inequality is that it is applicable in situations for 
which the well known Gronwall and Bihari inequalities do not apply directly. 
For a detailed account on such inequalities and some applications, see [34]. The 
explicit bounds on the integral inequalities of the form 


t 


B 
ult) set f a(s)u(s)ds+ f b(s)u(s) as 


a a 


for t € [a,(], under some suitable conditions on the functions involved, are 
also equally important in the study of certain classes of differential and integral 
equations. It appears that Gamidov [15] first initiated the study of obtaining 
explicit upper bounds on such inequalities while studying the boundary value 
problems for higher order differential equations. 


The theory of retarded differential equations is the object of many works for 
more than a century. There are many ideas and techniques that have been out- 
lined to study such equations, see [7,13,18,19] and the references cited therein. 
Inspired by the important role played by the integral inequalities with explicit es- 
timates in the theory of differential and integral equations, some researchers have 
obtained analogues of such inequalities, which can be used as tools in the study 
of retarded differential and integral equations, see [21,22,43,47,58,61,64,69,77] 
and [3, pp. 142-145]. There is no doubt that the retarded integral inequalities 
with explicit estimates will continue to play an important role in the study of 
various types of retarded differential and integral equations. 


During the past few decades some researchers have shown interest in devel- 
oping the theory of the advanced type of differential equations. If we compare 
some fundamental aspects on the advanced type of equations with retarded 
type including ordinary differential equations, it seems, however, to be difficult 
to apply the fixed point theorems to the advanced types. If the uniqueness of 
the solutions is not guaranteed, it is convenient to consider the maximal and 
minimal solutions. As for the advanced types, however, the same methods as 
in the theory of retarded types may not be possible. In the study of retarded 
types of differential and integral equations, some retarded integral inequalities 
with explicit estimates play an important role. It seems, however, not to be 
easy to obtain such inequalities for advanced types. See [82]. We would like to 
mention here that another interesting but challenging problem associated with 
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the study of differential equations in which the derivatives depend not only on 
constant values of unknown function from the past, but also on those from the 
future. The main advantage of such equations is that it enables the formulation 
of initial value problems that can be extended to the past as well as to the 
future, that is for all real time t. Numerous models related to such equations 
remain to be studied for which the above noted basic problems remain open. 


Many physical problems, arising in a wide variety of applications are gov- 
erned by both ordinary and partial finite difference equations. The theory of 
finite difference equations, the methods used in their solutions and their wide 
applications has drawn much attention in recent years. Through the widespread 
use of computers in recent years and renewed interest in numerical techniques, 
it seems that the theory of difference equations will quite likely be a fruitful 
source for future research. We hope that the tools developed in this theory may 
shed some light in the development of various fields of applied sciences as well. 


As can be anticipated, since the integral inequalities with explicit estimates 
are so important in the study of properties of solutions of differential and in- 
tegral equations, their finite difference (or discrete) analogues should also be 
useful in the study of properties of solutions of finite difference equations. The 
finite difference version of the well known Gronwall inequality seems to have ap- 
peared first in the work of Mikeladze [29] in 1935. It is well recognized that the 
discrete version of Gronwall’s inequality provides a very useful and important 
tool in proving convergence of the discrete variable methods. In view of wider 
applications, finite difference inequalities with explicit estimates have been gen- 
eralized, extended and used considerably in the development of the theory of 
finite difference equations. A large number of related results can be found in 
the references [1,3,5,12,42]. 


The lasting influence of integral and finite difference inequalities with explicit 
estimates, in the development of the theory of differential, integral and finite 
difference equations is enormous. Since about 1980, the subject has undergone 
explosive growth and attracted many researchers by its usefulness and basic 
character. Indeed, a particular feature that makes such inequalities so fascinat- 
ing arises from the numerous fields of applications. The variety of nonlinear 
problems is evergrowing, and new methods have to be found for each of them. 
During nearly one hundred year history, the subject has been reflected in a 
great number of books and papers dedicated to such inequalities and applica- 
tions. See [1,3,12,14,23,34,42] and the references given therein. The theory of 
such inequalities is basic and important and will no doubt continue to serve as 
an indispensable tool in future investidations. 


In 1998 and 2002, the author wrote the monographs [34] and [42], which 
are devoted to the integral and finite difference inequalities with explicit es- 
timates. Dictated by the need of various types of inequalities while studying 
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many systems arising from diverse applications, such inequalities have received 
considerable attention during the past few years and a number of papers have 
appeared in the literature. This monograph is an outgrowth of the author’s 
recent work, among many others in this area, tracing back to his earlier books 
mentioned above. As the literature is extensive, our focus in this monograph is 
mainly the results which have quite recently appeared and which are adequate 
in new applications in the development of the theory of differential, integral and 
finite difference equations. In fact it brings readers to the forefront of current 
research in this prosperous field and complement the results in monographs [34] 
and [42] in various ways. The selection of the material is largely influenced by 
my interests and the content consists predominantly of my own work. 


This monograph is written with a view to provide basic tools for researchers 
working in mathematical analysis and applications, and those concentrating on 
differential, integral and finite difference equations. Of course, many gener- 
alizations, extensions, variants and applications of the results presented here 
are also possible. Naturally, these considerations will make the analysis more 
complicated, and leave it to the reader to fill in where needed. The book is 
self-contained and thus should be useful for those who are interested in learning 
or applying the inequalities with explicit estimates in their studies. In addition, 
it can be used as a text for advanced graduate cources and will serve as a refer- 
ence in the field of system theory. I hope that, it will convince the reader that 
the integral, and finite difference inequalities with explicit estimates constitute 
a very useful tool in the study of various types of differential, integral and finite 
difference equations and will be a valuable source for a long time to come. 


The present monograph consists of five chapters and references. Chapters 1 
and 2 present a large number of basic linear and nonlinear integral inequalities 
involving functions of one and two independent variables, which in turn can be 
used as powerful tools in the study of various classes of differential and integral 
equations. Chapter 3 contains many new linear and nonlinear retarded integral 
inequalities involving functions of one and two independent variables which are 
useful in the study of various types of retarded differential and integral equa- 
tions. Chapters 4 and 5 deals with the new linear and nonlinear finite difference 
inequalities involving functions of one and two independent variables, which 
find important applications in the study of different types of finite difference 
equations. Each chapter contains a section on basic applications of some of the 
inequalities therein. Regarding the list of references, I would like to mention 
that a large number of references on the topics discussed here are provided in 
the books [34] and [42] by the present author; see also [1,3,4,12,14,23,32,84] and 
the references given there. Without any intention of being complete, here only 
those references from the recent journal literature which are used in the text 
are given. 


Throughout, we shall use the following notations and definitions. 
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Let R denotes the set of real numbers and R;, = [0,00), Z = {0, +1, +2,...}, 
N = {1,2,...}, No = {0,1,2,..$, Nag = {a,atl],..,a+tn= 6} for n 
N,a€ No, € N such that a < G. The derivative of a function u(t) for t € R 
is denoted by wu’ (t) or 4u(t). The partial derivatives of a function z(x,y) for 
x,y € R with respect to x,y and xy are denoted by Diz (x,y) or zz (x,y) or 
oe (x,y) , Doz (x,y) or zy (x,y) or £2 (a, y) and D, Dogz (x,y) = D2D1z (x,y) 
OF 23, (@,y) oF ang? (x,y). For the functions w(m) , z(m,n) for m,n € Z, we 
define the operators A, A;, Ag by Aw (m) = w(m+ 1) — w(m), Aiz (m,n) = 
z(m+1,n) — z(m,n), Agz (m,n) = z(m,n+1) — z(m,n) respectively and 
AoAiz (m,n) = Ag (Aiz(m,n)). Let C(A, B),C' (A, B) , D(A, B) denote the 
class of continuous functions, the class of continuous and differentiable functions, 
the class of functions from the set A to the set B respectively. We use the 
usual conventions that the empty sums and products are taken to be 0 and 
1 respectively. Furthermore, throughout the work, we shall assume that all 
the integrals, sums and products involved exist on the respective domains of 
their definitions and are finite, and hence converge, so we shall omit such types 
of conditions. The notations, definitions, and symbols used in the work are 
standard and are explained, if necessary,at appropriate places. 
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Chapter 1 


Integral inequalities in one variable 


1.1 Introduction 


During the past few decades abundance of applications is stimulating a rapid 
development of the theory of differential and integral equations. A variety of 
new methods and tools are developed by different investigators to study various 
types of differential and integral equations. The method of integral inequalities 
with explicit estimates is a very powerful tool in studying various properties of 
solutions of differential and integral equations. Motivated by the desire to apply 
such inequalities to numerious applications, in the past few years, a number of 
new inequalities have been investigated in [24-28,44,45,50-55]. In this chapter 
we present some fundamental integral inequalities recently established in the 
literature, which can be used as handy tools in the analysis of certain classes of 
differential and integral equations. Some immediate applications are also given. 


1.2 Basic nonlinear integral inequalities 


The explicit bounds given by the well known Gronwall-Bellman [16,6] inequal- 
ity and its nonlinear generalization due to Bihari [8] (see also, LaSalle [20]) are 
used to a considerable extent in the study of differential and integral equations. 
In this section we present some useful generalizations and variants of the above 
mentioned inequalities. 


We shall start with the following generalization of Bihar’s inequality (see [34, 
p. 107]). 
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Theorem 1.2.1. Let u(t), a(t), a’ (t) EC (Ry, Ri), k(t,0), 
,R) where D = {(t,0) € R2:0<0<t<oo}. Let g € 
nondecreasing function, g(w) > 0 on (0,00). If 


£k(t,o) €C(D 
C be 


(Ry, Ry 


WN 


LOZae + [k(iojg(u is)\de, (1.2.1) 
0 


fort € R,, then forO<t <1; t,t) € Ry, 


t 


u(t)<G@" |G(a(t)) + [Ao ds| , (1.2.2) 
where 
A(t)=k(t,t)+ i ok (t, o)do, (1.2.3) 
0 
i ds 
G(r) = Gls)’ r>0, (1.2.4) 


ro 


ro > 0 is arbitrary and G~! is the inverse of G and t, € Rx is chosen so that 
t 
G(a(t)) + [Ao ds € Dom(G™"), 
0 


for all t € Ry lying in the interval 0 <t < fy. 


Proof. We note that, since a’ (t) > 0, the function a(t) is monotonically in- 
creasing. Let a(t) > 0 for t € R, and define a function z(t) by the right 
hand side of (1.2.1). Then z(0) = a(0), u(t) < z(t), z(t) is positive and by 
hypotheses, it is nondecreasing and 


zZ(th=a' (t)+k(t,t) g(u(t)) + / ok (t,0)g (u(a)) do 
0 
<a’ (t)+A(t)g(z(t)). (1.2.5) 


From (1.2.4), (1.2.5) the fact that a(t) < z(t) and the nondecreasing character 
of g we have 
d z(t) 


5 Gle() = 


a’ (t) + A(t) g (2) 
g (z(t) 


IA 
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_d 

dt 
By setting t = s in (1.2.6) and integrating it from 0 tot , t € R; and using the 
fact that z(0) = a(0) we have 


G(a(t)) + A(t). (1.2.6) 


G(z(t)) < G(a(t)) + [Aw ds. (1.2.7) 
0 
From (1.2.7) and the hypotheses on G we observe that 
z(t)<G" Gai) + [ Aw) ds| . (1.2.8) 
0 


Using (1.2.8) in u(t) < z(t) we get the required inequality in (1.2.2). 
If a(t) is nonnegative, we carry out the above procedure with a(t) +e instead 


of a(t) ,where ¢ > 0 is an arbitrary small constant, and subsequently pass to 
the limit ¢ — 0 to obtain (1.2.2). The subinterval 0 < t < t, is obvious. 


Remark 1.2.1. We note that the inequality established in Theorem 1.2.1 is 
a slight variant of the inequality given by Pachpatte in [68]. In the special case 
when a(t) = c (a nonnegative constant), k (t,0) = f (0) and hence ok (t,0) = 


0, the inequality in Theorem 1.2.1 reduces to the Bihari’s inequality, see [8]. If 
we take g(u) = uin Theorem 1.1, then the bound obtained in (1.2.2) reduces to 


u(t) < a(t) exp [Awa ; 
0 


for t € Rx, In this case Theorem 1.2.1 is a generalization of the well known 
Gronwall-Bellman inequality, see [16,6]. 


The inequalities in the following theorem are established by Pachpatte in [55]. 


Theorem 1.2.2. Let u(t), (t,o), ok (t,7) be as in Theorem 1.2.1 and c > 0 
is a constant. 


(a1) If 


u?(t)<e+ i) k (t,0)u (a) do, (1.2.9) 
0 
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for t € R,, then 
1 t 
u(t) <JVe+ 5 | Ao) ds, (1.2.10) 
0 


for t € R4, where A(t) is given by (1.2.3). 


(a2) Let g(u) be as in Theorem 1.2.1. If 


t 


u? (t) < c+ f k(tou(o)g(u (a)) do, (1.2.11) 
0 


for t € R,, then for 0 <t < tg; t,t2 © Ry, 
1 t 
u(t)<G" G(vo +5 [Alas ; (1.2.12) 
0 


where G,G~', A are as in Theorem 1.2.1, and tz € R, is chosen so that 


t 


G (Ve) + 5 | Ae) ds € Dom (G""), 
0 


for all t € Ry lying in the interval 0 < t < fg. 
Proof. (a) Let c > 0 and define a function z(t) by the right hand side of 


(1.2.9). Then z(0) = c, u(t) < \/z(t), z(t) is positive and nondecreasing for 
te Ry and 


Z(th=k(t,thu(t)+ vf Sk (tou (a) do 
0 


<k(t,t)Vz(t)4+ / ok (to)V2 (a)do 


< A(t) (2); (1.2.13) 


which implies 


Vi < vers f Aloe. (1.2.14) 
0 


Using (1.2.14) in u(t) < \/z(t), we get the desired inequality in (1.2.10. The 
proof of the case when c > 0 can be completed as mentioned in the proof of 
Theorem 1.2.1. 
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(a2) Let c > 0 and define a function w(t) by the right hand side of (1.2.11). 
Then w(0) = c, u(t) < w(t), w(t) is positive, nondecreasing for t € R_ and 
as in the proof of (1.2.13) we get 


w' (t) < A(t) (wg (vw () (1.2.15) 


which implies 


Vw (t) < ve+ f A(s)g (Vw @)as. (1.2.16) 
0 


Now an application of Bihari’s inequality given in Theorem 1.3.1 in [34] yields 


w(t) <G* |G@(ve) + 5 | Ae) ds| . (L207) 
0 


Using (1.2.17) in u(t) < \/w (t), we get the required inequality in (1.2.12). The 
proof of the case when c > 0 follows as mentioned in the proof of Theorem 1.2.1. 
The subinterval 0 < t < tg is obvious. 


Remark 1.2.2. If we take k (t,0) = f (0) and hence $k (t,0) = 0 in Theorem 
1.2.2, then the bounds obtained in (1.2.10), (1.2.12) reduces to 


ul) sver5 f F (odo 
0 


ue sG7]G(va +5 ff (o)do], 


respectively. We note that, by following the proof of Theorem 1.2.1 one can 
very easily obtain the bounds on inequalities (1.2.9), (1.2.11) when the constant 
c is replaced by the function a(t), where a(t) is as in Theorem 1.2.1. 


In [24] Medved defined a special class of nonlinear functions and developed 
a method to estimate solutions for nonlinear integral inequalities with singular 
kernels and the nonlinearity of that class. The class of functions defined in [24] 
is as follows. 


Let g > 0 be a real number and 0 < T < oo. We say that a function w : 
R, — R satisfies a condition (q), if 


e® [w(u)]? < R(t) w (e“u4) , (q) 


for all u€ Ry,t € (0,7), where R(t) is continuous, nonnegative function. 
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Remark 1.2.3. If w(u) =u™,m > 0, then 
e~* Iw (u)]? = et w (eu!) , 


for any q > 1, i.e., the condition q is satisfied with R(t) = e("—))%. For w(u) = 
u+tau™, where 0 <a<1,m> 1 the function w satisfies the condition (q) with 
q> land R(t) = 2%'e?, see [24]. 


The following theorems are proved in Medved [24]. 


Theorem 1.2.3. Let 0 < T < ow, u(t),b(t),a(t),a’ (t) € C([0,T), R4); 
w € C(R,, R) be a nondecreasing function, w(0) = 0, w(u) > 0 on (0,7) and 


u(t) < a(t) + [e=s)o(9)w(u (s)) ds, (1.2.18) 
0 


for t € [(0,T) where 3 > 0 is a constant. Then the following assertions hold: 


(i) Suppose 3 > 4 and w satisfies the condition (q) with g = 2. Then 


1 


u(t) se {o- [0 (2a(1)”) +n (H] (1.2.19) 
for t € [0,71], where 


a(t) = “I [ Ris) 01s) as, 


0) 


I is the gamma function, Q(v) = [ Ey V0 > 0,071 is the inverse of 0, and 
vo 


ty € Ry is such that Q (20 (1)”) + 91 (t) € Dom (27?) for all t € (0, Ty]. 


it) Let B € (0, $| and w satisfies the condition (q) with g = z+ 2 , where 
B= _ ie, B= pe Let 2,07! be as in part (i). Then 


u(t) < e {0-1 [0 (24-14 (t)%) + go (t)]}*, (1.2.20) 
for t € [0,71], where 


1 
T'(1—ap)]? z z+2 
So => => —_——— 1.2.21 
peed Pr z+? ( ) 


and T, € Ry is such that © (21a (t)") + go (t) € Dom (Q71) for all t € [0,7]. 


K.= | 
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Proof. First we shall prove the assertion (7). Using the Cauchy-Schwarz in- 
equality we obtain from (1.2.18) 


t 


u(t) <a(t)+ f (ts) b(s) PS TICONLe 


0 
t 27 t 2 
<a(t)+ / (¢ — 8)7P-? e*ds f° (s)’ e~?°w(u(s))?ds| . (1.2.22) 
0 0 
For the first integral in (1.2.22) we have the estimate 
t t 

= fe- 3)? e**ds = eg 

0 0 

t 
- tf eae = 2c fap ee Ode. 
0 0 

< as (26-1). 


Therefore we obtain from (1.2.22) 


2 


u(t) <a(t)+ Fa 


< pt (28 - | [oe e>w (u(s))” ds 
0 


Using the well known consequence of the Jensen inequality: 


; a |) <n : a, (1.2.23) 
i=1 i=1 


(where a; > 0,r > 0 are real numbers, see [30,65]), with n = 2,r = 2 we obtain 


u? (é) < 2a tt)? +2 = eee [os )? e~25w (u(s))? ds, (1.2.24) 
0 


and applying the condition (q) with q = 2 we have 


iK2ae +K | b(3)? R(s) w(o(s)) as, 
0 


(1.2.25) 
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Now proceeding as in the proof of Theorem 1.2.1 we obtain 
v(t) < 271 [Q(alt)) +H (J. (1.2.26) 
From (1.2.25) and (1.2.26) we get (1.2.19). 


Next, we prove the assertion (ii). Obviously, 6-1 = —a = —4,. Let p,q be 
as in the statement of theorem. Then + 7 = 1 and using the Holder’s integral 
inequality we obtain from (1.2.18) 

t 
u(t) < a(t) + f (t=)? *6(s) w(u(s)) ds 


0 


1 
t Pp t q 
<a(t)+ / (t—s) °P eP?ds [is e w(u(s))tds| . (1.2.27) 
0 0 
For the first integral in (1.2.27) we have the estimate 


t t 


je —s) “Peds = ef aoe ae 
0 0 


ePt —ap ,—-o ePt 
0 

Obviously, 1 — ap = eat > 0 and so ['(1— ap) € R. Thus (1.2.27) and the 

condition (q) yield 


t. 


u(t) <a(t)+e'K, pe (s)’ R(s) w(eVu(s)") ds}, (1.2.28) 
0 


where K, is defined by (1.2.21). Now using the inequality (1.2.23) with n = 
2,r = q we obtain 


t 
u(t)? < 2% 1a (t)? +27 te" KG i, b(s)’ R(s)w(e ®u(s)") ds, (1.2.29) 
0 
and this yields 


v(t) < b(t) +29 1 KY i b(s)7R (s) w (v(s)) ds, (1.2.30) 
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u(t) = (e*u(t))?,¢@@) = 2 1a)’. (1.2.31) 
Now by proceeding as in the proof of Theorem 1.2.1 we obtain 
v(t) <Q [Q(P(t)) + gw (4)]. (1.2.32) 


The required inequality in (1.2.20) follows from (1.2.31) and (1.2.32). 
As a consequence of Theorem 1.2.3 we have 


Theorem 1.2.4. Let 0 < T < o, u(t),b(t),a(t),a’ (t) be as in Theorem 
1.2.3 and 


u(t) < a(t) + f (t= s)?*6(s) u(s) ds, (1.2.33) 
0 


where @ > 0. Then the following assertions hold: 


(i) If 6 > 4, then 
i) Za ME fo(staste (1.2.34) 


for t € [0,T). 
(iz) If B= tI for some z > 1, then 


1 Qq-1 
qd 


u(t) < (27-"')7 a(t)exp 


t 
K2 | o(s)"ds +4), (1.2.35) 
q 
0 


for t € [(0,T), where K, is defined by (1.2.11), q=2z+2. 


Theorem 1.2.5. Let 0 < T < w, u(t) ,b(t),a(t),a’ (t) and w(u) be as in 
Theorem 1.2.3 and 


t 


u2(t) < a(t)+ f (ts)? *6(s) w(u One (1.2.36) 
0 


where @ > 0 is a constant. Then the following assertions hold: 
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(i) Suppose 3 > 4 and w satisfies the condition (q) with q = 2. Then 


u(t)<et2 AIA (20 (1)”) K [ 0(9? RO) ds| S$ , (1.2.37) 
0) 
for t € [0,71], where 
_ (26-1) _ f do 
K= yaar AC) = / ajay > 0, (1.2.38) 


vo 


t 
T, € Ry is such that A (20 (0)”) + K f(s)? R(s)ds € Dom(A~!) for all 
0 


t € [0,T;], T is the gamma function. 


ii) Let B € (0, 5] and w satisfies the condition (q) with gq = z + 2, where 
z= _ ie, B= ae Let A, A~! be as in part (i). Then 


1 
t 2q 
u(t)<e' <A} A (2 a(t!) +2-1KS | b(s)" RO) ds , (1.2.39) 
0 
for t € [0,7], where 


—, I (1— Gp) p ee 1 _ 2+2 
K,= | B= PG se ya? (1.2.40) 


t 

T; € Ry is such that A (27-1a(t)*) + 29-1 K? fb(s)? R(s) ds € Dom (A?) for 
0 

all t € (0,T)). 


Proof. First we prove the assertion (7). Following the proof of Theorem 1.2.3 
one can show that 


v(t) <a(t) + K [019 FO CrONCe (1.2.41) 
0 
where 
v(t) = (e*u(t))” a(t) = 2a(t)?, K = ai ) (1.2.42) 


Define by e(t) the right hand side of (1.2.41). Then u(t) < /e(t). Now by 
following the proof of Theorem 1.2.1 with suitable modifications we obtain 


e(t) <A! A(a(t)) +K | b(s)? R(s)ds 
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and thus we have 


NIF 


v(t) < Je(t) << AT} A(a(t))+K | b(s)? R(s)ds (1.2.43) 
0 


From (1.2.42) and (1.2.43) we get: (1.2.37). 


Now we shall prove the assertion (ii). Following the proof of assertion (ii) of 
Theorem 1.2.3 one can show that 


v(t) < o(t) +29 1K! i. b(s)? R(s) w (u(s)) ds, (1.2.44) 


where 
v(t) = (e*u(t))7, b(t) = 27 *a(t)", (1.2.45) 


and K, is given as in (1.2.40). Following the procedure from the proof of 
assertion (i) we obtain 


v(t) << At A(o() +27-1KE | b(5)" R(s) ds ; (1.2.46) 
0) 


From (1.2.45) and (1.2.46) we obtain (1.2.39). 


Remark 1.2.4. We note that in the book [17] Henry obtained by an iterative 
argument an estimate on the inequality of the form (1.2.33). The analysis used 
in the proof of Theorems 1.2.3 and 1.2.5 is based on the method developed 
by Medved in [24]. For the application to global existence of solutions and 
a stability theorem for a class of parabolic partial differential equations, see 
[25,28]. 


1.3 More nonlinear integral inequalities 


This section deals with some more nonlinear integral inequalities established 
by Pachpatte in [35,45] which claims their orgins in the inequalities given by 
Ou-lang [33] and Dafermos [10], see also [34]. 


In [35] Pachpatte proved the inequalities in the following two theorems. 


Theorem 1.3.1. Let u(t), a(t), b(t), g(t), h(t) € C(R,, Ry) and p> 1 be 
a real constant. 
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(a1) If 


u? (t) < a(t) + b(t) / [g (s) u? (s) + h(s) u(s)] ds, (1.3.1) 
0 


for t € R,, then 


x exp (fom (« (0) + 9 or a ; (1.3.2) 


for t E Ry. 


(a2) Let c(t) be a real-valued positive continuous and nondecreasing function 
defined on R. If 


t 


uP (t) < (t) + b(t) / HOA ET OrmOien (1.3.3) 
0 


fort € R,, then 


uD eee) {+40 f [9 (s) + h(s) el? (s)] 
0 


x exp (fom (s (0) + “has (o)) or af F (1.3.4) 


for t E Ry. 


(a3) Let k(t, s) and its partial derivative ok (t, s) be real-valued nonnegative 
continuous functions for 0 < s < t < oo. If 


t 


uP (t) < a(t) + b(t) / k(t, s) [g (s) u? (s) + h(s) u(s)]ds, (1.3.5) 
0 


for t € R,, then 


u(t) < {n0 +b(t) [ B(o) exp (aco | ‘ (1.3.6) 
0 o 
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for t € Rz, where 


Proof. (a,) Define a function z(t) by 


t 


z(t) = [ [g(s)w(s) + h(s) u(s)as}, 


0 


Then z(0) = 0 and (1.3.1) can be written as 
uP (t) < a(t) + b(t) z(t). 


From (1.3.10) and using the elementary inequality, see [30, p. 30] 


where x > 0,y > 0 and . + ; = 1, we observe that 


| (%p-1) 


u(t) < (a(t) + b(t) z(t)? (1) 


Differentiating (1.3.9) and using (1.3.10) and (1.3.12) we get 


h(t 
Z() <60 (90 +*9) 2 


21 


(1.3.7) 


(1.3.8) 


(1.3.9) 


(1.3.10) 


(1.3.11) 


(1.3.12) 


(1.3.13) 
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The inequality (1.3.13) implies the estimate 


t 


0) < f [oat +ni) (244 2O)] 
0 


Pp 


x exp (Zo (0 (a) + 9 o ds. (1.3.14) 


The required inequality (1.3.2) follows from (1.3.14) and (1.3.10). 


(a2) Since c(t) is a positive, continuous and nondecreasing function for t € R+, 
from (1.3.3) we observe that 


(28) cr 40 / oe) (22 eaere-ry (22)]a 


Now an application of the inequality given in (a,) yields the desired result in 
(1.3.4). 


(a3) Define a function z(t) by 


t 


z(t) = je (t, s) [g (s) u? (s) + h(s) u(s)] ds. (1.3.15) 


0 


Then as in the proof of part (a1), from (1.3.15) we see that the inequalities 
(1.3.10) and (1.3.12) hold. Differentiating (1.3.15) and using (1.3.10), (1.3.12) 
and the fact that z(t) is monotonic nondecreasing in t we get 
z(t) =k(t,t) [gw +h ult)] 
t 


+ [ Sk (ts) Ig (9) w (8) + h(s) us) ds 


Chapter 1 23 


+k (t,t) (o@ac+ ni (2 +20) 


Pp 
+ | Skis) (a(s)a(s) +08) (2+ “0))) Hs 
0 
See (1.3.16) 


The inequality (1.3.16) implies the estimate 


z(t) < [Boe [facoe do. (1.3.17) 
0 o 


Using (1.3.17) in u? (t) < a(t) + b(t) z(t), we get the required inequality in 
(1.3.6). 


Theorem 1.3.2. Let u(t) ,a(t),b(t),g(t) € C(Ry, R) and p> 1 bea real 
constant. 


(b,) Let f : Ri. > Ry be a continuous function such that 


O<f(t,«)—f(ty) <m(ty)@-y), (1.3.18) 


for t€ Ry and « > y > 0,where m: R?. — Rx is a continuous function. If 


uP (t) < a(t) + b(t) 7 f (s,u(s)) ds, (1.3.19) 
0 


for t € R,, then 


x exp [/» (2 i: a 24 a} (1.3.20) 
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(bo) Let f : Ri. — Rx be a continuous function and ¢: Ry > Ry bea 
continuous and strictly increasing function with ¢(0) = 0 such that 


0<f(t,c)-f(y)<m@y)o'(e-y), (1.3.21) 


for t € Ry and x > y > 0, where m: R4. — Ry is a continuous function and 
¢~! is the inverse function of ¢ and 


bo * (ay) <6 * (2) ¢* (y), (1.3.22) 
for z,y € Rx. If 


t 


u? (t) <a(t)+b(t)¢ fo (s,u(s)) ds | , (1.3.23) 


for t € R,, then 


Xx exp [om (« i ag ato) go} (A) ao of (1.3.24) 


Ss 


for t € Ry. 


(b3) Let W(r) be a real-valued, continuous, nondecreasing, subadditive and 
submultiplative function defined on R, and W(r) > 0 on (0,00). If 


t 


uP (t) < a(t) +d(t) f 9(s) W (u(s)) ds, (1.3.25) 
0 


fort € R,, then for0<t< ty, 


u(t) < {aco-e50ne 


where for t € Ry, 


D(t)= [a Ww (2 4 “2 ds, (1.3.27) 


G(r) = | ——~,r>0, (1.3.28) 
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ro > 0 is arbitrary, G~! is the inverse function of G and t; € Ry is chosen so 
that 


t 

b 

G (D(t)) + fas) Ww (S ds € Dom (G"*), 
4 Pp 

for all t € Rz lying in the interval 0 <t < f,. 


Proof. (b,) Define a function z(t) by 
z(t)= | f(s,u(s)) ds. (1.3.29) 
| 


Then as in the proof of Theorem 1.3.1, part (a1), from (1.3.19) we see that the 
inequalities (1.3.10) and (1.3.12) hold. From (1.3.29), (1.3.12) and the condition 
(1.3.18) it follows that 


Pp Pp p Pp Pp 
ree 
cm (42 as OW) p(.P +2), (1.3.30) 


The inequality (1.3.30) implies the estimate 


t 


er ae 


(0) 


x exp [o (2 os “t0)) Oe ae (1.3.31) 


Pp p 


From (1.3.31) and (1.3.10) the desired inequality in (1.3.20) follows. 


(b2) Defining a function z(t) by (1.3.29) and following the arguments as in the 
proof of Theorem 1.3.1, part (a;) we see that corresponding to the inequalities 
(1.3.10) and (1.3.12) we get 


uP (t) < a(t) +b(t) o(z(t), (1.3.32) 


and 


(z(t). (1.3.33) 
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From (1.3.29), (1.3.33) and the conditions (1.3.21), (1.3.22) it follows that 


z(t) = f (t,u(t)) 


cm (utsP oon (Motn) +4 (et 2) 

<m (« na + a0) o' (O) z(t) +f (« zt + a0) . (1.3.34) 
The inequality (1.3.34) implies the estimate 

vos f(t 28) 

x exp le (« = + at) on (2) do | ds. (1.3.35) 


The required inequality (1.3.24) follows from (1.3.32) and (1.3.35). 


(b3) Define a function z(t) by 


z(t) = oad (s)) ds. (1.3.36) 


0 


Then as in the proof of Theorem 1.3.1, part (a1) , from (1.3.25) we see that the 
inequalities (1.3.10) and (1.3.12) hold. From (1.3.36), (1.3.12) and the conditions 
on W it follows that 


z(t) < D(t) +f (s)W (“) W (z(s)) ds, (1.3.37) 


0 


where D(t) is defined by (1.3.27). The rest of the proof can be completed by 
closely looking at the proof of Theorem 2.4.2 given in [34, p.121]. We omit the 
further details. 


Remark 1.3.1. We note that in the special cases when (i) g = 0, (ii) g = 0,p = 
2 in Theorem 1.3.1, and (iii) p = 2 in Theorem 1.3.2, we get new inequalities 
which may be convenient in certain applications. 
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The following Bihari type inequality is proved by Pachpatte in [45]. 


Theorem 1.3.3. Let u(t), f(t) € C(Ry,Rz), h(t,s) € C(R4,R4), for 


0<s<t<oandc>0,p>1 are real constants. Let g € C(R; 
nondecreasing function, g(u) > 0 for u > 0 and 


t s 


wiser [ f(s) g(u(s)) + f h(s,0) 9(u(o)) do i 


0 0 


fort € R,, then forO<t<t, 
7 1 
u(t)<{H~*[H(c) + E(t)]}?, 


where 


po=| e+ face ds, 
0 0 


H(r)= | cane ey 


ro > 0 is arbitrary, H~+ is the inverse function of H and t, € Ry i 
that 


H (c)+ E(t) € Dom (H™"), 


for all t € Rz lying in the interval 0 <t < fy. 


.,R+) bea 


(1.3.38) 


(1.3.39) 


(1.3.40) 


(1.3.41) 


s chosen so 


Proof. We first assume that c > 0 and define a function z(t) by the right 


hand side of (1.3.38). Then 2(0) = c, u(t) < (z(t))?, z(t) is p 
nondecreasing for t € Ry and 


ositive and 


(1.3.42) 
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From (1.3.41) and (1.3.42) we have 


d z! (t) 

<H (z(t) = 

a a ((2()?) 

< |f(t})+ | h(t,o)do| . (1.3.43) 
| 


By setting ¢ = s in (1.3.43) and integrating it from 0 to t we have 

H (z(t) < H(c)+ E(t). (1.3.44) 
Since H~! is increasing, from (1.3.44) we have 

z(t) < H|[H(c)+E(t)]. (1.3.45) 
Using (1.3.45) in u(t) < (z (t))? we have the required inequality in (1.3.39). If 
c is nonngative, we carry out the above procedure with c+ € instead of c, where 


€ > 0 is an arbitrary small constant, and by letting « — 0, we obtain (1.3.39). 
The subinterval 0 < t < t, is obvious. 


As an immediate consequence of Theorem 1.3.3 we have the following 


Theorem 1.3.4. Let u(t), f(t), h(t,s),¢,p be as in Theorem 1.3.3. If 


uP (t) < sa f(s) u(s) + f roo u(c)do| ds, (1.3.46) 
0 0 
for t € R,, then 
u(t) < jet - (=) H (| - (1.3.47) 


for t € R4, where E(t) is given by (1.3.40). 


Proof. Let g(u) = u in Theorem 1.3.3.Then (1.3.38) reduces to (1.3.46) and 


and consequently the bound obtained in (1.3.39) reduces to the bound in (1.3.47). 
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Remark 1.3.2. We note that the ? definition of the function H in (1.3.41) 
is motivated from Medved |[ If f = oo, then H (oo) = oo and the 


fo ale? 


inequality in (1.3.39) is true for t € Rz. In the special case when p = 2, the 
inequality given in Theorem 1.3.4 reduces to a variant of the inequality given 
in [34, p. 233]. We also note that by following the proof of Theorem 1.2.1, one 
can very easily obtain the bounds on the inequalities (1.3.38) and (1.3.46) by 
replacing the constant c by a function a(t) as in Theorem 1.2.1. 


1.4 Inequalities with iterated integrals 


Integral inequalities with iterated integrals play a very important role in the 
qualitative theory of differential and integral equations. In this section we of- 
fer some fundamental iterated integral inequalities established by Bykov and 
Salpagarov in [9] and Pachpatte in [53,78]. 


Our first theorem deals with the inequalities established by Pachpatte in [53]. 


Theorem 1.4.1. Let u(t), f (t),a(t) € C(R4, R+), k(t, s), Zk(t, s),C(D, 
R,) and c > 0 is a constant, where D = {(t,s) € Ri: 0<s<t<oo}. 


(a) If 

u(t) cer f 509 uls)+ f klae)u(o) do ds, (1.4.1) 

for t € Ry, then ) 
u(t) <e 1+ [509 s) exp [ue Jdo | ds| , (1.4.2) 

for t € Ry, where 

A(t) =e + f Amen dr. (1.4.3) 
(az) If ) 

u(t) cat fr) wie) f keyu(o) do| ds, (1.4.4) 
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for t € Ry, then 
u(t) < a(t) te(t) b+ fron (/ [f (0) ato 7 , (1.4.5) 
for t € Ry, where 
e(t) 0G sis favo | ds, (1.4.6) 
0 0 


and A(t) is defined by (1.4.3). 


Proof. (a,) Define a function z(t) by the right hand side of (1.4.1). Then 
z(0) =c, u(t) < z(t) and 


< f(t) : (+ [k(t0)2 (a) “| ; (1.4.7) 


v(t) = z(t) + | k (t,0)z (a) do. (1.4.8) 


Then v(0) = z(0) =, z(t) < u(t), 2’ (t) < f () v(t) and v(t) is nondecreasing 
for t€ Ry and 
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implying 


t) < cexp / [f(o)+ A(o)]da]. (1.4.9) 
0 


Using (1.4.9) in (1.4.7) and integrating the resulting inequality from 0 to ¢, 
t € Ry, we get 


8 


z(t)<c 1+ f £(s)exp [10 (o) +A(o)lto ds} . (1.4.10) 
0 


0 


The desired inequality in (1.4.2) follows by using (1.4.10) in u(t) < z(#). 


(a2) Define a function z(t) by 


8s 


=f #0) u(s)+ f k(s,0)u(a)de ds. (1.4.11) 
0 


0 


Then from (1.4.4), u(t) < a(t) + z(t) and using this in (1.4.11) we get 


ns fro oe )tz(s (+ f kao) (alo yet 


0 


Ss 


+f 10 Hea da | ds, (1.4.12) 


where e(t) is defined by (1.4.6). Clearly e(t) is nonnegative, continuous and 
nondecreasing for t € Rz. First we assume that e(t) > 0 for t € R,. From 
(1.4.12) it is easy to observe that 


z(t) z(s) i z(o) 
el) < 4 [50 ss # | How ea, ds. (1.4.13) 
Now, an application of the inequality in (a1) to (1.4.13) we have 
z(t) 
elt) = r+ [509 s) exp [i (co) + A(a)|do | ds} . (1.4.14) 


The desired inequality in (1.4.5) follows from (1.4.14) and the fact that u(t) < 
a(t) +2z(t). Ife(t) > 0, we carry out the above procedure with e (t) + ¢ instead 
of e(t), where ¢ > 0 is an arbitrary small constant, and subsequently pass to 
the limit as « — 0 to obtain (1.4.5). 
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Remark 1.4.1. We note that in the special case when k(t, s) = k(s), the in- 
equality given in (a ;) reduces to the inequality established earlier by Pachpatte, 
see [34, p. 33]. For a number of inequalities involving iterated integrals and 
their applications, see [3,34]. 


In [9] Bykov and Salpagarov proved the inequalities in the following theorem. 
Theorem 1.4.2. Let u(t) € C(R,,R,), k(t,s) € C(D,R,),h(t,s,0) € 
C(E,R,) and c > 0 be a constant, where D = {(t,s) € R2:0<s<t<oo}, 


E={(t,s,0)€ RR :0<0<s<t<oco}. 


(b1) Let b(t) E C (R,, Ri) If 


uty ex fo(yucrass f [renucner ds 
0 0 0 


t s T 


+f / [hlsna)u(o) do anaes, (1.4.15) 


0 \o \o 
for t € R,, then 


u(t) < cexp [eo ds | , (1.4.16) 
0 
for t € Rz, where 
B(t)=6(t)+ | k(t,r)dr+ h(t,t,0)do | dr. (1.4.17) 
ees 
(bz) Let Zk(t,s) € C(D, Ry), Zh(t,s,0) € C(L, Ry). If 
u(t)<c+ | k(t,r)u(r)dr+ h(t, 8,0) u(a) do } ds, (1.4.18) 
| I 
fort € R,, then 
u(t) < cexp fir (s) +Q(s)| ds], (1.4.19) 
0 


for t € Rz, where 


R(t) =k(t,t) + f h(t,to) do, (1.4.20) 
0 
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Qo = | Zei.ojdo+ | [/ fase] ds. (1.4.21) 
0 


0 0 


The proof of this theorem follows as a consequence of the following more 
general theorem proved by Pachpatte in [78]. 


Theorem 1.4.3. Let u(t), &(t,s),h(t,s,o0) be as in Theorem 1.4.2 and a(t), 
a’ (t) € C( Ry, Ry). Let g € C(R,, R+) be a nondecreasing function, g(u) > 0 


on (0,00). 


(c,) Let b(t) € C (Ry, Ry). If 


u() <a(t) + fb(s)g(u(s))as+ f [/reonvienar)a 


a (/ [/serertacenan “ ds, (1.4.22) 


0 
for t€ R,,then fort € R,, 


u(t)<@t 


Gla ()) + f BO) 7 . (1.4.23) 
0 
where 
hi ds 
G(r) =] 0? > 0, (1.4.24) 


ro > 0 is arbitrary, G~+ is the inverse of G, B(t) is given by (1.4.17) and t) € Ry 
is chosen so that 


G (a(t)) + [e (s)ds € Dom (G~*) : 


for all t € Ry lying in the interval 0 <t < ,. 


(co) Let ok (t, s), Zh(t,s,0) be as in Theorem 1.4.2, part (62). If 


u(t) < a(t)+ f k(t s)g(u (s))as+ | [fries nye ds, (1.4.25) 


0 0 0 
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for t € R,, then for 0 <t< to;t,t2 © Ry, 
t 


u(t) <G' |G(a(t))+ / [R(s)+Q(s)] ds] , (1.4.26) 


0 


where G, G~! are as defined in part (cz), R(t), Q(t) are given by (1.4.20), (1.4.21) 
and tz € R, is chosen so that 


G (a(t)) + / [R(s) +Q(s)]ds € Dom (G~*) ; 
0 


for all t € Ry lying in the interval 0 < t < te. 


Proof. First we note that, since a’ (t) > 0, the function a(t) is monotonically 
increasing. 


(c,) Let a(t) > 0 for t € Ry and define a function z(t) by the right hand 
side of (1.4.22). Then z(t) > 0, 2(0) = a(0), u(t) < z(t), a(t) < z(t), z(£) is 
nondecreasing for t € Ry and 


z(t) =a’ (t) + b(t) eco) f ber) T))dr 
0 


+/ re. T,0)9(z(c))do | dr 
0 \o 
a’ (t) + B(t) g (z(t). 
Now by following the same arguments as in the proof of Theorem 1.2.1 below 
the inequality (1.2.5) we get the required inequality in (1.4.23). 


(c2) Let a(t) > 0 for t € Ry and define a function z(t) by the right hand side 


of (1.4.25). Then z(t) > 0,2(0) = a(0), u(t) < z(t), a(t) < z(t). In view of 
the hypotheses, it is easy to observe that z(t) is nondecreasing and 


Z(th=a' (t)+k(t,tg one J gene u(s)) ds 
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<a'(t)+[R(t)+Q()] 9 (2). 
The remaining proof can be completed by following the proof of Theorem 1.2.1. 
Remark 1.4.2. As a consequence of Theorem 1.4.3, if we take g(u) = u, then 


G(r) = log =,G"" (r) = roexp(r) and the bounds obtained in (1.4.23) and 
(1.4.26) reduces respectively to 


u(t) < a(t) exp [es (s)ds |, (1.4.27) 
0 
and 
u(t) < a(t) exp / [R(s)+Q(s)] ds], (1.4.28) 
0 


for t € R,. Furthermore, if we take a(t) = c, a nonnegative constant, then we 
get the inequalities in Theorem 1.4.2 established by Bykov and Salpagarov in 
[9]. 


Before giving the next result, we introduce some notations to simplify the 
details of presentation. Let J = [0,a) be the given subset of R and for i = 
1,...,n, let I; = LCase te) : (t1,...,ti) € ‘ay For i = 1,...,n and any func- 
tions w (t) 5a (t) , b(t) € C(I, Ri) ) DL; (t1, geaeUe's WwW (t;)) MM; (t1, sinh bay a (t;)) S 
C(I, x R,,R+,) and t € I we set 


t ty ti-1 


Flu) = f fs falta tise (6) at | dt, 


0 0 0 


t 


E(t)=1, (t.a(t)) + f Zs its CUD) GGA: 
0 
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t ta tn—-1 
+ i [fbn (bsta, tay a(tn)) dt dtn_1... | dta, 
0 0 0 
t 
H(t) = M, (t,a(t)) b() + pm (t, te, a (t2)) b (te) dtg +... 
0 
t to tn—-1 
+f pes [Mo (tatasosts a (bn)) bln) dt Din aica NES: 
0 0 0 


The following theorem deals with the inequalities established by Pachpatte 
in [78]. 


Theorem 1.4.4. Let u(t),a(t),b(t) € CU, R,). 


(d,) For i =1,...,n, let the functions L; € C (I; x Ri, R+) satisfy the condi- 
tions 


0 < Dj (f1, eos bin oe (ti)) — Dj (tf, wy LY (t;)) 


< Mi (t,.., ti, y (ti)) (@ (ti) — y (i), (1.4.29) 
for (t1,...,¢:;) € J; and x(t;) > y(t;) > 0, where M; € CUZ; x R,, R,). If 


u(t) < a(t) + 0(t) Dee [u] (t) , (1.4.30) 
for t € I, then 
u(t) <a(t)+6(t) | E(t) exp H (ao) do | dty, (1.4.31) 
a 


forte I. 


(dz) Let w € C(R,, R,) be a strictly increasing function with w (0) = 0. For 
i=1,...,n let the functions L; € C (I; x R4,R+) satisfy the conditions 
0 < Li; (t1, | ti, v (ti)) ~ L; (t, eae) ti, ¥ (ti)) 
aM stout) vy ee) avh), (1.4.32) 


for (t1,...,ti) € I; and x (t;) > y(t;) > O,where M; € C(I; x Ry, Ry) and y+ 
is the inverse function of w. If 


u(t) <a(t)+H (' (t) D F, [uj 0) (1.4.33) 
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for t € I, then 


u(t) <a(t)+w | b(t) | E(t) exp H(o) o a : (1.4.34) 
faa) 
for t € I. 


(d3) Let L;,Mi,v,W | be as in part (dz)and the conditions in (1.4.32) hold. 
Suppose in addition that 
(ay) <7" (x) b* (y), (1.4.35) 
for all x,y € Ry. If 


u(t) <a(t)+0(t)w (>: F, [uJ 0) ; (1.4.36) 


i=1 
for t € I, then 


u(t) < a(t) + b(t) pee exp jp (oc) do | dti |), (1.4.37) 
0 i, 


for t € I, where Hj (t) is obtained by replacing b by w~1(b) on the right hand 
side of the definition of H(t). 


(da) For i = 1,...,n, let L;, M; be as in part (d,) and the conditions (1.4.29) 
hold. Let g € C(R4, Ry) be a nondecreasing function with g(u) > 0 for u > 0. 
If 


u(t) < a(t) +b(t)g (>: F; [ul] 0) (1.4.38) 
for t € I, then for 0<t< e r, 

u(t) <a(t)+b(t)g| G' |G(E(t)) +f nran : (1.4.39) 
where 

E(t) = f ewan (1.4.40) 


G,G! are as defined in Theorem 1.4.3, part (c,) and t € I is chosen so that 
t 
G (E (t)) + f H(aan € Dom (G™"), 
0 


for all t € I lying in the interval 0<t <t. 
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Proof. (d,) Define a function z(t) by 


= [es (r.u(ty)de + f (fi stant di; +... 


0 0 


| [/. (/ total tur dty. 


(1.4.41) 


Then z(0) = 0, z(t) is nondecreasing for t € I and (1.4.30) can be restated as 


u(t) < a(t) + b(t) z(t). 
From (1.4.41), (1.4.42) and the hypotheses we observe that 


t 


z(t) =I (t,u(t)) + iz (t, to, u (t2))dte +... 


+f [/. (/ in tna tr) ti 


< {Ly (t,a(t) + b(t) z(t) — Li (t,a(t))} + Ln (t, a (t)) 
+ [les (t, to, a (t2) + b (ta) 2 (t2)) — Le (t, ta, a (t2))} 
+L (t, ta, a (t2)) )] dta Fai 


f(f ( [ts (t,t2, tn, (ta) + b(t) 2 (tn) 
0 


~Ly (t,t9, tn, @(tn))} + Ln (ty ta) «tn, (tn))] dtp) dtp...) dty 
jie a (t)) b(t) z(t) 


<E 
+ [ate (t, tz, a (t2)) b(t2)z (te) dt ee 
0 


(1.4.42) 


(pf [fm My (t, ta, - tn)) b(tn) 2 nt tr dts 
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< E(t)+ A(t) z(t). (1.4.43) 
The inequality (1.4.43) yields 


z(t) < | E(ti)exp H (s) ds } dty. (1.4.44) 
jecv(] 


t1 


The desired inequality in (1.4.31) follows from (1.4.42) and (1.4.44). 


(d2) Define a function z(t) by (1.4.41).Then z(0) = 0, z(t) is nondecreasing 
for t € J and (1.4.33) can be restated as 


u(t) <a(t)+y (b(t) z(t). (1.4.45) 
By following a similar argument as in the proof of part (d,) with suitable 


changes, see also [12,34] we obtain (1.4.44).Using (1.4.44) in (1.4.45) we get 
the required inequality in (1.4.34). 


(ds) Define a function z(t) by (1.4.41). Then z(0) = 0, z(t) is nondecreasing 
for t € J and (1.4.36) can be restated as 


u(t) < a(t) +b(t) (z(t). (1.4.46) 


Now by following a similar argument as in the proof of part (d,) with suitable 
modifications, we obtain 


z(t) < [Eten jp (s)ds | dty. (1.4.47) 
0 


ti 


Using (1.4.47) in (1.4.46) we get (1.4.37). 


(d4) Define a function z(t) by (1.4.41). Then z(0) = 0, z(t) is nondecreasing 
for t € I and (1.4.38) can be restated as 


u(t) <a(t)+b(t)g(z(t). (1.4.48) 
From (1.4.41), (1.4.48), (1.4.29) and following the proof of part (d) we get 
z(t) S E(t) + H(t)g (z(t), 


which yields 


z(t) < E(t) + f H(t)g(e(t)) ds (1.4.49) 
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By following the same arguments as in the proof of Theorem 2.4.2 given in [34] 
we get 


z(t) <G" |G(E(t) + f H(ijat (1.4.50) 
0) 


Using (1.4.50) in (1.4.48) we get (1.4.39). The subinterval 0 < t < ¢ is obvious. 


Remark 1.4.3. If we take ZL; = L,L; = 0 for i = 1,...,n and the interval 
I = [a, 8) in Theorem 1.4.4, then we recapture the inequalities in Lemma 74, 
Theorem 81, Theorem 85, Theorem 91 given in [12] respectively. Here it is to be 
noted that, one can very easily obtain from Theorem 1.4.4 the corollaries similar 
to those of various corollaries of the corresponding results given in [12] which 
can be used in certain applications. We also note that, in view of the results given 
in Theorem 1.3.2, the inequalities in Theorem 1.4.4 can be extended when the 
function u(t) on the left sides in (1.4.30), (1.4.33), (1.4.36), (1.4.38) is replaced 
by u? (t), where p > 1 is a real constant. 


1.5 Bounds on certain integral inequalities 


The classical integral inequalities which give explicit bounds for an unknown 
function have played a fundamental role in establishing the foundations of the 
theory of differential and integral equations. In this section we shall give ex- 
plicit bounds on certain integral inequalities which will be equally important 
to achieve a diversity of desired goals in some applications. In what follows, 
I = [a, J] is a given subset of R and D = {(t,s)e P:a<s<t<p}. 


The following three theorems give the inequalities established by Pachpatte 
in [52,54,70,75]. 


Theorem 1.5.1. Let u(t) ,a(t),6(t), f(t),9g() © CU, Rs). 


(a1) Let a(t) be continuously differentiable on I, a’ (t) > 0 and 


t B 
u(t) <a(t)+ [ b(s)u(s)ds f e(s)u(s)ds, (1.5.1) 


forte J. If 


s 


B 
p= [elsiex Joo) do |ds <1, (1.5.2) 


Qa 
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then 


u(t) < My exp [for | + fe (s) exp (fo ds, (1.5.3) 


for t € I, where 


M, = is c (a) + fet (/ of Nat (fom o “ 7 (1.5.4) 


(a2) Suppose that 


t B 
u(t) < a(t) + 0(¢) : f (s) u(s) ds + c(t) ‘) g(s) u(s) ds. (1.5.5) 
for t € I. If 
B 
py = Jo (s) Ko (s)ds <1, (1.5.6) 
then 
u(t) < Ky (t) + MoKa(t), (1.5.7) 


for t € I, where 


Ky (t) = a(t) + b(t) i f (r)a(7) exp (/ f (oc) b(c) o dr, (1.5.8) 


Ko (t) = c(t) + 6(¢) i; f (7)c(7) exp fi (a) b(o) o dr, (1.5.9) 


and 


1 
M2 = —, [9 Ky, (s) ds. (1.5.10) 
Lp 
Proof. (a ) Define a function z(t) by the right hand side of (1.5.1). Then 
u(t) <2), 


c(s) u(s) ds, (1.5.11) 


XR 
S 
ll 
Q 
S 
+ 
Ris 
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and 
z(t) =a' (t) + b(t)u(t) <a’ (t) + b(t) z (0), 


which implies 


u(t) < z(t) < z(a) exp [fo o + fa’ (s) exp [fo 2 ds. (1.5.12) 


s 


From (1.5.11) and (1.5.12)we have 


z(a)< stot f eto {to [ere] + fe (r) exp (ve 


a Fr 


ss fs-fatran( us) 


a 


<ola)+ fol [foes (ere) was 


Qa a 


which implies 
z(a) <M. 


Using (1.5.13) in (1.5.12) we get the desired inequality in (1.5.3). 


Then z(0) = 0, (1.5.5) can be restated as 
u(t) <a(t) + b(t) z(t) + c(t)A, 


and 


uh 


(1.5.13) 


(1.5.14) 


(1.5.15) 


(1.5.16) 


(1.5.17) 
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From (1.5.16) and (1.5.17) we have 


Z(t) S{fOalt)+ Af Qe} +fOoO20), 


which implies 


z(t) < fu (7) a(r) + Af (7) c(7)} exp [Hern o dr. (1.5.18) 


Using (1.5.18) in (1.5.16) we get 


u(t) < {a(t) +re(O}+o(o) | LF (7) a(r) + Af (7) e(7)} 


x exp [fre “ dr 


= K;(t)+\Ka(t). (1.5.19) 
From (1.5.15) and (1.5.19) as in the proof of (a;) it is easy to observe that 
\< Mp. (1.5.20) 
Using (1.5.20) in (1.5.19) we get 1.5.7). 
Remark 1.5.1. If we take a(t) = d (a constant) and hence a’ (t) = 0, then 
the inequality given in (a1) reduces to the special version of inequality given by 
Bainov and Simeonov in [8, p. 11] in case u(t) and d therein are nonnegative. 


The inequality in (a2) is a variant of the inequality given by Gamidov in [15, 
Lemma 1.2]. 


Theorem 1.5.2. Let u(t),a(t),c(t) € CU, Ry) 


(b) Let Zh(t,s) € C(D, Ry) and 


t 


6 
u(t) <a(t)+ [rte s)u(s) ds+ f e(s)u(s) ds, (1.5.21) 


a Qa 


fort € I. If 


B s 
p3 = [oels)ex (ja | ds <1, (1.5.22) 
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then 


t 


u(t) < a(t)+M3 exp [Jan “) +f Ase (Jam 2 ds, (1.5.23) 


a 


for t € I, where 


A®= n(ttha(t)+ f Fr(t,s)a(s as, (1.5.24) 


Bt =h(t,t)+ if —h(t,s) ds, (1.5.25) 


and 


B s 8 
M3 = — fee) c (s) + [ A(rjexp (Ja o | ds. (1.5.26) 


(b2) Let h(t, s),9(t,s) € C(D, Ry) and be nondecreasing in t € I, for each 
s€Jand 


t 


B 
u(t) < b+ [ni 8) u(s) ds+ f g(t,s) u(s) ds, (1.5.27) 


a Qa 


for t € I, where k > 0 is a constant. If 


B s 
p(t) = [ows exp [re “) ds <1, (1.5.28) 


Qa a 


for t € I, then 


7 t 
i-p® exp [/ries | : (1.5.29) 


u(t) < 


forte I. 


Proof. Define a function z(t) by 


t p 
z(t) = [ hit,s)u(s) s+ f e(s) u(s) ds. (1.5.30) 


a 


Chapter 1 45 


Then z(t) is nondecreasing for ¢ € J, (1.5.21) can be restated as 


u(t) <a(t)+ z(t), (1.5.31) 


(1.5.32) 


& 
— 
2) 
Na 
II 
eo 
io) 
— 
w 
Ww 
fond 
— 
vA) 
Rie 
Q 
L 


and 


<h(t,t){a O+20}+ [ Thits) {a(s)+z(s)} ds 
0 
<A(t)h+B(t) z(t), 


which implies 


z(t) < z(a) exp [eo do + [Alsjex [eo do | ds. (1.5.33) 


a 


The rest of the proof can be completed by following the proof of Theorem 1.5.1. 


(bg) Fix any T, a < T < 6, then for a <t < T we have 


t 


u(t) < b+ [ h(P,s)u(s) as+ f g(7. s)u(s) ds. (1.5.34) 


a a 


Define a function z(t,T), a <t < T by the right hand side of (1.5.34). Then 
u(t) <z(t,T),a<t<T, 


B 
z(a,T)=k+ Jo (T, s) u(s) ds, (1.5.35) 
and 
Diz (t,T) = h(T,t)u(t) < h(7,t) z(t), (1.5.36) 


fora < T. By setting t = o in (1.5.36) and integrating it with respect to o from 
a to T we get 


T 
z(T,T) < z(a,T) exp [fren | ; (1.5.37) 


a 
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Since T is arbitrary,from (1.5.37) and (1.5.35) with T replaced by ¢ and u(t) < 
z (t,t) we have 


u(t) < z(a,t) exp [reo do | , (1.5.38) 
where 
B 
z(a,t) = c+ | glt.s)u(s) ds. (1.5.39) 


Qa 


Using (1.5.38) on the right hand side of (1.5.39) and in view of the condition 
(1.5.28) it is easy to observe that 


k 
2(a,t)< —.. 1.5.40 
(0.8) < = (1.5.40) 
Using (1.5.40) in (1.5.38) we get the desired inequality in (1.5.29). 


Remark 1.5.2. In the special case when c(t) = 0, the inequality in (b;) 
reduces to the inequality given in [3, Theorem 1.8, p. 11]. The inequality 
in (bz) is a useful variant of the inequality given in [8, Theorem 1.7, p.11]. 


Theorem 1.5.3. Let u(t) € C(Z, R,) and k > 0 be a real constant. 


(c1) Let a(t,s),b(t,s),c(t,s) € C(D, R4); a(t,s), b(t, s) are nondecreasing 
in t for each s € J and 
t 


s B 
u(t) < kt f a(t.s) u(s)+ f e(s,0)u(a) do ds+ | b(t,s)u(s) ds (1.5.41) 


for t € I. If 
B s 
q(t) = [blt.s)exp [eo dé |ds <1, (1.5.42) 
for t € I, where 
é 
Bt) =a(t8) fit f e(g,0) do} , (1.5.43) 
for (t,€) € D, then 
‘ t 


forte I. 
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(co) Let f (t), g(t), h(t) € CUZ, R+) and 


t 8 B 
u(t) < b+ f f(s) si fovrnin ao + | h(o)u(o) “| ds, (1.5.45) 


fort € I. If 
B F 
r= [h(ojex (/ [f (7) + do <1, (1.5.46) 
then 
u(t) < exp (/ TOeT TO! | (1.5.47) 
fort EI. 


Proof. (c,) Let k > 0 and fix any T € J, then for a < t < T, from (1.5.41) we 
have 


uk fa(tys) sc fetom ion ds 


a a 


B 
+ for. 8) u(s) ds. (1.5.48) 


Define a function z(t,T), t € [a, T] by the right hand side of (1.5.48). Then for 
t€[a,T] , u(t) <2(t,7) , (4,7) > 0, 


B 
z(a,T)=k+ pour. s) u(s) ds, (1.5.49) 


Qa 


and 


<a(T,t) ; (+ f elto)2(0,7) “| (1.5.50) 
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From (1.5.50) and using the fact that z(t, T) is nondecreasing in t, it is easy to 
observe that 


t 


Diz (t, T) 

—— < a(T,t) |1 t,a)d 1.5.51 
Le Salt) [t+ fe(a)ae]. (1.5.51) 
for t € [a,T]. By setting t = € in (1.5.51) and integrating it with respect to € 
from a to T we get 


T g 
z(T,T) < z(a,T) exp fers 1+ f e(g,0) do d& | . (1.5.52) 


Since T is arbitrary, from (1.5.52), (1.5.49) with T replaced by t we have for 
tel, 


z(t,t) < z(a,t) exp fF (t, €) dé } , (1.5.53) 
B 
z(a,t)=k+ Je (t, s) u(s) ds. (1.5.54) 


Using (1.5.53) in u(t) < z(t) we get 


u(t) < z(a,t) exp pees dé | , (1.5.55) 


for t € I. Using (1.5.55) on the right hand side of (1.5.54) and in view of 
(1.5.42), it is easy to observe that 


z(a,t) < ———... 
Te Te q(t) 
The required inequality in (1.5.44) follows by using (1.5.56) in (1.5.55). Ifk > 0, 
we carry out the above procedure with k + € instead of k where ¢ > 0 is an 


arbitrary small constant, and subsequently pass to the limit as « — 0 to obtain 
(1.5.44). 


(1.5.56) 


(c2) Define a function z(t) by the right hand side of (1.5.45). Then z(0) = 0, 
u(t) < z(t) and 


t B 
z(t) = f (t) u(+ [ g(o)u(a)do+ f h(a) u(o) a0 
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t B 
< f(t) ; (+ | 9(o)2(0) dot [ h(o)2(0) | . (1.5.57) 
B 
v (t) =2()+ | 9(0)2(0) dot [ h(o)z(0) do, (1.5.58) 


B 
v(a)=k+ ‘i h(a) z(a) do,. (1.5.59)) 


and 


VH=/+9Oz0<sfOvO+9gOz0 <FO+tgOl eM, 


which implies 


vu (t) < v(a@) exp (/ [f (s) + 9 (s)] | ; (1.5.60) 


a 


for t € J. Using (1.5.60) in z(t) < u(t) we get 


z(t) < v(a@) exp (/ [f (s) + 9 (s)] | ; (1.5.61) 


a 


for t € I. Using (1.5.61) on the right hand side of (1.5.59) and in view of (1.5.46) 
it is easy to observe that 


k 


v(a) < io; 


(1.5.62) 


Using (1.5.62) in (1.5.61) and the fact that u(t) < z(t) we get the desired 
inequality in (1.5.47). 


In the following theorem we present the inequalities established in [51] (see 
also [44]). 


Theorem 1.5.4. Let u(t) ,a(t), b(t) Ee C(R4, Ry). 
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(d,) Let a(t) be nonincreasing for t € Ry. If 


u(t) <a(t) + f d(s)u(s)as 


t 


for t € R,, then 


(dz) Let Le C (R%, Ry) and 
0< L(t,u) — L(t,v) < M(t,v) (u—v), 


( 
for u>v>0, where M € C(R%, Ry). If 


u(t) <a(t)+ [ d(s)u(s)ds+ [ L(s,u(s)) ds, 


for t € R,, then 


u(t) < F(t) 0600. [fervor ‘ 


for t € Ri, where 


for t E Ry. 


(dg) Let L and M be as in (dg). If 


CO 


u(t) < a(t) +b(t) [ L(s,u(s)) ds, 


t 


(1.5.63) 


(1.5.64) 


(1.5.65) 


(1.5.66) 


(1.5.67) 


(1.5.68) 


(1.5.69) 


(1.5.70) 
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for t € R,, then 


u(t) < a(t) + b(t) e(t) exp COLO ds |, (1.5.71) 
for t € Rz, where 
e(t) = [Peal ds, (1.5.72) 


Proof. (d;) First we assume that a(t) > 0 for t € Ry. From (1.5.63) it is easy 
to observe that 
wl) ory Pacey 2d) 
— <l b : 1.5.73 
wy 1+ f bs) Pods (1.5.73) 


t 


Define a function z(t) by the right hand side of (1.5.73), then z (co) = 1, we 
z(t) and 


t) 
'(t) = —b(t) 2 > -b(t) z(t). 1.5.74 
z(t) © ow 2 (t) z(t) ( ) 
The inequality (1.5.74) implies the estimate 

z(t) < exp fos) ds | . (1.5.75) 


Using (1.5.75) in eu < z(t), we get the desired inequality in (1.5.64). 


If a(t) is nonnegative, we carry out the above procedure with a(t) + instead 
of a(t), where e > 0 is an arbitrary small constant, and subsequently pass to 
the limit as « — 0 to obtain (1.5.64). 


(dz) Define a function z(t) by 
z(t) = pe (s,u(s)) ds, (1.5.76) 


then (1.5.66) can be restated as 


Co 


u(t) <a(t)+2(t)+ i b(s) u(s) ds. (1.5.77) 


t 
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Since a(t) + z(t) is nonnegative, continuous and nonincreasing for t € R+, by 
applying the inequality in part (d;) to (1.5.77) we have 


u(t) < (a(t) +2(t)) F(t). (1.5.78) 


From (1.5.76) and (1.5.78) and the hypotheses on L, we observe that 


Co 


z(t)< fe (s, F (s)a(s)+ F (s) z(s)) — L(s, F(s)a(s)) + L(s, F (s) a(s))] ds 


<G(t)t+ i (s, F'(s) a(s)) F (s) z(s) ds. (1.5.79) 


Clearly, G(t) is nonnegative, continuous and nonincreasing for t € Ri. Now an 
application of the inequality in part (d1) to (1.5.79) yields 


z(t) < G(t)exp [Moro a(s))F(s)ds]. (1.5.80) 


Using (1.5.80) in (1.5.78) we get the required inequality in (1.5.67). 


(ds) Define a function z(t) by (1.5.76). Then from (1.5.70) we have 
u(t) < a(t) + b(t) z(t). (1.5.81) 


From (1.5.76), (1.5.81) and the hypotheses on L, we observe that 


Co 


z(t) < fe (s,a(s) +b(s)z(s)) — L(s,a(s)) + L(s,a(s))]ds 


<e(t) + [M1 (s,0(s))b(s) 268) ds, (1.5.82) 


where e(t) is defined by (1.5.72). Clearly e(t) is real-valued, nonnegative, con- 
tinuous and nonincreasing for t € R,. An application of the inequality in part 
(d1) to (1.5.82) yields 


z(t) < e(t)exp [if 6.0(5)) 06) ds |. (1.5.83) 


The desired inequality in (1.5.71) follows from (1.5.81) and (1.5.83). 
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1.6 Applications 


The study of various types of differential and integral equations has led to the 
investigation of a number of inequalities contained in earlier sections (see also 
(51,55,75,78]). In this section we present applications of some of the inequalities 
contained in sections 1.2-1.5 to study the qualitative properties of the solutions 
of certain differential and integral equations. 


1.6.1 Nonlinear differential and integral equa- 
tions 


First,consider the nonlinear integral equation of the form 


s()=f@)+ [re s,x(s)) ds, (1.6.1) 
0 


where f € C(R,,R),F € C(D x R,,R); D is as in Theorem 1.2.1. Here we 
assume that every solution x(t) of (1.6.1) under discussion exists on R +. 


As an application of the inequality given in Theorem 1.2.2, part (a,), we 
present the following theorem related to the solutions of equation (1.6.1) given 
in [55]. 


We list the following hypotheses on the functions f, F involved in (1.6.1): 


If@|<e |F(t,s,x)| <k(é,s) |e], (1.6.2) 

If (t)| <ce7%, |F (t,8,2)| < k(t,s) e729) [a, (1.6.3) 

Q() = vers f Als) ds < om, (1.6.4) 
0 


where c, k(t, 5), A(t) are as in Theorem 1.2.2 and a > 0 is a real constant. 


Theorem 1.6.1. (7) Suppose that the hypotheses (1.6.2), (1.6.4) are satisfied. 
Then all solutions of equation (1.6.1) are bounded for t € Ry. 


(iz) Suppose that the hypotheses (1.6.3), (1.6.4) are satisfied. Then all solu- 
tions of equation (1.6.1) approach zero as t > oo. 
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Proof. (i) Let x(t), t € R+ be a solution of equation (1.6.1). From (1.6.1) 
and (1.6.2) we have 


t 
|x (t)/? < c+ [ k(ts) |x (s)| ds. (1.6.5) 
0 
An application of the inequality given in Theorem 1.2.2 to (1.6.5) yields 


Iz(H| < Q(4), (1.6.6) 


for t € R,. From the hypothesis (1.6.4), the estimation in (1.6.6) implies the 
boundedness of the solution x(t) of equation (1.6.1) on Ry. 


(iz) Let x(t), t € Ry be a solution of equation (1.6.1). Then from (1.6.1), 
(1.6.3) we have 


t 
la (t)|? < ce~2" + fr (t, s) e239) |x (s)] ds. (1.6.7) 
0 
From (1.6.7) it is easy to observe that 


t 


2 
(\x (| e8**) cet [ k(t,s) (\(s)| e8**) ds. (1.6.8) 
0 
Now applying the inequality given in Theorem 1.2.2,part (a1) to (1.6.8), and 


—lat 


then multiplying the resulting inequality by e~ 2°", we obtain 

In (| < Q (ent, (1.6.9) 
for t € R,. In view of the hypothesis (1.6.4), the inequality (1.6.9) yields the 
desired result. 

Next, we apply the inequality given in Theorem 1.3.3 (see [45]) to obtain a 

bound on the solution of the differential equation of the form 

a? (t) a’ (t) = F (t,x (t)), «(0) = 20. (1.6.10) 
where 29, p > 1 are constants and F € C(Ry x R4,R). 


Theorem 1.6.2. Assume that 


IF (t,2)| < f(g (lel), (1.6.11) 


for t € Ry, where f and g are as in Theorem 1.3.3. Let x(t) be a solution of 
equation (1.6.10) on Ry. Then 


OLS) HO | H (aol?) +p f f(s)ds] p , (1.6.12) 


for 0 <t<t,; t,t; € Ry, where H, H~! are as in Theorem 1.3.3. 
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Proof. It is easy to see that the solution x(t) of equation (1.6.10) satisfies the 
equivalent integral equation 


xP (t) 26 S,U\S S 
: es (s)) ds. (1.6.13) 


From (1.6.13) and (1.6.11) we observe that 


Ix (t)|? < jo!” +p f F(s) 9 (|e(s)) a. (1.6.14) 


Now a suitable application of Theorem 1.3.3 (when h = 0) to (1.6.14) yields the 
desired bound in (1.6.12). 


1.6.2 Iterated Volterra integral equation 


In this section, we present applications of the inequality given in Theorem 
1.4.4, part (d,) which provide estimates for the solutions of Volterra integral 
equation of the form 


z(t)=f(t) +) Gi [2] (t), (1.6.15) 


for t € I, where 


t ti ti-1 


Gi [j(e) = [ ifs [ltt nstise (t)) at | dty, 


0 \o 0 
feCd,R),k; © CU x I; x R,R). Here we note that, our discussion uses the 


notations and definitions as used in Theorem 1.4.4. 
Theorem 1.6.3. Suppose that the kernel functions k; for 7 = 1,...,n satisfy 


for t € I, (ti,...,ti) € I;,where b € C(I, Ri), L; be as in Theorem 1.4.4, part 
(d,) and verify the conditions in (1.4.29), 14; being the same as given therein. 
If z(t) € C (J, R) is any solution of equation (1.6.15), then 


|z(t)| < FO+0() | B(t)exp | Flo)ao dty, (1.6.17) 
0 ty 


for t € I, where E(t) and H (t) are respectively given by the right hand sides of 
the definitions of E(t) and H(t) given in Section 1.4, by replacing a(t) by |f (t)]. 
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Proof. Let z(t) € C(J/, R) be a solution of equation (1.6.15). Using the fact 
that z(t) is a solution of (1.6.15) and (1.6.16) we observe that 


IZ@l< lft Ol+ DIG 


<|f (| +b(¢ A [lz] (¢ (1.6.18) 


Now a suitable application of the inequality given in Theorem 1.4.4, part (d1) 
to (1.6.18) yields (1.6.17). 


Theorem 1.6.4. Suppose that the kernel functions k; for 7 = 1,...,n satisfy 
[a (t, tr, ..,ti, a (ti)) — hy (t, th, ta, y (ti)! 


for t € TI, (ti,...,t:) € Tj, where b(t) € C(I, Ry), L; be as in Theorem 1.4.4, 
part (d,) and verify the conditions in (1.4.29), M; being the same functions as 
given therein. If z(t) € C (J, R) is any solution of equation (1.6.15), then 


|z(t) —f()| <e(t)+ b(t) [ Bo (t1) exp [ t (a) do | dt, (1.6.20) 
0 
for t € I, where 


n 


t ty ti-1 
/ ie [Vis lsti stat Gla | dt, 
0 0 


i=15 


Eo (t) and Hp (t) are respectively given by the right hand sides of the definitions 
of & (t) and A(t) given in Section 1.4, by replacing a(t) by e(t). 


Proof. Let z(t) € C(J/, R) be a solution of equation (1.6.15). Using the fact 
that z(t) is a solution of (1.6.15) and (1.6.19) we observe that 


= e(t) +6() > Fillz- Sil (t). (1.6.21) 


Now a suitable application of the inequality given in Theorem 1.4.4, part (d1) 
to (1.6.21) yields (1.6.20). 
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1.6.3 General Volterra-Fredholm integral equa- 
tion 


Consider the following general Volterra-Fredholm integral equation 


o@=F@+ / F t.s.0(s), [ 9(s,.0,2(0)) do ds 


a a 


+ [ h(t,5,0(9)) ds, (1.6.22) 


a 


for t € I, were x(t) is an unknown function, f € CU, R"),g,h € C(D x R", R”) 
,F €C(Dx R" x R", R") ,inwhich I = [a, 8], D= {(t,s) € 2: a<s<t< Bp} 
and R” the n dimensional Euclidean space with norm |.| . Here we apply the 
inequality given in Theorem 1.5.3 to study certain properties of solutions of 
equation (1.6.22). 


The following results are proved by Pachpatte in [75]. 


Theorem 1.6.5. Suppose that the functions f,g,h,F in equation (1.6.22) 
satisfy the conditions 


SOLS, (1.6.23) 
g(t, 8,2)| < c(t, s) |z], (1.6.24) 
WE @)| SOEs) a 3 (1.6.25) 
F (t,s,2,y)| < a(t, s) (\z|+|yl), (1.6.26) 


where a(t, s), b(t, s), c(t, s) and k are as given in Theorem 1.5.3. Let q(t) be as 
in (1.5.42). If x(t), t € I is a solution of equation (1.6.22), then 


Iz (4)| S 


ap? [8 (.9ue (1.6.27) 


for t € I, where E(t, €) is defined by (1.5.43). 
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Proof. Using the fact that x(t), t € I is a solution of equation (1.6.22) and 
the hypotheses (1.6.23)-(1.6.26) we have 


|x (t)| <k+ f alts) je(s)| + f e(s,2) |x (o)|do | ds 
B 
+f v0, s) |x (s)| ds. (1.6.28) 


a 


Now an application of Theorem 1.5.3 to (1.6.28) yields the required estimate in 
(1.6.27). 


Theorem 1.6.6. Suppose that the functions f,g,h,F in equation (1.6.22) 
satisfy the conditions 


lg (t, 8,2) —g(t,s,y)| <e(t,s)|x—y], (1.6.29) 
|h(t, 5,2) —h(t,s,y)| < b(t, 8) |x — yl, (1.6.30) 
|F (t,8,2,y) — F(t, s,2,9)| < a(¢,s) (Ie -2|+|y—g)), (1.6.31) 


where a(t, s), b(t, s),c(t, 8) are as in Theorem 1.5.3. Let g(t) be as in (1.5.42). 
Then the equation (1.6.22) has at most one solution on I. 


Proof. Let u(t) and v(t) be two solutions of equation (1.6.22) on I. Using 
these facts and hypotheses (1.6.29)-(1.6.31) we have 


uel fats) Iu(s) — v(s)]-+ f e(s,0) u(o) ~ v (o)ldo ds 


a a 


B 


+ foe, s)|u(s) — v(s)|ds. (1.6.32) 


Now a suitable application of Theorem 1.5.3 to (1.6.32) yields u(t) = v(t), t EI 
i.e., there is at most one solution of equation (1.6.22) on J. 


1.6.4 Terminal value problem 


In this section, we apply the inequality given in Theorem 1.5.4, part (d,) to 
study certain properties of solutions of the following terminal value problem 


u' (t) = f (t,u(t)) +p), (1.6.33) 
U(O) = Uso, (1.6.34) 


for t € Ry, where f € C(R, x RR), p € C(R,,R) and uy € R. For the 
exitence of solutions of problem (1.6.33)-(1.6.34) when p(t) = 0, see [3, p.80]. 
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In the following theorems we present some results on the behavior of solutions 
of problem (1.6.33)-(1.6.34) given in [51]. 


Theorem 1.6.7. Suppose that 
|f (t,u)| < b(4) |ul, (1.6.35) 
|Uoo — Q (t)| < a(t), (1.6.36) 


where a(t), b(t) are as in Theorem 1.5.4, part (d,) and Q(t) = f p(s) ds. If u(t), 
t 
t € Rx is a solution of the problem (1.6.33)-(1.6.34), then 


lu (t)| < a(t) exp [o(s)as (1.6.37) 


for t E R,. 


Proof. The solution u(t) of the problem (1.6.33)-(1.6.34) can be written as 
(see [3, p. 80}) 


Co 


u(t) = Uso — / [f (s,u(s)) + p(s)] ds, (1.6.38) 


t 


for t € Rz. From (1.6.38), (1.6.35), (1.6.36) we observe that 


Co 


lu (t)| < a(2) + [ 6s) Pore (1.6.39) 


t 
Now an application of Theorem 1.5.4, part (d,) to (1.6.39) yields the required 
estimate in (1.6.37). 

Theorem 1.6.8. (i) Suppose that the function f in (1.6.33) satisfies the con- 
dition 

where b(t) is as defined in Theorem 1.5.4. Then the problem (1.6.33)-(1.6.34) 


has at most one solution on R,. 


(iz) Let wu, (t) and ue (t), t € Ry be the solutions of (1.6.33) with the given 
terminal conditions 


uy (00) = U100; (1.6.41) 
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and 
Ug (00) = Ur00, (1.6.42) 


respectively, where t19, U200 € R. Suppose that the function f in (1.6.33) sat- 
isfies the condition (1.6.40). Then the solutions of (1.6.33) depends on terminal 
values and 


Co 


hAeae Gl Si aes [o0s) ds | (1.6.43) 


t 


for t E Ry. 


Proof. (i) The problem (1.6.33)-(1.6.34) is equivalent to the integral equation 
(1.6.38). Let u(t) and v(t) be two solutions of (1.6.33)-(1.6.34) on R,. Using the 
facts that u(t) and v(t) are the solutions of (1.6.38) and the condition (1.6.40) 
we have 


Co 


Pe mer Ole [oe Caio (NTs (1.6.44) 


t 


Now an application of Theorem 1.5.4, part (d,) (when a(t) = 0) to (1.6.44) yields 
u(t) = v(t) ie., there is at most one solution to the problem (1.6.33)-(1.6.34) 
on R. 


(it) By using the facts that u(t) and ug (t), t € Ry are the solutions of 
(1.6.33)-(1.6.41) and (1.6.33)-(1.6.42) respectively, we have 


CO 


uy (t) — ug (t) = Utes — 200 — / [f (s, ui (s)) — f (s,u2(s))]ds. (1.6.45) 


t 


From (1.6.45) and (1.6.40) we have 


Jui (t) — ua (t)| < |U1co — W200] + iE b(s) Jui (8) — u2 (s)| ds. (1.6.46) 
t 
Now an application of Theorem 1.5.4, part (d,) to (1.6.46) yields the required 


estimate in (1.6.43), which shows the dependency of solutions of (1.6.33) on 
terminal values. 
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1.7 Notes 


The celebrated Gronwall’s inequality [16,6] and its nonlinear generalization 
due to Bihari [8] have a profound and enduring influence on the development 
of the theory of differential and integral equations. Section 1.2 deals with some 
such basic nonlinear integral inequalities recently appeared in the literature. 
Theorem 1.2.1 is due to Pachpatte [68], which is a useful generalization of the 
well known Bihari’s inequality [8], see also [34, p. 107]. The inequalities in The- 
orem 1.2.2 are taken from Pachpatte [55]. The results in Theorems 1.2.3-1.2.5 
are recently established by Medved in [24], which gives estimates on integral 
inequalities with weakly singular kernel. Indeed, the roots of such an inequality 
can be found in the work of Henry [17] who proved some results concerning lin- 
ear integral inequalities with weakly singular kernel. Section 1.3 deals with some 
more nonlinear integral inequalities which claim their origin in the inequalities 
given by Ou-lang [33] and Deformos [10]. The inequalities in Theorems 1.3.1- 
1.3.4 are due to Pachpatte and taken from [35,45]. Section 1.4 contains some 
useful integral inequalities involving iterated integrals. The inequalities in The- 
orem 1.4.1 are due to Pachpatte [53]. Theorem 1.4.2 is taken from Bykov and 
Salpagarov [9]. The results in Theorems 1.4.3 and 1.4.4 are the further general- 
izations of the inequalities in Theorem 1.4.2 and are due to Pachpatte [79,78]. 
The results given in Section 1.5 deals with some specific inequalities which are 
more convenient in certain situations. Theorems 1.5.1-1.5.3 are due to Pach- 
patte [52,54,70,75],while Theorem 1.5.4 is taken from Pachpatte and Pachpatte 
[51]. The material in Section 1.6 is taken from [51,55,75,78] and devoted to the 
applications of the inequalities given in earlier sections. 
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Chapter 2 


Integral inequalities in two variables 


2.1 Introduction 


Inequalities involving functions of two or more independent variables, their 
partial derivatives and integrals play a fundamental role in the continuous de- 
velopment of the theory, methods and applications of partial differential and 
integral equations. In view of the wider applications, integral inequalities in- 
volving functions of two independent variables which furnish explicit known 
bounds have received considerable attention. Recently, different versions of 
such inequalities have been established, which are useful in the study of differ- 
ent classes of partial differential and integral equations. The main objective of 
this chapter is to present some useful integral inequalities in two independent 
variables recently appeared in the literature. These inequalities can be used 
as ready tools in the study of certain classes of partial differential and integral 
equations. We also give applications to convey the importance of some of these 
inequalities. 


2.2 Some nonlinear integral inequalities 


Integral inequalities involving functions of two and more independent vari- 
ables which provide explicit bounds on unknown functions have played a funda- 
mental role in the study of certain partial differential and integral equations. In 
this section we present some basic nonlinear integral inequalities in two variables 
which can be used as convenient tools in some applications. 


The following theorem deals with a fairly general version of the inequality 
given by Pachpatte in [68]. 
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Theorem 2.2.1. Let u(z,y),a(x,y),Dia(x,y),Doa(x,y) € C(Ri,R4), 
k (x,y, 8,t),D k (2, y,8,t), Dok (a, y,s,t),D2oD,k (a, y,s,t) € C(E, R,) , where 
E= {(2,y,8,t) € RL :0<s<a<w,0<t<y< ob}. Let g(u) be a continu 
ously differentiable function defined for u > 0,g(u) > 0 for u > 0 and g’ (u) > 0 
for u > 0. If 


cy 


u(ay) aleu)+ ff k(e.y.9,7)9(u(o,7))drdo, (2.2.1) 
0 0 
for x,y € Ry, then for0<a<271,0<y<yi2z,21,y,y1 € Ry, 
ay 
u(z,y)<G*" G(a(e.y) + ff A(s,t)atas , (2.2.2) 
0 0 
where 


x 


A(a,y) =k(z,y,2,y) + f Dik(oy.o.0) do 


0 
y ey 
+ f Dak (2,y,2,7) ar+ [ [ DaDik(e.uo T) dodr, (2.2.3) 
0 0 0 
f ds 
G(r = | Zar>o, 2.2.4) 
= 1 a) 


ro > 0 is arbitrary and G~! is the inverse of G and 271, y; € Ry are chosen so 
that 


cy 


G (a(a,y)) +f [awe dtds € Dom (G"), 
0 0 


for all x,y lying inO <a <21,0<y < y respectively. 


Proof. From the hypotheses, it is easy to observe that the function a(x, y) is 
monotonically increasing in both the variables x and y. We also note that since 
g' (u) > 0 on Rx, the function g(u) is monotonically increasing on (0,00). Let 
a(z,y) > 0 for x,y € Ry and define a function z(x,y) by the right hand side 
of (2.2.1). Then z(2,y) is positive and by hypotheses, it is nondecreasing in 
x,y € Ry,z(x,0) = a(z,0), z(0,y) = a(0,y), u(x, y) < z(x,y) and 


Diz (2,y) = Dra(e,y) + f k(e,y.2,7) 9(u(e,7)) ar 
0 


Chapter 2 65 
zy 


+f [ Dik(e.u.0.7) 9(u(o,7))drde, 
0 O 


x 


Dye) tkeas / i (2,4, 0,4) 9 (1 (0,9) do 
0 


zy 
+f [ Dek(e..0,7)9(u ,T))drdo, 
0 0 


D2D, z(x,y) = DoDia(z,y) +k (x,y, 2,y) 9 (u(x, y)) 


+ [ (z,y,0,y) 9 (u(o,y) js [Do (x,y, 2,7) 9 (u(a,7)) dr 


: i | D2Dik(,y,0,7) g (u(o,7))drdo 
0 0 
< D2Dya(z,y) +k @,y,2,y) 9 (2 (a, y)) 


+ | Dik(avo.w) ale (o,y))do+ f Dak (x,y.2,7) 9 (e(w,7)) ar 
0 


a Y 
dp / if D2Dik (a,y, 0,7) 9 (2 (0,7) )drdo 
0 O 


< D2Dya (x,y) + A(a,y) 9 (z(@,y)). (2.2.5) 
It is easy to observe that 
D2DiG (z(x,y)) = G" (z(x,y) Diz (x,y) Doz (x,y) 


+G' (z(a#,y)) DoD, z (2, y) . (2.2.6) 
Since a(x,y) < z(x,y) and Dyz(x,y) > 0,Deoz(a,y) > 0, G’ (z(a,y)) = 
neler Waagy and G" (z(x,y)) < 0, we obtain from (2.2.5) and (2.2.6) 

D2DiG (z(x,y)) < G’ (z(x,y) {D2Dia(z,y) + A(z,y) 9 (2 (@,y))} 

a D2Dy,a (x,y) 

g (z(x,y) 
D2Dy,a (x,y) 
<= Glale,y)) 


Si A(z,y) 


+A(a,y). (2.2.7) 


66 Integral inequalities in two variables 


On the other hand we observe that 


D2D,G (a (x, y)) —_ Do dD, 


Dya(a,y) 
=n (em) 
_ g(a(2,y)) DoDia(2,y) — Dia (x,y) 9 (a(x, y)) Dra (x, y) 
[g(a(2,y))]? 
_ DeDia(x,y) _ gf (a(a,y)) Dia (x,y) Dea (2, y) 
9 (a(x, y)) [9 (a (x,y) 
which implies 


D2Dyia (x, y) 
g(a (x,y) 
From (2.2.7) and (2.2.8) we have 


D2D\G (a(z,y)) 2 (2.2.8) 


D2DiG (z(x,y) < D2DiG (a(a,y)) + A(z,y), 


and this yields 


x 


G (z(a,y)) < Gale) + f [Att dtds, 
0 0 


which implies (see [34, Chapter 5]) 


cy 


u(a,y) $2(e,9) <6 |G (a(e,y) + f f A(s.t)atas 
0 O 


If a(x, y) is nonnegative, we carry out the above procedure with a(x,y) +¢€ 
instead of a(x, y), where ¢ > 0 is an arbitrary small constant, and subsequently 
pass to the limit ¢ — 0 to obtain (2.2.2). The subdomain 0 < #<2#1,0<y<y 
is obvious. 


Remark 2.2.1. If we take g(u) = win Theorem 2.2.1, then the bound obtained 
in (2.2.2) reduces to 


cy 


u(x,y) < a(x, y) exp [ [Awoates ; 
0 0 


for x,y € R,. In this case the inequality given in Theorem 2.2.1 is a general- 
ization of the Wendroft’s inequality given in [4, p. 154], see also [34]. 
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In [55] Pachpatte has established the inequalities in the following theorem. 


Theorem 2.2.2. Let u(x, y), k(x, y,s,t) , Dik (x,y, s,t), Dok (x,y, 8,t),D2Dy 
k(x, y,s,t) be as in Theorem 2.2.1 and c > 0 is a constant. 


(a,) If 
ey 
u* (x,y) < c+ ff k(2,u.0,7) u(a,r)drdo, (2.2.9) 
0 0 
for z,y € Ry, then 
oy 
u(z,y) < Ve+ = af [Ae s,t) dtds, (2.2.10) 
0 


for x,y € R,, where A(z, y) is defined ny (2.2.3). 


(a2) Let g(u) be as in Theorem 2.2.1. If 


x 


y 
(x,y) yet f [ k(e.y,0.7)9(u(o.7))ardo, (2.2.11) 
0 0 


for x,y € Ry, then forO< a4 < 22,0< y < yo} 2, 22,y, yo © Ry 


u(x,y) <G" |G(Vve) + 5 | [Ao dtds (2.2.12) 
0 0 


where A(z, y) is defined by (2.2.3), G, G~+ are as defined in Theorem 2.2.1 and 
2, y2 € Rx are chosen so that 


cy 
+5 f fae dtds € Dom (G~"), 
0 0 


for all x,y € Ry lying in0<a2<a,0<y< yo. 


Proof. (a) It is sufficient to assume that c is positive, since the standard 
limiting argument can be used to treat the remaining case. Let c > 0 and define 
a function z(2,y) by the right hand side of (2.2.9). Then z2(0,y) = z(x,0) =c, 
u(x,y) < Vz(2,y), z(x,y) is positive and nondecreasing in x,y € R; and 


D2D z(x,y) = k (x,y, @,y) u(x,y) + f Dik(a,yoy)u(oy) do 
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x x 


y 
+ f Dak (2,u,2,7) u(2,7) dr+ ff DeDik(e,y,0,7) (0,7) dtdo 
0 0 0 


LEG gee ee « i: DeCLe cei 
0 


x x 


y 
+ f Dak (2.u2,7) Veteran + ff DeDik(2,y,0,7) Ve(@ Tard 
0 


0 0 


<A(a,y) Vz (a, y). (2.2.13) 


Now by following the proof of Theorem 5.8.1 given in [34, p. 528], from (2.2.13) 
we get 


Vz(x,y) < Ver 5 | [Ae dtds. (2.2.14) 
0 0 


Using (2.2.14) in u(x, y) < z(x,y), we get the required inequality in (2.2.10). 


(a2) The proof follows by closely looking at the proof of Theorem 5.8.2 in 
[34]. 


Remark 2.2.2. If we take k(x,y,s,t) = p(s,t) in Theorem 2.2.2, then the 
estimates obtained in (2.2.10), (2.2.12) reduces respectively to 


x Y 
1 
uley) < ve+5 | [ v(s,1)atas, 
0 O 


ey 
[ [rer dtds 
0 0 


In this case the inequalities in (a1) , (a2) reduces respectively to the variants of 
the inequalities in Theorems 5.8.1, 5.8.2 given in [34]. We note that, by following 
the proof of Theorem 2.2.1 one can obtain the estimates on the inequalities 
(2.2.9), (2.2.11) when c is replaced by the function a(x, y), where a(x, y) is as 
in Theorem 2.2.1. 


u(x,y) < G7" |G(vc) + 


Nl Fe 


The inequalities in the following theorems are proved by Medved in [26]. 
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Theorem 2.2.3. Let 0 <T < oo and J = (0,T). Let u(z,y), F(z, y), a(z, y), 
Dya(«,y) ,Doa(x,y),D2D,a(x,y) € C (I?, Ry). Let w(u) be a continuously 
differentiable function defined for u > 0, w(u) > 0 for u > 0 and w’ (uw) > 0 for 
u> 0. If 


utnge a(zy)+ ff (e@-sy" (y — 1)?" F(s, tw (u(s,t)) dtds, (2.2.15) 
0 0 


for x,y € I, then the following assertions hold: 


(i) Suppose a > 4, b> 4 and w satisfies the condition (q) as given in Section 
1.2 with gq = 2. Then 


u(z,y) < e7G(z,y), (2.2.16) 


for z,y € [0,71] ,71 € I, where 
P (x,y) = jon [0 (20 (x,y)”) 


i 
2 


xc Y 
42K [ | (9,1)? R(s +1) atds ' (2.2.17) 
0 0 


T (2a — 1) 0 (26-1) 


ie 4o+B-1 ; 


(2.2.18) 


I is the Gamma function, Q(r) = [ aor >0 and ro > 0 is arbitrary, Q7! 


is the inverse of Q and 7; is chosen so that the argument of Q~+ in (2.2.17) 
belongs to Dom (Q~") for all x,y € [0,T)]. 


ro 


(ii) Suppose a = B = =a for some real number z > 1 and w satisfies the 
condition (q) in Section 1.2 with q = z+ 2. Let 2, Q~+ be as in part (i). Then 

u(x,y) < e* TW (a, y) (2.2.19) 
for x,y € [0,75] ,T2 € I, where 


V(2,y) = [Oe [a (27a (a,y)*) 


[Rh 


cy 
stu ff P(s,t)" Rls +0) deds , (2.2.20) 
0 0 
2 
PE pe) |e 2. ee: Sek? 
Me | pli—Pd) es = gee ge Oey 


T> is chosen so that the argument of Q~1 in (2.2.20) belongs to Dom (Q~") for 
all a, y € [0, To]. 
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Proof. First we prove the assertion (7). Using the Cauchy-Schwarz inequality 
for double integrals we obtain from (2.2.15) 


cy 


u(x,y) <a(a, y+ / (c—s)* ef (y—2)? te lene) F (s,t) w (u(s, t))| dtds 
0 0 
<a(a,y)+ J [ie — 5)20~? 65 (y — 4)2-? ort dtds 
0 0 
x“ ey 2 
x eee (s,t)? w(u(s,t))’ dtds| . (2:9:29) 
0 0 
For the first integral in (2.2.22) we have the estimate 
ey 
ai Cae awa oer pe? e** dtds 
0 0 


x 


y 
SM ite [gp Me Manas 
0 


0 
2x 2y 
e2(@+y) eae te nee 
= sa |? 26 ar f @ 26 Sdé 
0 0 
e2(@+y) 
< 5xatsycal (20 1)T (26-1). 


Therefore we obtain from (2.2.22) 


1 


2 y 2 


u(a,y) <a(a,y) +7 K? Jf 28tPF 0? w(w(o,t))? ads 
0 0 


where K is as in (2.2.18). Using the inequality (1.2.23) with n = 2,r = 2 and 
the condition (q) in Section 1.2 we obtain 


v (ayy) <b(ay) +2K ff P(s,t)? R(s +t) w(v(s,t)) dtd, (2.2.23) 
0 0 


where 


v(a,y) = (ceu(ey)) ,b(a,y) = 2a (x,y)? ; (2.2.24) 
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Now a suitable application of Theorem 2.2.1 to (2.2.23) yields 
ey 
v(a,y) < 271 {Q(b(a,y)) + 2K ff Fis.) Rs +t)dtds|. (2.2.25) 


Using (2.2.24) in (2.2.25) we get the required inequality in (2.2.16). 


Now we shall prove the assertion (ii). Let p = — ,q¢ = 2+2. Then using the 


Holder’s integral inequality we obtain from (2.2.15) 


1 
ey > 
u(z,y) <a(x,y) + [ fe-s PO Ps (y — ¢)—?? et dtds 
0 
ey a 
i i; e W549 F(t)? w(u(s,t))4dtds| (2.2.26) 
0 0 
For the first integral in (2.2.26) we have the estimate 
ey 
rai (x — s)~P? eP§ (y —t)” ePtdtds 
0 0 


x 


y 
le P45 6 ce 3 e—Pldndo 
0 


ener: 


0 


eP(=+y) 4 


Thus (2.2.26) and the condition (q) yield 


1 
epl(=+y) P 


uw(ey) Salou) + [So (0 —poy}| 


1 


J [Foon ries ow (Hee u(o dtds a (2.2.27) 
0 0 


From (2.2.27) and using the inequality (1.2.23) with n = 2,r = q we obtain 


say) <o(e,y)+2ias ff P(s,1)'R(s+t) w(w (s,t)) dtds, (2.2.28) 
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where M, is defined as in (2.2.21) and 


v (x,y) = (c™u(e,y)) ig) = 28 Tag)? (2.2.29) 


Now a suitable application of Theorem 2.2.1 to (2.2.28) yields 
ey 
v(a,y) <Q71 |Q(b(a,y)) + vias f fF (s,1)"R(s +t)dtds| . (2.2.30) 


Using (2.2.29) in (2.2.30) we get the desired inequality in (2.2.19). 


Theorem 2.2.4. Let 0 < T < o and I = (0,T). Let u(z,y), F(x,y) and 
w(u) be as in Theorem 2.2.3. If 


zy 
u? (x,y) < at f [te —s)*"'(y—t)*! F(s,t) w (u(s,t)) dtds, (2.2.31) 
0 0 
for x,y € I, where a is a positive constant. Then the following assertions hold: 


(z) Suppose a > + B> $ and w satisfies the condition (q) as given in Section 
1.2 with gq = 2. Then 
u(z,y) Se? L (x,y), (2.2.32) 


for z,y € [0,71] ,7. € I, where 


ale 


cy 


bog) = |" 2a) 0K ff P( s,t)” R(s +t) dtds 5 (2.233) 
0 0 


K is defined as in (2.2.18) and A(r) = [ aay” > 0 and rp > 0 is arbitrary, 
To 


T, is chosen so that the argument of A~ in (2.2.33) belongs to Dom (A~") for 
all x,y € [0,T)]. 


(ti) Suppose a = 3 = st for some real number z > 1 and let p = a g= = 
z+ 2. Assume that w satisfies the condition (q) as given in Section 1.2 with 
q=2+2. Let A, AW? be as in part (i). Then 


u(a,y) <e**#Q (x,y), (2.2.34) 
for x,y € [0,T2],T2 € I, where 
Ogg) [AA (2? "eF) 


yy 
rey 


sorta ff P(e," Rls +0 dtds : (2.2.35) 


M, is defined as in (2.2.21) and T> is chosen so that the argument of A~? in 
(2.2.35) belongs to Dom (A~") for all x,y € [0,72] ,T2 € I. 
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Proof. First we prove the assertion (i). Following the proof of Theorem 2.2.3, 
part (i) one can show that 


xc YM 
Pees aK ff F(s..P R(s+twle (iy was, (2.2.36) 
0 0 
where 
2 
v(z,y) = (cu (x,y)) = 2a. (2.2.37) 


Let z(x,y) be the right hand side of (2.2.36). Then z(x,y) is positive and 
nondecreasing for x,y € I, v(a,y) < V/z(2,y), z(#,0) = z(0,y) =c, 


D2Dy z(x,y) = 2KF (a,y)” Rw + y) w(v(2,y)) 

<2KF (x,y)? R(x +y) w (V2.0). (2.2.38) 
and as in the proof of Theorem 2.2.1 we observe that 
D2D,z (x, y) 
w (Vz(@,0)) 


From (2.2.39) and (2.2.38) we have 


D2D,A (x,y) < , (2.2.39) 


DoD, A (2,y) <2KF (a, y)? R(at+y), 


and this yields 


“a Y 


A(a,y) < A(c) 42K [ [ F(s,0° RU +0) dtds. (2.2.40) 
0 0 


Using (2.2.40), the fact that v? (x,y) < z(x,y) and (2.2.37) we get the desired 
inequality in (2.2.32). 


The proof of the case (ii) can be completed by following the proof of case (i) 
given above and closely looking at the proof of Theorem 2.2.3 ,case (ii). 


2.3 Further nonlinear integral inequalities 


In view of the important applications of the integral inequalities which fur- 
nish explicit bounds on unknown functions, in the past few years, some new 
inequalities have been developed in the literature. In this section we give some 
integral inequalities involving functions of two variables established by Pach- 
patte in [46,40,45]. 
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The inequalities in the following theorems are given in [46]. 


Theorem 2.3.1. Let u(zx,y),a(x,y),p(x,y) ,.b(a,y) € C (RZ, Ry). Let a 
(x,y) be nondecreasing for 7,y € R, and L € C (R%, R,) satisfies the condition 


O<L (x,y, v1) al (x, Y, v2) <M (x,y, V2) (v1 _ v2) ’ (2.3.1) 


for v; > v2 > 0, where M €C(R3,R,). 


(a1) If 


sen ceen ren fren y) ds 
0 


A} [Gene eee (2.3.2) 


for x,y € Ry, then 


u(x,y) < f(x,y) [a(a,y) + e(a,y) 


x exp [/ me t, f (s,t) a(s,t)) f (s,t) ww) ; (2.3.3) 


for x,y € Ri, where 


x 


f (x,y) =1+p(2,y) ) foto. (s,y) exp [ beaded ds, (2.3.4) 
0 
zy 
n= f fu s,t, f (s,#) a(s, t)) dtds, (2.3.5) 
0 0 
for z,y € Ry. 
(a2) If 


u(z,y) <a(0,y) +p (0,y) f b(0,t)u(e.t) at 
0 


cy 


+) hse ee (2.3.6) 
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for x,y € Ry, then 


u(a,y) < f(x,y) [a(@,y) + @(2,y) 


x exp [Jue t, f (s,t)a(s,t)) f(s, t) dtds | | , (2.3.7) 
for x,y € R+4, where 
f (x,y) =1+p(ey) [ o(2,1) exp [o(er)p7) dr | dt, (2.3.8) 
0 
=] 126 t, f (s,t) a(s,t)) dtds, (2.3.9) 
0 


for z,y € Ry. 


Proof. (a;) It is sufficient to assume that a(z,y) > 0 for x,y € R4, since the 
standard limiting argument can be used to treat the remaining case,see [34, p. 
226]. Let a(z,y) > 0 for x,y € Ry and define a function z(x,y) by 


cy 


z(x,y) =a(z,y) + ff £(s.tu(s,t))atas, (2.3.10) 
0 0 


Then (2.3.2) can be restated as 
y 
CRN TEC) / b (8,4) u (ay) do. (2.3.11) 
0 


Clearly z(x,y) is nonnegative and nondecreasing function for x,y € R,. Treat- 
ing (2.3.11) as one-dimensional integral inequality for any fixed y € Ry anda 
suitable application of the inequality given in Theorem 1.3.3 in [34, p. 15] yields 


u(x,y) S 2(a,y,) fey)» (2.3.12) 


for x,y € Ry, where f(x,y) is defined by (2.3.4). From (2.3.10) and (2.3.12) we 
have 


u(e,y) < fay) la(ey) +r (@y)], (2.3.13) 


where 


x 


r(v,y) = ie: (s,t, u(s,t)) dtds. (2.3.14) 
0 0 
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From (2.3.13), (2.3.14) and (2.3.1) we observe that 
cy 


r (x,y) ef [uo t, f (s, t) [a(s, t) +r (s, 6)]) 
0 0 


— L(s,t, f (s,t) a(s,t)) + L(s,t, f (s,t) a(s,t))] dtds 


zy 


(z,y ey | ee t, f (s,t) a(s,t)) f (s,t) r (s, €) dtds, (2.3.15) 


where e(x,y) is defined by (2.3.5). Obviously, e(x,y) is nonnegative and non- 
decreasing in each variable x,y € R,. A suitable application of Theorem 4.2.2 
given in [34, p. 325] yields 


cy 


r (x,y) < e(x,y) exp J [ Mot £(e.8a(s.8) #(s,t)dtas . (2.3.16) 


0 0 


Using (2.3.16) in (2.3.13) we get the required inequality in (2.3.3). 


(a2) The proof follows by a similar argument to that employed in (a,) . We 
omit the details. 


Theorem 2.3.2. Let u(zx,y),a(x,y),9(x,y),h(2,y) € C (Ri, Ry). 
Let a(x, y), £ and M be as in Theorem 2.3.1 and the condition (2.3.1) holds. 


(b1) If 
u(ey) sa(ey) + f glow) u(ssy) + [ h(o.u)u(o.y) do ds 
0 0 
+ L(s,t, u(s,t)) dtds, (2.3.17) 
iB 


for x,y € Ry, then 


u(z,y) Sk (x,y) [a(z,y) + E (a,y) 
x exp M (s,t,k(s,t) a(s,t)) k(s,t) dtds || , (2.3.18) 
Ly 


for x,y € R+, where 


k (x,y) =1 + f (su) exp [ls (o,y) + h(o,y)| do | ds, (2.3.19) 
0 0 
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cy 


n= f fr s,t,k (s,t) a(s,t)) dtds, (2.3.20) 
0 0 


for z,y € Ry. 


(b2) If 
u(e,y) <a(e.y) + f 9 (2st u(a,t) + f h(x.7)u(e.r) dr dt 
0 


+ ff Blotu(o a, (2.3.21) 


for x,y € Ry, then 


u(a,y) <k (x,y) [a (x,y) + E (x,y) 


x exp [fm s,t,k(s,t) a(s,t)) k(s,t) dtds | | , (2.3.22) 
for x,y € R+, where 
k (x,y) = 1+ f g(x) exp Jis (a,7) +h(a,7)| dr } dt, (2.3.23) 
0 0 
E(a2,y) = L (s,t,k(s,t) a(s,t)) dtds, (2.3.24) 
ff 


for x,y € Ry. 


Proof. As in the proof of Theorem 2.3.1, part (a1) let a(a, y) > 0 for z,y © Ry 
and define a function z(x,y) by (2.3.10). Then (2.3.17) can be written as 


u(a,y) <z(eu)+ f o(s.u) y) | u(s,y) + [re u(a,y) do | ds. (2.3.25) 
0 


Clearly z(x,y) is nonnegative and nondecreasing function for x,y € R,. Treat- 
ing (2.3.25) as an one-dimensional integral inequality for any fixed y € R, and 
a suitable application of Theorem 1.7.4 given in [34, p. 39] yields 


u(@,y) S2(a,y)k(2,y), (2.3.26) 


where k(x,y) is defined by (2.3.19). Now by following the proof of Theorem 
2.3.1, part (a1) with suitable modifications, we get the desired inequality in 
(2.3.18). 
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(b2) The proof is similar to that of part (b;) given above. We omit the details. 


Remark 2.3.1. We note that from Theorems 2.3.1 and 2.3.2 one can obtain 
Corollaries similar to those of Corollaries of Lemma 74 discussed in [12, p. 43] 
which can be used in some applications. 


The inequalities established in [40] are embodied in the following theorems. 


Theorem 2.3.3. Let u(zx,y),a(x,y),b(2,y),9(a,y),h (x,y) € C (R2, Ry) 
and p > 1 be a real constant. 


(c1) If 
cy 


uP (x,y) < a(zy)+o(au) ff Ig (s, t) u? (s,t) + h(s,t) u(s,t)|dtds, (2.3.27) 
0 0 


for x,y € Ry, then 


u(x,y) S {a(a,y) + (x,y) e (2,9) 


x exp | [loo M2] dtds ; (2.3.28) 
for x,y € Ry, where 
conf | lo(s.0.a(s (A= 1.9) n(s,0] dtds, (2.3.29) 


for z,y € Ry. 


(c2) Let c(x, y) be a real-valued, continuous, positive and nondecreasing func- 
tion defined for x,y € R1.If 


uP (x,y) S cP (x,y) + d(x, y) 
zy 
x ei [g (s,t) u? (s,t) + h(s,t) u(s, t)] dtds, (2.3.30) 
0 0 
for z,y € Ry, then 


u(x,y) < e(@,y) {1 + b(2,y) e0 (#9) 


Bir 


cy 


x exp ff [oen+ Pores b(s,t) dtds ; (2.3.31) 
0 


Pp 
0 
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for x,y € R+, where 


cy 


€0 (x,y) = // [9 (s,t) + h(s,t)c'? (s, t)] dtds, (2.3.32) 
0 0 
for x,y € Ry. 


Proof. (c,) Define a function z(x,y) by 
ey 
z(x,y) = J/ [9 (s, t) u? (s,t) + h(s,t) u(s,t)] dtds, (2.3.33) 
0 0 


then z(0, y) = z(#,0) = 0 and (2.3.27) can be written as 
uP (x,y) S a(x, y) + b(x,y) z(x,y). (2.3.34) 


From (2.3.34) and using the elementary inequality (1.3.11) (see [30, p. 30]) we 
observe that 


es 
u(a,y) < (a(x, y) + b(«,y) z(2,y))? (1) (P/p- 1) 


—1 
Pp Pp Pp 
From (2.3.33)-(2.3.35) it is easy to observe that 


ston secon f f [oto+ 222] ot.9 ecards (2.3.36) 
0 0 


Pp 
where e(x,y) is defined by (2.3.29). Clearly e(x,y) is nonnegative, continuous 


and nondecreasing for x,y € R,. A suitable application of Theorem 4.2.2 given 
in [34, p. 325] to (2.3.36) yields 


ey 
h 
z(x,y) <e(a,y) exp J) s (s,t) + eo b(s,t) dtds | , (2.3.37) 
0 0 e 
for x,y € Ry The required inequality (2.3.28) follows from (2.3.34) and (2.3.37). 


(c2) Since c(x, y) is positive, continuous and nondecreasing function for x, y € 
R,, from (2.3.30) we observe that 


(Ea) <1 f [foun (G3) 
u(s,t) 
c(s,t) 


Now a suitable application of the inequality given in part (c,) to (2.3.38) yields 
the desired inequality in (2.3.31). 


+h(s,t)c!~? (s, t) 


dtds. (2.3.38) 
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Theorem 2.3.4. Let u(z,y),a(z,y),b(2,y) € C (R32, Ry) and p>1bea 
real constant. 
(d;) Let f € C(R3, Ry) satisfies the condition 
Of (tau) —f (ey) <m(x,y,v) (wv), (2.3.39) 


for z,y € Ry,u>v>=>0, wheremeC (RS Ry ile 


uP (x,y) < a(a,y) + b(2,y) i i, f (s,t, u(s, t)) dtds, (2.3.40) 
0 0 


for x,y € R41, then 


u(z,y) < {a(z,y) +b(z,y) e(z,y) 


SIR 


uc Y 
x exp [fm (s.¢, WS fe “t.0) ee aA (2.3.41) 
p p p 
0 0 
for x,y € R1, where 
a 1 t 
etn) = ff r(s. 2+ 2) aus, (2.3.42) 
0 0 


for z,y € Ry. 
(dz) Let f € C(R3,R,) and © € C(R,, Ry) be strictly increasing with 

® (0) = 0 and 
O< f (x,y, u) _ Pi (x,y, v) < m (x,y, v) a! (u 7 v) ’ (2.3.43) 


for x,y € Ri, u > v > 0, where m € C (R83, R+) and @~! is the inverse 
function of ® and 


}~! (uv) < 7* (u) “1 (v), (2.3.44) 
for u,v € Ry. If 


cy 


uP (x,y) < a(az,y) + 6(2,y) ® [ [tetas dtds | , (2.3.45) 
0 0 


for x,y € Ry, then 
u(z,y) < {a(z,y) + b(z,y) ® (E(x, y) 


ey 
x exp [fm (s.« oe Be (s, 2) nied) dtds ; (2.4.46) 
as Pp Pp 


BIR 


Pp 
for x,y € R,, where é(x, y) is defined by (2.3.42). 
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(d1) Define a function z(x,y) by 


eeu) = ff f(stu(s,t)) ates, (2.3.47) 
0 0 


then as in the proof of Theorem 2.3.3 part (c;),from (2.3.40) we see that the 
inequalities (2.3.34), (2.3.35) hold. From (2.3.47), (2.3.35) and the assumptions 
on f, it follows that 


_ f (s, 2+ 262) +f (s, 2+ 222) dtds 
P P Pp 


Pp 
gy 


<é(z,y) fips (s.t - ! + ae Le (s, t) dtds, (2.3.48) 


Pp 


where @(x,y) is defined by (2.3.42). Clearly @ (x,y) is nonnegative, continuous 
and nondecreasing function for z,y € R,. A suitable application of Theorem 
4.2.2 given in [34, p. 325] to (2.3.48) yields 


z(x,y) < (x,y) exp [ fol te) NO tas . (2.3.49) 


Pp 


From (2.3.34) and (2.3.49) the desired inequality in (2.3.41) follows. 


(dz) Defining a function z(x,y) by (2.3.47) and following the arguments as 
in the proof of Theorem 2.3.3, part (ci) we see that, corresponding to the 
inequalities (2.3.34) and (2.3.35) we have the following inequalities 


uP (x,y) Sa(x,y) + b(x,y) ® (2 (2,y)), (2.3.50) 


and 


u(y) <P 4 ED ED 9 (60,9), (2.3.51) 


From (2.3.47), (2.3.51) and the assumptions on f and ® we observe that 


cy 


coms f fs (s.,2 2 S68 | 9.6 (<(2,y))) 


- (5,4 22> 422) p(s. 24222) / atas 


Pp Pp 
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cy 


< een f fs (s.« p— + sea (7) z(s,t)dtds, (2.3.52) 


0 0 


where @(2,y) is defined by (2.3.42). Clearly @ (x,y) is nonnegative, continuous 
and nondecreasing function for x,y € R,. A suitable application of Theorem 
4.2.2 given in [34, p. 325] yields 


z(x,y) < é(z,y) 


x exp [fo (s.,2* + a6) o- (7S?) cas . (2.3.53) 


The required inequality in (2.3.46) follows from (2.3.50) and (2.3.53). 
In the following theorem we give the inequalities established in [45]. 


Theorem 2.3.5. Let u(az,y),f(z,y) EC (Re, R4), h(a,y,s,thEec they R,) 
for0<s<a<w,0<t<y<oandc>0,p>1 are real constants. 


(ki) Let g € C( Ry, Rz) be a nondecreasing function, g(u) > 0 for u > 0. If 


(x,y) ser | [F (s,t) g (w(s,t)) 
0 


s t 
+f [risto, n)g(u(o,n)) dndo | dtds, (2.3.54) 
0 0 


for z,y € Ry, then forO< a<271,0<y<y32,21,y,y1 € Ry, 


y) <{G[G() + Alw,y)]}”, (2.3.55) 
where 
= f(s,t)+ h(s,t,o,7) dndo | dtds, (2.3.56) 
Ee 
i ds 
G(r)= | —~.,r>0, (2.3.57) 
La) 


ro > 0 is arbitrary, G~! is the inverse function of G and 71, y; € Ry are chosen 
so that 


G(c) + A(a2,y) € Dom (G"') ; 


for all x, y lying in the intervals O<a<21,0<y<y, of Ry. 
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(ke) If 


veenses f firanuta 
0 O 


s t 
+f [ristonu (a,7) dndo | dtds, (2.3.58) 
0 0 


for x,y € R1,, then 


1 


p= p-l pa} 
u(z,y)<4er + ae A(z, y) (2.3.59) 
for x,y € R,, where A(x, y) is defined by (2.3.56). 


Proof. (k,) Let c > 0 and define a function z(a,y) by the right hand side of 
1 
(2.3.54). Then z(0,y) = z(#,0) =c, u(a,y) < (z(a,y))” and 


y 


DaGay= | f (8) 9 (u(x,t) + i ' h(2,t, 0,7) 9 (u(o,n)) ando| at 
0 0 


0 


< f | rena (@te.n*) + f frtomg((elom)*) dndol at 
0 0 0 


<g (( (x,y))*) ') ; (x,t) + [ [rere 1) in dt. (2.3.60) 
0 0 0 


From (2.3.57) and (2.3.60) we observe that 
Diz (x, y) 


DG (z(z,y)) = 9 ((e(ew)?) 


y xt 
<| Fens ff ala somndnda dt. (2.3.61) 


Keeping y fixed in (2.3.61), setting z = s and integrating with respect to s from 
0 to x and using the fact that z(0,y) = c, we have 


G(z(z,y)) < G(d) + A(z, y). (2.3.62 
Now substituting the bound on z(x,y) from (2.3.62) in u(z,y) < (z (x,y)? 
we obtain the desired bound in (2.3.55). The proof of the case when c > 0 
can be completed as mentioned in the proof of Theorem 1.3.3. The subdomain 
O<a<21,0< y< y is obvious. 
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(kz) The proof is similar to that of given in Theorem 1.3.4 and we omit it 
here. 


Remark 2.3.2. We note that the upper bound on the inequality (2.3.58) when 
p =1 and h = 0 is first established by Wendroff, see [4, p. 154]. For various 
useful generalizations and variants of Wendroff’s inequality, see [3,34,42]. 


2.4 Inequalities involving iterated integrals 


During the past few years some useful integral inequalities in two independent 
variables which provide explicit bounds on unknown functions have appeared 
in the literature. In this section we shall deal with the inequalities involving 
iterated integrals established by Pachpatte in [53,72,78] which can be used as 
tools in certain applications. 


First we introduce some notation to simplify the details of presentation. Let 
I = [0,a), J = [0, B) are the given subsets of R and A =I x J. Let 


D={(z,y,8,t) €A*:0<Ks<2<a,0<t<y<Z}, 
and 
B= {ay 8t,.0,7) eA 0<o<3<2<o,0<r<t<y< pt. 


For any functions k(x, y, s,t), Dik (x,y, 8,t) , Dok (x,y, s,t), DoDik (x,y, s,t) € 
C(D,R+) and RAS, Y, 8)4.0,7) ’ DROS tor) ’ D3 h(a 4, 85t,0,7); D2D, 
h(a,y,s,t,0,7) € C(E, Ry), we set 


Aly) = h(e.yay) + f Dik(x.y.8,u) a8 
0 


y 


co oY 
+ f Dak (2,v.2.0) an+ ff DaDsk(e.y.§n) ands, (2.4.1) 
0 0 0 


x 


y 
B(a,y) =f fryx, y,0,7)dtdo 
0 0 
y 


x Ss 


a f frm (x,y, 8,y,0,T)drdo | ds 
0 


et 


y 
+f | [ Per @ustordrdo dt 
0 \o 0 
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x sy s 


t 
+f f [ [mm (x,y, 8,t,0,7)drdo | dtds. (2.4.2) 
0 


Fori = 1,...,7, let J; = { (t1, sigibe) : (ti, wey Ei) E Ie} Ji= {(s1, vay 84) H (s1, vey Sh) 
€ J’} and A; = I; x J; and any functions w (s,t) ,a(s,t),b(s,t) € C(A, Ry), 
and 


L; (ies aay BG 1 geeky Say Eds 85) ,M; (Bisvesti, 813 sss) 835 (t4, 83) € C (A; x R,,R,) 


, we set 
Hi; [w] (t, 8) 
t s ti $1 tj-1 Si-1 
=} Le | Le (1, ---5 ti, $1, ---, $3, W (ti, 5;)) dsjdt; ds;_ ,dt;_}... 
0 0 0 0 
xds,dty, (2.4.3) 


t.- 8 


Pis)=[ fu (t1, $1,@(t1, $1)) dsi1dty 
0 0 


ty 81 
+f f ff (t1, ta, $1, $2, a (te, $2)) dsodtg | dsidt, +.. 
00 \o 0 
t 58 ty $1 tn—1 Sn-1 
+f f ie | ) Dy (t1, -005 tay 815 0-5 Sn, W (tn, 8n)) dSndty | ds,—1dty-1... 
0 0 \o o 0 0 
xdsidty, (2.4.4) 


t os 


Q(s,t) = Ma(t,s.a(t,s))b(t,s)+ ff Ma (t.ta,5, 80,4 (ta, 52)) ta, 82) dsadta + 
0 O 


tn— 1$8n-1 
“ff ge i i My (t, ta, ..-tn, 8, $2, ---8n; @ (tn; Sn)) 
0 
xb (ti; Sn) dSndty) dSn—1dtp—1...) dsodty. (2.4.5) 


Our first theorem deals with the inequalities proved in [53]. 


Theorem 2.4.1. Let u (x,y) vi (x,y) »a (x,y) € C (A, Ry) ; k(x, y, 5, t), Dik (2, 
,t), Dok (x,y, 8,t) , DaDik (x,y, 8,t) € C(D, R4) andc > 0 be areal constant. 
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(a1) If 
(x, y) cet f f #(s,1) stone f frtotan atari 
0 0 0 0 
xdtds, (2.4.6) 


for (a,y) € A, then 
y)<c]it f (s,t) 
ae oan 
x exp [f (0,7) + Alo, nit a ; (2.4.7) 
“ti 


for (a, y) € A, where A(x, y) is defined by (2.4.1). 


(a2) If 
u(x, y) <a(zuy)+ ff f(s.0) ston f frtotan tenn 
0 0 0 0 
xdtds, (2.4.8) 


for (a,y) € A, then 


x 


u(z,y) < e(2,y) fis ff tes 
0 0 
x exp (i [f (0,7) «Alor as , (2.4.9) 


0 0 


for (a, y) € A, where 


cy 


ean =f f #00) ne f frraneian i dtds, 
0 0 0 0 


for (a, y) € A and A(a, y) is defined by (2.4.1). 
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Proof. (a) Let c > 0 and define a function z(x,y) by the right hand side of 
(2.4.6). Then z(x,y) > 0, z(0,y) = 2(x,0) =c, u(a,y) < z(x,y) and 


xc Y 


D2Dyz (x,y) = f (2, y) u(ey) + ff k(,yo.7)u(o,7)drdo 
0 0 


ey 
< f (v,y) ; eu) + f fk ayor) zl Ai | (2.4.10) 
0 0 
Define a function v(x, y) by 
xy 
u(a,y) = z(@,y) + k(x,y,0,7) z(0,7)drdo. (2.4.11) 
[I 


Then v(x, y) > 0, v(0,y) = 2(0,y) = ¢, v(x,0) = 2(x,0) = 6, z(x,y) < v(2,y), 
D2D z(x,y) < f (x,y) vu (a, y), v(x, y) is nondecreasing for (x,y) € A and 


DaDyv (2,9) = DaDiz(o,)+k(@,ysa,y)2(au)+ f Dik(0,y,0,u) 2(o,u)do 


y xy 
+ [ Dok (c.y.0,7)2(a,7)dr+ ff Ded b(2,y,0,7) 2(0,7) dtda 
0 0 0 


SSeween+kevaadolay | Dikles0.0)e(ershe 


y zy 
+ | Dok(x,y,2,7T) T)dt + D2Dik (x,y, 0,7) vu (0,7) drdo 
| ae 
<[fla,y)+A(z,y)] 0 (2,9), (2.4.12) 


where A(z, y) is defined by (2.4.1). Now by following the proof of Theorem 4.2.1 
given in [34], the inequality (2.4.12) implies 


cy 


vu (x,y) < cexp | [87 +Al@nlarao , (2.4.13) 
0 0 


Using (2.4.13) in (2.4.10) and integrating the resulting inequality first from 0 to 
y and then from 0 to « for (a, y) € A we get 


cy 


Z(ty) Se ef te8 
0 
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x exp [fu (0,7) + A(o,7)|drdo } dtds| . (2.4.14) 


Using (2.4.14) in u(x, y) < z(x,y), we get the required inequality in (2.4.7). If 
c > 0, we carry out the above procedure with c+ ¢€ instead of c, where ¢ > 0 is 
an arbitrary small constant, and then subsequently pass to the limit as « — 0 
to obtain (2.4.7). 


(a2) The proof can be completed by closely looking at the proofs of Theorem 
1.4.1, part (a2) and (a,) given above. Here we omit the details. 


Remark 2.4.1. If we take k(z, y, ,t) = k(s,t), then the inequality established 
in (a1) reduces to the inequality given in [34, Remark 4.4.1]. For several other 
inequalities of the type given in Theorem 2.4.1, see [34]. 


The next two theorems are established in [71] which can be used in certain 
situations. 


Theorem 2.4.2. Let u(az,y) € C(A, RR); k(2,y, 8,t), Dik (x,y, s,t), 

Dok (x,y, 8,t) , D2Dik (x,y, 8, t) € C(D,R4);h(2,y, 8,t,0,7), Dih (x,y, s,t,0,7), 

Dyh (x,y, 8,t,0,T), DyD,h(a,y,8,t)o,T) € C(E, R,) and c > 0 be a real constant. 
(b1) If 


cy 


uly) set ff k(2y,s,t)u(s,t)dtds 
0 O 


“x Y s ¢t 


+f f | [ heus.t.07)u(o,7) dra dtds, (2.4.15) 
0 \o 0 


0 
for (a, y) € A, then 


cy 


u(x,y) < cexp [fw (m,n) + B(m,n)|dndm | , (2.4.16) 
0 0 


for (a, y) € A, where A(z, y), B(x, y) are given by (2.4.1), (2.4.2). 
(b2) Let g(u) be continuously differentiable function defined for u > 0, g(u) > 
0 for u>Oand g’ (u) > 0 for u > 0. If 


ac Yy 


u(y) e+ ff k(.u.5,8) 9 (u(s,0))atds 


0 0 
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x Y s ¢t 
+f f | [ beust.0.7) 9 (u(o.7)) drdo dtds, (2.4.17) 
0 0 \o 0 
for (a,y) € A, then for0 << a<a,0<y<yj2,e1 €l,y,y1 € J, 
ey 
u(z,y)<G* G(o)+ ff (A(mn) + B (mn) dna ; (2.4.18) 
0 0 


where A(x, y), B(x, y) are given by (2.4.1), (2.4.2), 


e()= | OF pai (2.4.19) 


ro > 0 is arbitrary, G~! is the inverse function of G and xz, € I ,y1 € J are 
chosen so that 


G(o)+ ff (Amn) + B (mn) dndm € Dom (G™'), 
0 0 


for (a,y) € A such that O<a<21,0<y<y. 


Proof. We first assume that c > 0 and define a function z(x,y) by the right 
hand side of (2.4.15). Then z(x,y) > 0, 2(0,y) = z(x,0) =c, u(a,y) < z(2,y) 
and z(x,y) is nondecreasing in both the variables (2,y) € A. It is easy to 
observe that (see [34, p. 328]) 


D2D,z (x,y) < [A (2, y) + B(z,y) z(x,y), (2.4.20) 


where A(z, y), B(x, y) are given by (2.4.1), (2.4.2). Now by following the proof 
of Theorem 4.2.1 given in [34], from (2.4.20) we get 


cy 


,2(2,y) < cexp // [A(m,n) + B(m,n)]dndm } , (2.4.21) 
0 0 


for (a,y) € A. Using (2.4.21) in u(x, y) < z(x,y), we get the required inequality 
in (2.4.16). If c > 0 we carry out the above procedure with c+ ¢ instead of c, 
where € > 0 is an arbitrary small constant, and subsequently pass to the limit 
as € — 0 to obtain (2.4.16). 


(bz) We note that since g’(u) > 0 on Ry, the function g(u) is monotone 
increasing on (0,co). Assume that c > 0 and define a function z(a,y) by the 
right hand side of (2.4.17). Then z(x,y) > 0, z(0,y) = 2(#,0) =c, u(a,y) < 


90 Integral inequalities in two variables 


z(x,y) and z(a,y) is nondecreasing in both the variables (x,y) € A. It is easy 


to observe that 


D2D,z(2,y) < [A(z,y) + B(z,y)] 9 (2 (zy), 


(2.4.22) 


where A(x, y), B(x, y) are given by (2.4.1), (2.4.2). The remaining proof can be 
completed by following the proof of Theorem 5.2.1 given in [34] . The proof of 


the case when c > 0 follows as mentioned in the proof of (bj). 


Theorem 2.4.3. Let u(z,y),a(x,y) € C(A, Ry), k(x, y,s,t) © C(D, Rs), 


h(a,y,s,t,0,7) € C(E, R,) and c> 0 be a real constant. 


(c1) If 


xc Y 


u(y) set ff a(s,t)u(s,t)atds 
0 O 


“x Y s ¢t 

+f f (/ fron T)u(a,T)drdo | dtds 
0 0 \O 0 

x sy T 


+f f i [[» (s,t,0,7,m,n)u(m,n) dndm | drdc | dtds, 
0 0 0 


y 
u(a,y) <c exp { [ N (s,t) dtds | , 


for (x,y) € A, where 


cy 


N (x,y) =a(ay)+ f f k(,yo,r)drdo 
0 0 


“ay oT 


+f f J [ (encovramen) drat drdo. 
00 \o 0 


(cg) Let g(u) be as in Theorem 2.4.2, part (bg). If 


cy 


ian cet f fa(s,t)g(u(s.t)) dtds 


0 0 


(2.4.23) 


(2.4.24) 


(2.4.25) 
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x 


oy Jf fetter otutove) ards dtds 
0 0 0 0 


“x Y s ¢t Oo T 
+f f i Jf (tee, rman) g(u (mn) dnd drdo 
0 0 \o 0 \o o 
xdtds, (2.4.26) 


for (x,y) € A, then for 0 < x < 22,0 <y < yojz,22 € Ty, yo € J, 


zy 


u(z,y)<G" cot f [vos dtds} , (2.4.27) 
0 0 


where N(z,y) is given by (2.4.25), G, G7! are as in Theorem 2.4.2, part (b2) 
and x2 € I, y2 € J are chosen so that 


x 


a+ f {riot dtds € Dom (G~"), 
0 0 


for all (x,y) € A such that 0 < a <a2,0<y< yo. 


Proof. (c,) Let c > 0 and define a function z(x,y) by the right hand side of 
(2.4.23).Then z(x,y) > 0, 2(0,y) = z(a,0) =c, u(x,y) < z(x,y) and z(x,y) is 
nondecreasing in both the variables (a, y) € A and 


cy 


D2D,z (x,y) =a(ey)u(ey+ f f keno, T)u(o,T)drdo 
0 0 


© sy oT 
+f f [ [rene T,m,n)u(m,n)dndm | drdo 
0 0 \o 0 


< N(a,y)z(2,y), (2.4.28) 


where N(x, y) is given by (2.4.25). Following the proof of Theorem 4.2.1 given 
in [84], from (2.4.28) we get 


zc sy 


z(x,y) < cexp N (s,t) dtds } . (2.4.29) 
ji 


0 


Using (2.4.29) in u(x, y) < z(x,y) we get the desired inequality in (2.4.24). The 
case when c > 0 follows as noted in the proof of Theorem 2.4.1, part (a1). 
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(c2) The proof can be completed by following the proof of (c,) and closely 
looking at the proof of Theorem 5.2.1 given in [34]. Here we leave the details to 
the reader. 


Remark 2.4.2. We note that, by following the proof of Theorem 2.2.1, one 
can very easily obtain the bounds on the inequalities in Theorems 2.4.2 and 
2.4.3, when the constant c is replaced by the function c(,y) satisfying some 
suitable conditions. 


The inequalities embodied in the following theorem are established in [78]. 
Theorem 2.4.4. Let u(t,s),a(t,s),b(t,s) € C(A, Ry). 


(d,) For i = 1,...,n let the functions L; € C (A; x R,, R41) satisfy the condi- 
tions 


0 < L; (ti, ving big S15 +++) Si, 0 (ti, 8i)) — L; (tis wey bay S15 +++) Si5Y ay 8;)) 


< M; (1, 5 bi, $1, ++; Si, y (i, 81) (@ $i) — y (ti, Si)), (2.4.30) 


(ti, 
for (t1, ..., t;, $1, ---, 8i,) € Aj and x(t;, ;) > y (ti, 8;) > 0, where M; € C (A; x Ry 
,R,). If 


u(s,t) <a(s,t) +(s,t) eh [u] (t, s) , (2.4.31) 
for (t,s) € A, then 
u(s,t) < a(s,t) + 6(s,t) P(s,t) exp Q (ti, 51) dsidt; |, (2.4.32) 
[| 


for (t,s) € A, where P(s,t),Q(s,t) are given by (2.4.4),(2.4.5). 


(dz) Let © € C(R,, R41) be strictly increasing function with U(0) = 0 
and W~! is the inverse function of UV. For i = 1,...,n let the functions L; € 
C (A; x R,, R+) satisfy the conditions 


0 < Lj (ti, viey bis S15 0+) S450 (ti, 8;)) _ L; (t1, wees bay S15 2+ Si5Y (ty; 8;)) 


< M; (1, cay bgy S150, Si,Y (ti, 8i)) yt (x (ti, Si) —Y (ti, 8i)) 5 (2.4.33) 
for (t1, ..., €;, 81, ---, $;,) € Aj and x (t;, 8;) > y (t;, 5;) > 0, where M; € C (A; x Ry 


u(s,t) < a(s,t) + (34 (0 Dil 0). (2.4.34) 
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for (w,y) € A, then 


u(t,s) <a(t,s)+U ( (t, s) P(t, s) exp [/ foward) , (2.4.35) 
0 0 


For (t,s) € A,, where P(t, s), Q(t, s) are given by (2.4.4), (2.4.5). 


(d3) Let L;, M;,V,w~! be as in part (dz) and the conditions in (2.4.33) and 
p* (ay) < v7" (x) b* (y), (2.4.36) 


for all x,y € Ry hold. If 


u(t,s) < a(t,s)+6(t,s) U (>: Hi; [ul (t, ») ; (2.4.37) 


for (t,s) € A, then 


u(t,s) <a(t,s)+b(t,s) U ¢ (t, s) exp (/ ja (t1, $1) tut) , (2.4.38) 


0 0 


for (t,s) € A, where P(t,s) is given by (2.4.4) and Qj (t,s) is obtained by 
replacing b(t, s) by ~~! (b(t, s)) on the right hand side of (2.4.5). 


(da) For i =1,...,n, let L;, M; be as in part (d,) and (2.4.30) hold. Let g(u) 
be as in Theorem 2.4.2, part (b2). If 


u(t,s) <a(t,s) + b(t,s) Ja(Sem oe »). (2.4.39) 


for (t,s) € A, then for0 <t<t0<s<5:t,tEI1,8,5€ J, 


u(t,s) <a(t,s) + b(t,s)g (a [G (P (t, s)) 


Lf 


where P(s,t), Q(s,t) are given by (2.4.4),(2.4.5), G, G+ be as in Theorem 2.4.2, 
part (be) and (#,3) € A be chosen so that 


Bic. 


Q (t1, 81) ra) , (2.4.40) 


oo 


G (P (t,s)) +f fa (t1, 81) dsjdt; € Dom (G""), 
0 0 


for all (t,s) € A such that 0 <t<t0<s<5 
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Proof. (d) Define a function z(t, s) by 


n 


z(t,s)= a Hi; [ul (t, s) 


i=1 


ts 
=f fo (t1, $1, u(t, $1)) dsidty 
0 0 
tos ft 
+f f [ [* (t1, te, $1, $2, U (ta, 82)) dsgdtz | ds,dt, +... 
0 0 \o 0 


tn—1 Sn-1 


tos ty sy 
+f f ae | [ (£1, tins $1, 5 Sn, U (En; 8n)) dSndty 
0 0 \o 0 


) dsy—1dtn—1...) dsydty. (2.4.41) 


Then z(t,0) = z(0,s) = 0, z(t,s) is nondecreasing for (t,s) € A and (2.4.31) 
can be restated as 


u(t,s) < a(t,s) + b(t, s) z(t,s). (2.4.42) 


From (2.4.41), (2.4.42) and the hypotheses we observe that 
t- <8 
(st) < ff (Lr (rysia(tissi) +5 (t1,51) 2 (ta.81)) 
0 0 


—Ly (t1, 81,4 (t, 81))} + Li (tH, 81, 4 (t1, 81))] dsydty 


t1 81 


“ff [| [{ Le (ti, te, $1, $2, @ (tz, 82) + b (te, 82) 2 (t2, $2)) 


— Lg (ty, to, $1, 82, a (ta, 82))} + Lo (ti, ta, 81, $2, a (t2, 82))] dsgdt2) ds jdt, +... 


t:, 8 ti Ss. 
+f f ie / ft (eR ee eee 
0 0 0 


a(tn, $n) + b(tn, $n) Z (tn; 8n)) 
—Dny (t1, «5 tn; $1, 5 $n, @ (tn, 8n))} + Ln (th, 5 try $1, +5 Sn; A (tn; Sn))] 
x d8ndtn) dSn—1dtp_1...) ds,dt1 


t os 
<P(st)+ f fan (€1, $1, @(t1, 81)) b(t, $1) 2 (1, $1) ds, dt, 
0 0 
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t os ti $1 tn—1 Sn-1 
+f f Lhe / p Mn (1, «05 try $15 +++) Sn, @ (tn, Sn)) 
0 0 0 0 0) 0 


xb (tn, Sn) Z (tn, $n) dSndtn) d8y,—1dty_1...) dsdty 


wat f fe t1, $1)z (ti, 81) dsidty. (2.4.43) 
0 0 


Clearly P(t, s) is continuous, nonnegative and nondecreasing in (t,s) ¢ A. Now 
a suitable application of Theorem 4.2.2 given in [34, p. 325] to (2.4.43) yields 


t os 
z(t,s) < P(t,s)exp J [ Qevsiasiae, : (2.4.44) 
0 
Using (2.4.44) in (2.4.42) we get (2.4.32). 


The proofs of the remaining inequalities can be completed by following the 
proof of (d,) and closely looking at the proof of Theorem 1.4.4, parts (dz) — (d1) 
and the similar results given in [34]. Here we omit the details. 


Remark 2.4.3. If we take DL; = L and L; = 0 for i = 2,...,n in the inequality 
established in (d;), then we get the inequality given in Theorem 5.3.1, part 
(i) in [34]. The inequalities in parts (dz) — (d4) can be considered as further 
generalizations of the inequality in Theorem 5.3.1, part (i) given in [34] 


2.5 Estimates on some integral inequalities 


In the qualitative analysis of certain classes of differential,integral and inte- 
grodifferential equations some specific type of integral inequalities play a vital 
role. In this section we offer some such integral inequalities established by Pach- 
patte in [41,48,62,72,76] involving functions of two variables. 


The following two theorems contain the inequalities investigated in [62] and 
[72] respectively, which can be used in some applications. 
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Theorem 2.5.1. Let J = [0,a],J = [0,6] and A = Ix J. Let u(z,y),p(2,y), 
f(x,y), 9(%,y),h(w,y) € C(A, Ry) and suppose that 


ven set freaduenast f f ran [u (s,t) 
0 0 0 
a B 


s t 
+f [oor (0,7) drdo + ff h(o,7) (o,T) Wovdr dtds, (2.5.1) 
0 0 0 0 


for (a, y) € A, where c > 0 is a real constant. If 


a 6B oT 
k= [ fre: T)A(o,T) exp [/ fae [f (s,t) + 9(s,t)] 2 
0 0 0 0 
xdrdo <1, (2.5.2) 


where 


A (x,y) = exp (from “| (2.5.3) 


0 


for (a, y) € A, then 


u(z,y) < Ale, y) exp (/ A(s,t) [f (s,t) + g(s,t)] a , (2.5.4) 


1— 
0 0 


for (a,y) EA. 


Proof. Let c > 0 and define a function z(x,y) by 


ven=f f 103 win + ff olnuon drdo 
0 0 0 0 


B 
[ron (0,7 woe dtds. (2.5.5) 
0 


.5.1) can be restated as 


x 


u(z,y) <2z(a,y)+ [ovo u(s,y) ds. (2.5.6) 


0 
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It is easy to observe that z(x,y) is positive, continuous and nondecreasing func- 
tion for («,y) € A. Treating y fixed in (2.5.6) and using Theorem 1.3.1 given 
in [384] to (2.5.6) we get 


u(z,y) < A(z,y)z(2,y), (2.5.7) 


for (x,y) € A, where A(z, y) is defined by (2.5.3). From (2.5.5), (2.5.7) and the 
fact that A (x,y) > 1, we observe that 


z(@,y)<c +f frenons (s, t) f fa a,T)A(a,T) z (0,7) drdo 
0 


a B 
+f [re T)A(a,T) z(0,T) ti dtds. (2.5.8) 
0 0 
Define a function v(a,y) by the right hand side of (2.5.8). Then v(x, y) > 0, 
v(0,y) = v(x, 0) =, z(a,y) < v(a,y) and 


cy 


D2Dy,v (x,y) = f (a, y) A(z, y) ; jeu) f f ator) A(a,T) 2 (0,7) drda 


0 0 
/ | h(o,7)A(o,7) z (0,7) ti 


0 0 
cy 


< f(x,y) A(z,y) pions f foto A(a,T)v(o,7) drda 
0 0 


a B 
+ f falomAterdn(orn i : (2.5.9) 


Define a function w(x, y) by 


cy 


w (x,y) =v(a2,y) +f fa (o,T)A(o,7) u(o,7T) drdo 


0 0 


then w( ,Y) > 0, v (x,y) < w (2, y), D2Dyv (x,y) < f (x,y) A(z, y) w (2, y), 


B 
w(0,y) = w (2,0) = ctf fn (o,T)A(a,T)v(o,7) drdo = L (say), (2.5.10) 
0 0 
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and 
D2Dyw (a, y) = D2D iv (x,y) +. 9 (x,y) A (2, y) v (a, y) 


<f(z,y)A(z,y)w(a,y) +9(z,y) A(z, y) w (2, y) 
= A(a,y) (f(x,y) + 9(2,y)] wv (2,y)- (2.5.11) 


Now by following the proof of Theorem 4.2.1 given in [34], the inequality (2.5.11) 
implies the estimate 


cy 


w (x,y) < Lexp [fA (s, t) [f (s,t) + g (s, t)] dtds | . (2.5.12) 


0 0 


Using (2.5.12) in v (x,y) < w (x,y) we get 


ae 
vu (a, exp | [ [ A( (s, t) [f (s,t) + 9 (s, t)] dtds | . (2.5.13) 
00 
From (2.5.10), (2.5.13) and (2.5.2) it is easy to observe that 
peo (2.5.14) 
Tro ay 


Using (2.5.14) in (2.5.13) and the facts that z(a,y) < v(a,y), u(a,y) < 
A(x,y) z(x,y) we get the desired inequality in (2.5.4). The proof of the case 
when c > 0 follows as mentioned in the proof of Theorem 2.4.2,part (b:). 


Remark 2.5.1. We note that, in the special cases when (7)p = 0, (ii)g = 0, 
(2it)h = 0, the inequality in Theorem 2.5.1 reduces to the new inequalities which 
can be used as tools in different applications. 


Theorem 2.5.2. Let J,J,A be as in Theorem 2.5.1 and 


D={(z,y,8,t) € A? :0<s<2<a,0<t<y< fp}, 


B=SG shes) eh VS e Kose 00 Srey <8), 
Let u(x,y) € C(A, R,) and c> 0 be a real constant. 
(a1) Let k(x,y,8,t),e(2,y, ,t) € C(D,R+), h(2,y,8,t,0,7) € C (EB, Ry) 


be nondecreasing in (x,y) € A for fixed (s,t) € A, (s,t,0,7) € A? and suppose 
that 


cy 


u(y) set ff k(2,u,s,t)u(s,t)atds 
0 0 
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y s ¢t 
+f f [/ freonaranainn ii) dtds 
00 \o 0 


a B 
+f felnustuls.o dtds (2.5.15) 
0 


B 


ran=f fecnan 
0 O 


+f [r(eymne, T) i int) dtds <1, (2.5.16) 
0 0 


for (a, y) € A, then 


+f [r(eymne, T) i int) : (2.5.17) 
0 0 


for (a,y) E A. 


(az) Let a(a,y) ,b(a,y) € C(A, R,), k(a,y, 8,t) € C(D, Ry) ’ R259; 880, T) 
€ C(E, Ri) and suppose that 


ca Y 


u(2,y) cet f fa(s,t)u(s,t)atds 
0 


0 


ae [/ [enema dtds 
+f] (// (jf atssnnm maton na 
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ty een ie Wards, 


0 
for (x,y) € A. If 


a 


r=] [rcsnsn(f feremane) ann <a 
0 


cy 


Q(e,y) = ale) + ff k(e.y.0.7)drdo 
0 0 


x C.F. 


y 
+f f J [ eenosraimen) drat drdo, 
0 \o 0 


0 
for (a, y) € A, then 


x 


y 
E exp if Q (s,t) dtds | , 
—q 


0 0 


a 
u(t,y) SG 


for (a, y) € A. 


(2.5.18) 


(2.5.19) 


(2.5.20) 


(2.5.21) 


Proof. (a) First assume that c > 0 and fix any arbitrary element (X,Y) € A. 


Then for0 <a <X,0<y<Y we have 


ca Y 


u(ey) set ff (X,¥,8,t)u(s,t) dtds 


0 0 
x 


y 
+f f [fn (X,Y, s,t,0,7)u(a,7) drdoa | dtds 
0 0 


a B 
+f fe X,Y,s,t) u(s,t) dtds. 
0 0 


Let 


a B 


act f fet (X,Y, s,t) u(s, t) dtds, 
0 0 


(2.5.22) 


(2.5.23) 
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then (2.5.22) can be restated as 


xc Y 


u(az,y) < d(x,Y) +f [RGM u(s, t) dtds 
0 


x Y s ¢t 
+f f [ [rh &xstonulan drda | dtds, (2.5.24) 
0 0 \o 0 


for0O <a< X,0<y</Y. Define a function z(2,y, X,Y) by the right hand 
side of (2.5.24). Then z(x,y, X,Y) > 0, 2(0,y, X,Y) = 2(a,0, X,Y) = d(x,Y), 
u(x,y) < z(a,y, X,Y), z(x,y, X,Y) is nondecreasing in both the variables x, y 
lying inO<a<X,0<y<Y and 


2 y 
DaDr2 (0ysX,¥) =X Ye.y)uley)t ff h(X¥2y,0,7) (0,7) drdo 
0 0 
2 y 
< mXYau) + f fh XY.a.y,0,7)drdo z(x,y). (2.5.25) 
0.0 


Now by following the proof of Theorem 4.2.1 given in [34] from (2.5.25) we get 


ey 
(ay) <dexp | ff eX Ysm,n) 
0 0 
+ f [WX ¥m.n0,7)drdo dndm | , (2.5.26) 
0 0 


forO0 <a <X,0<y</Y. Since (X,Y) € A is arbitrary, from (2.5.26), (2.5.23) 
with (X,Y) replaced by (x,y) and u(az,y) < z(x,y,x,y) we have 


cy 


u(ey) <dexp { ff tk(e,y,mn) 
0 0 
+f [b(eamno,7)drdo dndm | , (2.5.27) 
0 0 


for (a, y) € A, where 


a 


B 
ay=et f fel x,y, 8, t) u(s, t) dtds, (2.5.28) 
0 0 
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for (x,y) € A. Using (2.5.27), in the integrand on the right hand side of (2.5.28) 
and in view of (2.5.16) we have 


ere (2.5.29) 


Using (2.5.29) in (2.5.27) we get the required inequality in (2.5.17). The proof 
of the case when c > 0 follows as noted in the proof of Theorem 2.4.1, part (a1). 


(a2) Let c > 0 and denote 


a B 
d=c+ i fi b(s,t) u(s,t) dtds. (2.5.30) 
0 0 


Then (2.5.18) can be restated as 


x 


y 
u(xz,y)<d ef fatal (s, t) dtds 
0 0 
y 
i pes (s,t,0,7)u(o,7) drdo | dtds 
0 \o 0 


a | fretocnamay (m,n) dndm | drdo | dtds. (2.5.31) 
0 \o 0 


Define a function z(x,y) by the right hand side of (2.5.31). Then z(x,y) > 0, 
z(0,y) = z(a,0) = d’, u(a,y) < z(x,y), z(x,y) is nondecreasing in both the 
variables (a, y) € A and 


DoD,2 (x,y) = a(e,y) u(a,y) + / ( k (,y,0)7) u(o, 7) drdo 
0 0 


xy oT 
+f f Jf ema. men) (msn) dndin drda 
0 0 \o 0 
< Q (x,y) 2(2,y), (2.5.32) 


where Q(x, y) is given by (2.5.20). The rest of the proof can be completed by 
following the proof of Theorem 4.2.1 given in [34] and closely looking at the 
proof of (a;) given above. 


Remark 2.5.2. In the various special cases the inequalities given in Theorem 
2.5.2 reduces to different inequalities which can be used as tools in variety of 
applications. 
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The following three theorems contain the inequalities investigated in [41] 
which can be used more conveniently in certain applications. 


Theorem 2.5.3. Let u(x,y),a(x,y),b(a,y),c(z,y) € C (R32, Ry). 


(b1) If 
u(z,y) <a(z,y) y+ bla) f fe s,t) u(s, t) dtds, 
y 
for x,y € Ry, then 
u(y) a(x.) +b (0,y) €(e,y)exp fee 
y 
for x,y € R+, where 


e(x,y) = J feta dtds, 
Oy 


for z,y € Ry. 
(bo) If 


u(z,y) <a(z,y) +b(e. f fe u(s,t) dtds, 


for x,y € Ry, then 
00 00 
u(x,y) < a(a,y) +6(2, y) E(x, y) exp [ fecore 
y 
for x,y € R4, where 


é(z,y) = 


felon s,t)a(s,t) dtds, 
y 


for z,y € Ry. 


(2.5.33) 


(s,t) dtds | (2.5.34) 


(2.5.35) 


(2.5.36) 


s,t) dtds | , (2.5.37) 


(2.5.38) 


Theorem 2.5.4. Let u(x,y),a(x,y),0(a,y),c(z,y) € C (R32, Ry). 
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(c,) Assume that a(a,y) is nondecreasing for x € Ry. If 


x 


u(x,y) cola) + f oleadulaaddor f fetet (s, t) dtds, 
0 Oy 


for x,y € Ry, then 


voonull vs sais) 
y 


for x,y € R+, where 


p (x,y) = exp b(s,y) 7 
| 
A(a,y) =f fe. t) p(s, t) a(s,t) dtds, 


0 


for z,y € Ry. 


(c2) Assume that a(x, y) is nonincreasing for « € R,. If 


u(z,y) <a(az,y) + [enwoe aot ff eloduios) dtds, 


ee) 
cy 


for x,y € Ry, then 


(x,y) < p(a,y) [a(x,y) 


atsnon(f Je s,t)p pain | 
zy 


for z,y € R+, where 


p(a,y) = exp (Jena | 


Ay) =f [els,tp(s.1) 018.0 dtds, 


for z,y € Ry. 


(2.5.39) 


(2.5.40) 


(2.5.41) 


(2.5.42) 


(2.5.43) 


(2.5.44) 


(2.5.45) 


(2.5.46) 
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Theorem 2.5.5. Let u(z,y),a(z,y),b(x,y) € C (R34, R,) and Fe C (RE 
, R) satisfies the condition 


0< F(a,y,u) — F(a,y,v) < K (2, y,v) (u-v), (2.5.47) 


for u>vu> 0, where K € C (R3, Ry). 


(d,) Assume that a(x, y) is nondecreasing for « € Ry. If 


ven sale [rte y) u(s,y) pat f fr (s,t, u(s,t)) dtds, (2.5.48) 


for x,y € Ry, then 


u(x,y) < p(x,y) [a (x,y) 


+B (x,y) exp [J (s,t,p(s,t) a(s,t)) p(s,t) dtds | | , (2.5.49) 
Oy 
for z,y € Rz, where p(x, y) is defined by (2.5.41) and 
B(a,y)= | [Fete a(s,t)) dtds, (2.5.50) 
Oy 
for z,y € Ry. 


(dz) Assume that a(x, y) is nonincreasing for « € R,.If 
u(x,y) < a(z.u)+ [ b(s,u)u(su) ass | [ P( s,t,u(s,t)) dtds, (2.5.51) 
ey 


for x,y € Ry, then 


+B (x,y) exp | [Kote t) a(s,t)) p(s,t) dtds } | , (2.5.52) 


for z,y € R,, where p(x, y) is defined by (2.5.45) and 


Co 


aoe 


F'(s,t,p(s,t) a(s,t)) dtds, (2.5.53) 
y 


x 


for z,y € Ry. 
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Proofs of Theorems 2.5.3-2.5.5. Since the proofs resemble one another, we 
give the details for (b,) ,(c,) and (d,); the proofs of (b2) , (cz) and (dz) can be 
completed by following the proofs of the above mentioned results with suitable 
changes. 


(b1) Define a function z(x,y) by 
eau) = | f e(s,t)u(s,t)atds, (2.5.54) 
Oy 


then (2.5.33) can be restated as 
u(x,y) <a(2,y) + b(2,y) 2(a,y). (2.5.55) 


From (2.5.54) and (2.5.55) we have 


z(a,y) < J [eon [a (s,t) + b(s, t) z(s,t)] dtds, 
Oy 


=e(z,y) +f fets.nr(s.1)2(s,1) dtds, (2.5.56) 
Oy 


where e(x,y) is defined by (2.5.35). Clearly e(x, y) is nonnegative, continuous, 
nondecreasing in 2 and nonincreasing in y for x,y € R. First we assume that 
e(z,y) > 0 for z,y € Ry. From (2.5.56) it is easy to observe that 


Co 


2(2,y) i 
ea) sit fy c(s,t) b(s,t) 


z(s,t) 
e(s, t) 


dtds. (2.5.57) 


Define a function v(x, y) by the right hand side of (2.5.57), then v(x, y) > 0, 


v(0,y) = v(xz,00) = 1, a < v(a,y), v(x, y) is nonincreasing in y, y € Ry 


and 


< vay) feet b (a, t)dt. (2.5.58) 
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Treating y, y € Ry fixed in (2.5.58), dividing both sides of (2.5.58) by u(a, y), 
setting « = s and integrating the resulting inequality from 0 to 7, « € Ry we 
get 


v(a,y) < exp J [ec b(.0 atas . (2.5.59) 
Oy 


Using (2.5.59) in fan < u(x, y) we have 


z(x,y) <e(a,y) exp | [ e.00(s.0 dias : (2.5.60) 
Oy 


The desired inequality in (2.5.34) follows from (2.5.55) and (2.5.60). The proof 
of the case when e (x, y) > 0 follows as mentioned in the proof of Theorem 2.2.1. 


(ci) Define a function z(x,y) by 
z(#,y) =a(ar,y)+ [ feo u(s, t) dtds. (2.5.61) 
O y 
Then (2.5.39) can be restated as 
u(x,y) < z(x,y) + / b(s, y) u(s,y) ds. (2.5.62) 
0 


Clearly z(x,y) is nonnegative, continuous and nondecreasing function in x, x € 
R,. Treating y, y € Ry fixed in (2.5.62) and using the inequality given in 
Lemma 2, part (a1) in [41], (see also [34]) to (2.5.62) we get 


u(x,y) < 2(2,y)p(a,y), (2.5.63) 
where p(x, y) is defined by (2.5.41). From (2.5.63) and (2.5.61) we have 
u(x,y) < p(z,y) a(x, y) + v(x, y)), (2.5.64) 
where 
v(x,y) = J fé (s, t) u(s,t) dtds. (2.5.65) 
Oy 


From (2.5.64) and (2.5.65) we get 


x 


v(a,y) < [ [eco [a(s,t) + v(s,t)] dtds 
Oy 
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LC 


= A(z,y) +f c(s,t) p(s, t)u(s, t)dtds, 
Oy 


where A(x, y) is defined by (2.5.42). Clearly A(x, y) is nonnegative, continuous, 
nondecreasing in +, x € R, and nonincreasing in y, y € R4. Now by following 
the proof of (b,) we obtain 


u(a,y) < A(a,y) exp | [etd pletatas , (2.5.66) 


Oy 


Using (2.5.66) in (2.5.64) we get the required inequality in (2.5.40). 


(d,) Define a function z(x,y) by 


OO) 


z(a,y) =a(x,y)+ [fF (s,t,u(s,t)) dtds. (2.5.67) 
Oy 
Then (2.5.48) can be restated as 
u(ay) <2(ey) + [ b(s,y)u(sy) as (2.5.68) 
0 


Clearly z(x,y) is nonnegative, continuous and nondecreasing function in x, x € 
R,. Treating y, y € Ry, fixed in (2.5.68) and using the inequality given in 
Lemma 2.1, part (a1) in [41] (see also [34]) to (2.5.68) we obtain 


u(x,y) < 2(x,y)p(2,y), (2.5.69) 


where p(x, y) is defined by (2.5.41). From (2.5.69) and (2.5.67) we have 


u(x,y) S p(x, y) [a(w,y) + o(a, y)], (2.5.70) 
where 
vu (x,y) = ff F(s.t.u(s.2)) ata (2.5.71) 
Oy 


From (2.5.71), (2.5.70) and the hypotheses on F it follows that 
view) < f [KF .tr(.0) la(s.t) + (6,0) 
Oy 


—F (s,t,p(s,t)a(s,t))} + F(s,t, p(s, t) a(s,t))] dtds 
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< B(z,y) + ff (s.t.p(s,t)a(s,1)) pls, to(s, ats, (2.5.72) 
Oy 


where B(x, y) is defined by (2.5.50). Clearly B(x, y) is nonnegative, continuous 
and nondecreasing in x and nonincreasing in y for x,y € R,. By following the 
proof of part (bi) we get 


v(2,y) < B(ax,y) exp | [ Ktple.thals.t) rls, didtas . (2.5.73) 


Oy 


The required inequality in (2.5.49) follows from (2.5.70) and (2.5.73). 
The next theorem deals with the inequalities proved in [48]. 


Theorem 2.5.6. Let u(a,y),a(z,y),b(z,y),c(a,y) € C(R2,R,) and p > 
1 be a real constant. 


(ki) If 
uP (x,y) < a(z,y) + 6(2,y) )f fet u(s,t) dtds, (2.5.74) 
y 


for x,y € Ry, then 


u(z,y) < [a(z,y) + b(a,y) A(z, y) 


i 
P 


x exp [ feoo dtds| , (2.5.75) 
p 
Oy 


for x,y € R, where 


(x,y) =| fo (s, t) (2 f a ) ata (2.5.76) 


for z,y € Ry. 


(k2) Let L € C(R%, R,) satisfies the condition 
O< L(z,y,u)—L(2,y,v) < G(a,y,v) (u—v), (2.5.77) 
for u>v > 0, where G € O( RS Ry): If 


uP (x,y) < a(a,y) + b(e,y) ff D(s,t.u(s,t) dtds, (2.5.78) 
Oy 
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for x,y € Ry, then 


u(a,y) < [a(a,y) + 6(a,y) A(a,y) 


x exp [ fe(s.2= +22) PD 4: ; 
lees Pp Pp Pp 


for z,y € R, where 


Atew)= f fu (s. 2 +229) dtds, 
aay Pp Pp 


for x,y € Ry. 


Proof. (k,) Define a function z(x,y) by 


z(x,y) = f fecau dtds, 
Oy 


then (2.5.74) can be restated as 


uP (x,y) Sa(a,y) + b(@,y) u (ay). 


(2.5.79) 


(2.5.80) 


(2.5.81) 


(2.5.82) 


As in the proof of Theorem 2.3.3, part (ci), from (2.5.82) and using the elemen- 


tary inequality (1.3.11) (see [30, p. 30]) we get 


Oe ene eg ee | a(x,y) PD has 
Pp Pp Pp 


From (2.5.81) and (2.5.83) we have 


Pp Pp 


rons f fetes (+s 29.2(6,5)) dtds 
Oy 


Pp 


= Alou) + ff cls) S22(s,s) ata 
Oy 


(2.5.83) 


where A(z, y) is defined by (2.5.76). The rest of the proof follows by the similar 


argument as in the proof of Theorem 2.5.3, part (01). 


(k2) The proof can be completed by closely looking at the proof of (k,) given 
above and the proof of Theorem 2.3.4, part (di). Here we omit the details. 


The inequalities in the following theorem are established in [76]. 
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Theorem 2.5.7. Let u (x,y) a(x, y) ,b (x,y) ,c(x,y) f(@,y),9(2,y) € C (Ri 


jc Doty Ne 


(r1) Suppose that 


+c(x,y) — (s,t) u(s,t) dtds, 
0 0 


for x,y € R4. If 


n= [o(s.9 Dv s,t) dtds <1, 
0 0 


then 
u(x,y) < Bi (a#,y) + MD; (2, y), 


for x,y € Ri, where 


By (a, y) = a(x, y) + (x,y) Ai (2, y) 


ae 


y 
[foo a(s,t) dtds, 
0 


cy 


Prins) =e(an+blandarton ff Hs c(s,t) dtds, 
0 


A, (x,y) = exp (jf (s, t) b(s, t) . : 
0 0 


and 


—— ff a(s.t) Ba (st) atds, 
— Pi 
0 0 


(r2) Suppose that 


u(x,y) Sa(a,y) + b(a,y) 


[feo u(s,t) dtds 
y 


(2.5.84) 


(2.5.85) 


(2.5.86) 


(2.5.87) 


(2.5.88) 


(2.5.89) 


(2.5.90) 
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+c(a,y) [fe (s, t) u(s,t) dtds, 
0 0 


for z,y € Ry. If 


pa= ff a(s.t) Ds (s, t) dtds < 1, 
0 


i=} 


then 
u(2,y) < Bo (a,y) + M2D2(a,y), 


for x,y € R+, where 


Bo (x,y) = a(a,y) + b(a, y) Ae ( em f fret a(s,t) dtds, 
ey 


Da (#,y) = ¢ (ey) +b (0,4) Aa (a, y) il / f (s,t)e(s,t) dds, 


Ag (x,y) = exp (f fro s,t) b(s ‘ys 


2= 


1 CO CO 
| [96st Balost)atas, 
1 — po 
ry 


(r3) Suppose that 


u(e,y) Sale) +o(e.y) ff Fst) u( (s, t) dtds 
Oy 


c(x,y) Ife (s, t) u(s,t) dtds, 
0 0 


for z,y € Ry. If 


pax ff o(s.t) Ds (s,t) dtds < 1, 
0 


i=} 


(2.5.91) 


(2.5.92) 


(2.5.93) 


(2.5.94) 


(2.5.95) 


(2.5.96) 


(2.5.97) 


(2.5.98) 


(2.5.99) 
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then 
u(a,y) < Bs (x,y) ar M3 D3 (Bis 


for z,y € R+, where 


i=) 


B3(a,y) =a(ax,y) + b(a, y) As (a, y) yf fr s,t)a(s,t) dtds, 


Daley) = eters) +8¢ea) Aa lore) ff £00) c(s,t) dtds, 
Oy 
sioa=o0(f fron) 


and 


1 co CO 

| [96st Balost)atas, 
— P3 

0 0 


Proof. (71) Let 


x Y 
eau) = ff £(s,t)u(s,t)atds, 
0 0 
b= f falsou (s, t) dtds. 
0 


0 
Then (2.5.84) can be restated as 


u(x,y) <a(z,y) + b(z,y) z(x,y) +e(z,y)k. 
From (2.5.105) and (2.5.107) we have 


x 


nef fre a(s,t) + ke(s,t) + b(s,t) (s,)] dtd 


0 0 
vc Y 

r+ ff 16.0 z(s,t) dtds, 
0 0 


zy 


=f [lt(s.ta(s.t) + be (s.t)e(s,t)]atds, 
0 0 


where 
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(2.5.100) 


(2.5.101) 


(2.5.102) 


(2.5.103) 


(2.5.104) 


(2.5.105) 


(2.5.106) 


(2.5.107) 


(2.5.108) 
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Clearly e(x,y) is continuous, nonnegative and nondecreasing in both the vari- 
ables x,y € R,. Now an application of Theorem 4.2.2 given in [34] to (2.5.108) 
yields 


z(x,y) <e(a,y) A: (z,y). (2.5.109) 
Using (2.5.109) in (2.5.107) we have 
u(x,y) Sa(x,y) + ke (x,y) +b (x,y) (x,y) Ai (wy) 


= By (x,y) + kDi (z,y). (2.5.110) 
Now, from (2.5.106), (2.5.110)and (2.5.85) we have 


k< g(s,t) {By (s,t) + kD, (s, t)} dtds, 
| 


1- ff a(s,t)Di(s.t) tas < ff a(s.t) Bi(s,t)atds, 
0 0 0 0 


which implies 
k< M,. (2.5.111) 


Using (2.5.111) in (2.5.110) we get (2.5.86). 


(r2) Let 
eau) = ff £(s,t)u(s,t) atds, (2.5.112) 


and & be as in (2.5.106). The proof can be completed by following the proof of 
(71) and making use of the inequality in Theorem 1.2.3 given in [3, p. 110] (see 
also [34, p. 440]). 


(r3) Let 


=f fron (s, t) dtds, (2.5.113) 
y 


and k be as in (2.5.106). The proof follows by the similar arguments as in (11) 
and using the inequality in Theorem 1.2.4 given in [3, p. 110] (see also [34, p. 
440]). 
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2.6 Applications 


One of the main motivations for the discovery of different type of inequalities 
given in earlier sections was to apply them as tools in the study of various classes 
of partial differential, integrodifferential and integral equations. In this section 
we give applications of some of the inequalities which has been investigated 
during the past few years. 


2.6.1 Nonlinear partial differential equation 


Consider the partial differential equation 


(wen Zule)) +Femulew) =r, 26.1) 
with the given initial boundary conditions 

u(xz,0) =o (x),u(0,y) =7 (y),0(0) =7 (0) =0, (2.6.2) 
where p > 1 is a real constant and F € C(R2. x R,R),r € C(R4,R),0,7 € 


C(R,,R). 


As an application of Theorem2.3.5 we present the following result proved by 
Pachpatte in [45] which gives the bound on the solution of problem (2.6.1)- 
(2.6.2). 


Theorem 2.6.1. Assume that 


IF (x,y,u)] S f(a,y)g9 (lu), (2.6.3) 
la(x,y)l <e, (2.6.4) 
where f,g,c are as in Theorem 2.3.5 and 


cy 


a(a,y) = 0? (x) +7? (y) +pf fr (s,t) dtds, (2.6.5) 
0 


0 


for x,y € Ry.Let u(x, y) be a solution of (2.6.1)-(2.6.2) for «,y € R~ Then for 
O<2<%1,0<y<y3%,r%1,y,y1 € Ry, 


SIF 


cy 


lu(z,y)|<4ar! G(o) +p [ ACU e ae (2.6.6) 
0 0 
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where G, G~' are as in Theorem 2.3.5, part (k,) and x1, y; € Ry are chosen so 
that 


cy 


G(o)+p ff F(s,t)dtds € Dome"), 
0 0 


for all z,y lying inO<a<21,0<y<y. 


Proof. It is easy to observe that the problem (2.6.1)-(2.6.2) is equivalent to 
the integral equation 


cy 


w (ay) oP (a) (W) | ws 
5 F 5 rf [Feo (s,t)) dtd 

=f fre dtds. (2.6.7) 
0 0 


From (2.6.7), (2.6.3) and (2.6.4) we observe that 
zy 
lu (ay)? <e+p / / f (st) g (lu(s, t))) dtds. (2.6.8) 
0 O 


Now a suitable application of Theorem 2.3.5, part (k,) (when h = 0) to (2.6.8) 
yields (2.6.6). 


The next result proved by Pachpatte in [40] deals with the bound on the 
solution of (2.6.1)-(2.6.2) and is obtained by applying Theorem 2.3.3, part (c1). 


Theorem 2.6.2. Assume that 
|F (z,y,u)| <h(z,y) |ul, (2.6.9) 


where h € C (Bas R,). Let 


ag (x,y) = |o (x)? + P+ ff ir(s.olatds, (2.6.10) 
0 0 


and u(x, y) be a solution of (2.6.1)-(2.6.2) for x,y € Ry. Then 


cy 


ju (x, y)| < < ao (x,y) + peo (x, y) exp J [reo dtds , (2.6.11) 
0 0 
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for z,y € R+, where 
eyes t 
eg (x,y) = J/ (2+ an ae h(s,t) dtds, (2.6.12) 
Pp Pp 
0 0 
for z,y € Ry. 


Proof. The solution u(x, y) of (2.6.1)-(2.6.2) satisfies the equivalent integral 
equation (2.6.7). From (2.6.7), (2.6.9) and (2.6.10) we observe that 


cy 


Ju (a, y)|? < ao (x, y) +pf fn (s, t) |w(s, t)| dtds. (2.6.13) 
0 0 


Now a suitable application of Theorem 2.3.3, part (c1) (with a(x, y) = ao (x,y), 
b(x,y) = pand g(a, y) = 0) to (2.6.13) we get the required estimate in (2.6.11). 


2.6.2 Hyperbolic partial differential equations 
with terminal values 


Consider the hyperbolic partial differential equation 
Uny (2, y) = h(z,y,u(x,y)) +r (z,y), (2.6.14) 
with the given terminal value conditions 
u(x, 00) = Og (4) ,u (00, y) = Too (y), u(00, 00) = d, (2.6.15) 


where h € C(R? x R,R,),7r € C (RY, Ry) O00; Too € C(Ry, RR) and disa 
real constant. 


As an application of Theorem 2.5.3, part (b2) we present the results given by 
Pachpatte in [41] which deals with the estimate and uniqueness of solutions of 
(2.6.14)-(2.6.15). 


Theorem 2.6.3. Suppose that 


|n(x,y,u)| < e(z,y) |ul, (2.6.16) 


Ooo (L) + Too (2) — d+ 


Jr (s,t) dtds| < a(z,y), (2.6.17) 
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where a(x,y),c(z,y) € C(R%,R,). Let u(x,y) be a solution of (2.6.14)- 
(2.6.15) for x,y € Ry, then 


ju (x, y)| < a(a,y) + E(x, y) exp [ feo dtds | , (2.6.18) 


for x,y € R,, where é(x, y) is defined by (2.5.38). 


Proof. The solution u(x, y) of (2.6.14)-(2.6.15) satisfies the following equiva- 
lent integral equation (see also [3, p. 80]) 


U(L,Y) = Ooo (LZ) + Too (Y) — a+f / (h (s, t, u(s,t)) +r (s,t)] dtds, (2.6.19) 


for z,y € R,. From (2.6.19), (2.6.16), (2.6.17) we get 
|u(a,y)| <a(a,y) +f feo |u (s, t)| dtds. (2.6.20) 
ey 


Now a suitable application of Theorem 2.5.3, part (b2) to (2.6.20) yields the 
required estimate in (2.6.18). 


Theorem 2.6.4. Suppose that the function h in (2.6.14) satisfies the condition 
|h (x, y, u) — h(z, y, v)| < c¢(z,y) lju— |, (2.6.21) 


where c(a,y) € C (R2., Ry).Then the problem (2.6.14)-(2.6.15) has at most one 
solution on R32. 


Proof. The problem (2.6.14)-(2.6.15) is equivalent to the integral equation 
(2.6.19). Let u(x, y), v(x, y) be two solutions of (2.6.14)-(2.6.15). From (2.6.19), 
(2.6.21) we have 


lju(a,y) —v(a,y)| < [ fewo |u(s,t) — u(s,t)| dtds. (2.6.22) 


Now a suitable application of Theorem 2.6.3, part (bz) yields u(x, y) = v(x, y) 
i.e., there is at most one solution to the problem (2.6.14)-(2.6.15). 


We note that the inequality given in Theorem 2.6.4, part (cg) can be used 
to obtain the bound and uniqueness of the solutions of the following non-self- 
adjoint hyperbolic partial differential equation 


Uy (x,y) _ (r (x,y) U (z,¥)). +h (x,y, u(x, y)) ) (2.6.23) 


with the given terminal value conditions given in (2.6.15), under some suitable 
conditions on the functions involved in proplem (2.6.23)-(2.6.15). 
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2.6.3 Non-self-adjoint Hyperbolic partial Fred- 
holm integrodifferential equation 


In this section we present some applications of the special version of the in- 
equality in Theorem 2.5.1 to study certain properties of solutions of the initial 
boundary value problem (IBVP for short) for the following non-self-adjoint hy- 
perbolic partial Fredholm integrodifferential equation 


Ury (ZY) = (p(z,y) u(z,y)), 


+F yu), ff k(2y.0,7,u(o,7))drda ; (2.6.24) 
0 0 
u(x,0) = a(x) ,u(0,y) = B(y),a(0) = 8(0) =0, (2.6.25) 


wherea € C(I,,R),8€C (hh, R);for0<< a < @,0<7<y,ke C(G x R,R), 
FEC (G x R?, R) and p € C(G, R) is differentiable with respect to y, in which 
I, = [0, a] , Jp = [0,6] be subsets of R and G = I, x Ip. 


The following theorems are given by Pachpatte in [62] which deals with the 
properties of solutions of IBVP (2.6.24)-(2.6.25). 


Theorem 2.6.5. Assume that 


|E (z,y)| <e, (2.6.26) 

|k (x,y, s,t,u)| <e(a,y) h(s,¢) |ul, (2.6.27) 

|F (x,y, u,%)| < f(x,y) (lul + lal), (2.6.28) 
where 

E(2#,y) =a(x)+ B(y)- [vo 0) a(s) ds, (2.6.29) 


0 


f,h,c are as in Theorem 2.5.1 and e(x,y) € C(G, R,) such that e(#,y) > 1. 
Let 


a b 


wo= ff h(o,7)A(o,r)exp [ fAcore.newnaa 
0 0 0 


0 


xdrdo <1, (2.6.30) 
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where 


A(x,y) = exp (/ |p(s,y)| “| : (2.6.31) 


0 
for (x,y) € G. If u(x, y) is any solution of IBVP (2.6.24)-(2.6.25) for (x,y) € G, 
then 


x 


A(a,y) exp / A(s,t) f (s,t) e(s,t) dtds | , (2.6.32) 
0 0 


c 
1—4qo 


ju(z,y)| < 


for (a, y) € G. 


Proof. The solution u(x, y) of IBVP (2.6.24)-(2.6.25) satisfies the equivalent 
integral equation 


x 


u(ey) = Eau) + f p(s,y)uls,u) ds 
0 


x ey a b 


+f fr sstu(s.t), ff k(s,t.0,7,u (0,7) drdo dtds, (2.6.33) 
0 0 0 0 


where E(x, y) is given by (2.6.29). Using (2.6.26)-(2.6.28) in (2.6.33) we have 


l(c) set | Ip(s,u)llu(s.y)las 
0 


f fre |wcsnrs f feeconton tanita 
0 0 0 0 


x 


<e+ | \p(s,u)] u(s,u)\as 


xey a b 


+f f ro,e(s,4 u(t ff a(n) lu(o,7)|drdo| dids. (2.6.34) 
0 0 0 0 


Now a suitable application of Theorem 2.5.1 (with g = 0 ) to (2.6.34) yields 
(2.6.32). 
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Theorem 2.6.6. (i) Assume that 
lk (a,y,s,t,u) —k(a,y,s,t,@)| <e(a,y) h(s,t) |u— a, (2.6.35) 


|F (x,y, U, U) i, F(z,y,v, d)| < f (x,y) (lu — v| oT la — vl), (2.6.36) 


where e,h, f are as in Theorem 2.6.5. Let go and A(x,y) be as in (2.6.30) and 
(2.6.31) respectively. Then the IBVP (2.6.24)-(2.6.25) has at most one solution 
on G. 


(iz) Let u(x, y) and v(x, y) be the solutions of (2.6.24) with the initial bound- 
ary conditions (2.6.25) and 


v (x,0) = &(x),v(0,y) = B(y),a(0) = B(0) =0, (2.6.37) 
respectively, where @ € C' (Ig, R), 3 € C(I, R). Suppose that the functions k 


and F in (2.6.24) satisfy the conditions (2.6.35) and (2.6.36) in part (i). Let 
E(x, y) be given by (2.6.29), 


x 


Fa nh=aar awe [ve 0) wis) de, (2.6.38) 
0 


and 
|E («,y) -— E(a,y)| <e, (2.6.39) 


where ¢ is as in Theorem 2.5.1. Let go and A (a, y) be as in (2.6.30) and (2.6.31) 
respectively. Then the solutions of (2.6.24) depends on the initial boundry 
conditions and 


Ju(zy) — (ut y)l Sz qt te) 
x exp A(s,t) f (s,t) e(s,t) dtds | , (2.6.40) 
Ft 


for (a, y) € G. 


Proof. Let u(z,y) and v(z,y) be two solutions of IBVP (2.6.24)-(2.6.25) on 
G, then we have 


x 


uw (x,y) — v(a,y) = | o(s.y){u(s.y) —v(s.u)as 


0 


x sy a b 


+f f F stru(st), ff k(s,t0,7,u(o,7)) drdo 
0 0 0 0 
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a b 

—F Ga t,u( df fx 8,t,0,T,v inn tte] jas 
0 
6. 


0 
From (2.6.41), (2.6.35), (2.6.36) we obtain 


lu(2,y) — v(2,9)| I< foto) (s,y) |u (sy) — v(s,y)| ds 
0 


+f F (5,4) (ju (s,t) — u(s,8)| 
0 O 
a b 


(0 f [Morn (o,T) |u(o,T) — v(a,7)|drdo | dtds. 
0 


(2.6.41) 


(2.6.42) 


Rewtiting (2.6.42) in view of the fact that e(#,y) > 1 and a suitable application 
of Theorem 2.5.1 (with c= 0, g = 0 ) yields |u (a, y) — uv (a, y)| < 0. Therefore 
u(x, y) = v(2, y) i.e., there is at most one solution of IBVP (2.6.24)-(2.6.25) on 
G. 


(iz) Since u(x, y) and v(x, y) are the solutions of IBVP (2.6.24)-(2.6.25) and 


(2.6.24)-(2.6.37) respectively, we have 


x 


u(x,y) —v(z,y) = E(x,y) ~ Blau) + f p(s,v){u(s,u)~v(s,u)}ds 


0 


x ey a b 
“ff s,t,u(s,t) ff klst.oru(o7)) drdo 
0 0 0 
b 


a 


—F | s,t,v(s,t) ff kls.t.a.7.0( (a,7)) drdo faa 
0 0 


From (2.6.43), (2.6.39), (2.6.36), (2.6.35), we have 


ju (x,y) — v(x, y)| cet fou) |u(s,y) — v(s,y)|ds 


i=} 


+e (st) ff a(o.7) |ju(o,7) —v(a,T)|drdo | dtds 
0 0 


(2.6.43) 
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IA 


e+ foto (s,y) |u(s,y) — v(s,y)|ds 


+f fren t) (\u(s,t) — v(s,t)| 
0 
a b 
i: 


+ h(o,T) |u(o,T) — v(a,7)|drdo | dtds, (2.6.44) 


for (a,y) € G. Now a suitable application of Theorem 2.5.1 (with g = 0 ) to 
(2.6.44) yields the estimate (2.6.40), which shows the dependency of solutions 
of (2.6.24) on given initial boundary data. 


Here, we note that the inequality in Theorem 2.5.1 can be used to study 
similar properties as in Theorems 2.6.5 and 2.6.6 for solutions of the non-self- 
adjoint hyperbolic partial Volterra-Fredholm integrodifferential equation 


Uay (x,y) = (p (x,y) U (t,y))y 


+F | x,y,u oof Jn x,y, 8, t,u(s,t)) dtds, 

a b 
ff (x,y, 8,t,u(s,t)) dtds | , (2.6.45) 
0 0 


with the given initial boundary conditions (2.6.25) under some suitable condi- 
tions on the functions involved in IBVP (2.6.45)-(2.6.25). We omit the details. 


2.6.4 Volterra-Fredholm integral equation 


In this section we present applications of Theorem 2.5.7, part (71) to study 
certain properties of the solutions of Volterra-Fredholm integral equation of the 
form 


xy 
z(a,y) = E(2,y) +f fC (x,y, 8,t, z(s,t)) dtds 
0 
+f [ Heus.t2(s,0) dds (2.6.46) 
0 0 


for z,y € R,, where z(x,y) is an unknown function, E € C (R32, R) and F,H € 
CRS RR): 
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In [76] Pachpatte has given the following theorems which deals with the prop- 
erties of solutions of equation (2.6.46). 


Theorem 2.6.7. Suppose that the functions E, F, H in equation (2.6.46) sat- 
isfy the conditions 


|Z (z,y)| <a(z,y), (2.6.47) 
|F (x,y, 8,t, z)| < b(a,y) f (s,t) |z|, (2.6.48) 
|H (x,y, s,t, z)| <c(a,y) g(s,t) lz], (2.6.49) 


where a,b,c, f,g are as in Theorem 2.5.7. Let p; be as in (2.5.85). If z(az, y) is 
a solution of equation (2.6.46) on R2,then 


|z (x, y)| < Bi (x,y) + MD, (x,y), (2.6.50) 
where B,, D,, M, are as given in Theorem 2.5.7, part (rz) . 
Proof. Let z(x,y) be a solution of equation (2.6.46) on R%. Using the fact 


that z(x,y) is a solution of equation (2.6.46) and (2.6.47)-(2.6.49) we observe 
that 


cy 


lz (9) <a(ay)+d(ew) | f F(s,t)|2(s.0)| tds 
0 0 


cen f fa (s, t) |z(s,t)| dtds. (2.6.51) 
0 0 


Now an application of Theorem 2.5.7, part (r,) to (2.6.51) yields the required 
estimate in (2.6.50). 


Theorem 2.6.8. Suppose that the functions F’, H in equation (2.6.46) satisfy 
the conditions 


|F (x,y, 8, t, z) =, P5958, 0,2)| < b(a,y) f (s,t) las Z| (2.6.52) 


|H (x,y, s,t,Z) — H (x,y, 8,t, Z)| < c(x,y) 9g (s, t) |z a Z| ’ (2.6.53) 


where b,c, f,g are as in Theorem 2.5.7. Let p; be as in (2.5.85).Then the equa- 
tion (2.6.46) has at most one solution on R?. 
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Proof. Let u(x,y) and v(x,y) be two solutions of equation (2.6.46) on R2. 
Using the facts that u(x, y) and vu(ax,y) are the solutions of equation (2.6.46) 
and (2.6.52), (2.6.53) we have 


x 


y 
\u (ey) vei soon ff roo \u ) Ju (s, t) — uv (s,t)| dtds 
0 0 


+e(x af fo s,t) |u(s,t) — v(s,t)| dtds. (2.6.54) 


0 


Now an application of the inequality given in Theorem 2.5.7, part (71) (with 
a(x,y) = 0 which in fact implies B, (x,y) = 0,M, = 0 ) to (2.6.54) yields 
u(x,y) = v(x, y), ie., there is at most one solution of equation (2.6.46) on R?. . 


Finally, we note that the applications presented here display the importance 
of some of the inequalities given in earlier sections. Most of the inequalities given 
here are recently developed and we hope that these inequalities will serve as a 
model for further investigation 


2.7 Notes 


The origin of the results included in this chapter can be traced back to the 
well known Wendroff’s inequalities, see [4, p. 154]. Integral inequalities of 
Wendroff’s type have proved to be very useful in the study of certain partial 
differential and integral equations. The material included in Section 2.2 contains 
some basic results on integral inequalities developed during the past few years. 
The inequalities in Theorems 2.2.1 and 2.2.2 are due to Pachpatte [68,55]. The 
inequalities in Theorems 2.2.3 and 2.2.4 are proved by Medved [24], which yield 
estimates on nonlinear integral inequalities with singular kernels. Section 2.3 
is dedicated to further nonlinear integral inequalities involving functions of two 
independent variables. The results given in Theorems 2.3.1-2.3.5 are due to 
Pachpatte [46,40,45]. Section 2.4 contains some integral inequalities in two 
independent variables involving iterated double integrals, which are adequate 
in new applications. The inequalities in Theorems 2.4.1-2.4.4 are all due to 
Pachpatte and taken from [53,72,78]. Section 2.5 is devoted to the inequalities 
which yield estimates on certain integral inequalities involving functions of two 
independent variables,which are mainly used when the earlier inequalities do not 
apply directly. All the results in this section are due to Pachpatte and taken 
from [62,72,41,48,76]. Section 2.6 is devoted to the applications of some of the 
inequalities given in this chapter, to study various aspects of certain partial 
differential and integral equations. The literature concerning such inequalities 
is rich and for earlier work we refer the reader to the books by Bainov and 
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Simeonov [3] Martinjuk and Gutowski [23] and Pachpatte [34] which contains 
many references on this topic. 


Chapter 3 


Retarded integral inequalities 


3.1 Introduction 


Differential equations with retarded arguments have been studied by many 
investigators and various methods and ideas have been proposed for the study of 
their different aspects. The fundamental role played by the integral inequalities 
which provide explicit bounds on unknown functions in the development of the 
theory of differential and integral equations is well known, see [3,6,12,14,17,19, 
23,83,84]. It is natural to expect that some new generalizations and variants 
of such inequalities would also be equally important in certain new applica- 
tions. Motivated by a desire to apply integral inequalities which provide explicit 
bounds on unknown functions, in the development of the theory of differential 
and integral equations with retarded arguments, recently some new inequalities 
have been developed to achive a diversity of desired goals, see [21,22,43,47,58- 
61,69,74,77|. This chapter deals with some basic retarded integral inequalities 
involving functions of one and two independent variables, which can be used 
as tools in the study of differential and integral equations involving retarded 
arguments. Applications of some of the inequalities are also given. 


3.2 Basic retarded integral inequalities in one 
variable 


Motivated by the needs of diverse applications in different branchas of differ- 
ential and integral equations,various investigators have discovered many useful 
integral inequalities in the literature. In this section, we present some basic re- 
tarded integral inequalities established by Pachpatte in [43,60,69,74] which can 
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be used as handy tools in the study of certain new classes of retarded differential 


and integral equations. 


The following theorems contains some useful inequalities proved in [43]. 


Theorem 3.2.1. Let I = [to,T) C R (the set of real numbers), a(t) , b(t) 
C(I, R,), a(t) € C'(I,I) be nondecreasing with a(t) < t on I and k > 0, 


c>1and p> 1 are real constants. 


(a1) If u(t) E C(I, R4) and 


t a(t) 
u(Q <k+ f a(s)u(s)ds+ / b(s) u(s) ds, 


to a(to) 
for t € I, then 
u(t) < kexp(A(t) + B(b), 


for t € I, where 


forte I. 


(a2) Let Ry = [1, co) : If u(t) € CC, R,) and 


t 


a(t) 
u(t) <c+ f a(s)u(s)logu(s) ds-+ / b(s) u(s) log u(s) ds, 


to a(to) 
for t € I, then 


u(t) < coPae) tee). 


for t € I where A(t) and B(t) are defined by (3.2.3) and (3.2.4). 


(3.2.1) 


(3.2.2) 


(3.2.3) 


(3.2.4) 


(3.2.5) 


(3.2.6) 
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(a3) If u(t) e CUZ, R4) and 
t a(t) 


uP (t) < b+ [ a(s)u(s) ds + i b(s) u(s) ds, (3.2.7) 


to a(to) 


for t € I, then 


1 


p= -—1 Pk 
u(t) < ee ie (2) (A(s) + B(s) ' (3.2.8) 
for t € I, where A(t) and B(t) are defined by (3.2.3) and (3.2.4). 
Proof. From the hypotheses we observe that a’ (t) > 0 for t € I. 


(a1) Let k > 0 and define a function z(t) by the right hand side of (3.2.1). 
Then z (to) = k,u(t) < z(t), z(t) is positive, nondecreasing for t € I and 
2! (t) = a(t) u(t) + b(a(t)) u(a(t)) a’ (Z) 
< a(t) u(t) + b(a(t)) u(a(t)) a’ (t) 
< a(t) 2(t) +b(a(2)) z(t)a' (t) 


(a 
(a 


< a(t) + b(a(t))a’ (t). (3.2.9) 


Integrating (3.2.9) from tg to t, t € I, and the change of variable yield 
z(t) < kexp(A(t) + B(d)), (3.2.10) 


for t € I. Using (3.2.10) in u(t) < z(t) we get the inequality (3.2.2). If k > 0, 
we carry out the above procedure with k + e€ instead of k, where <¢ > 0 is an 
arbitrary small constant, and subsequently pass the limit as ¢ — 0 to obtain 
(3.2.2). 


(a2) Define a function z(t) by the right hand side of (3.2.5). Then z (to) = ¢, 
u(t) < z(t), z(t) is positive and nondecreasing for t € I and as in the proof of 
part (a,) we get 

z' (t) 
z(t) 


Integrating (3.2.11) from to to t, t € J, and the change of variable yield 


< a(t) log z(t) + b(a(t)) log z (a(t) a (t). (3.2.11) 


t a(t) 
log z (t) <loge+ [ a(s) log z(s) ds + i b(s) log z (s) ds. (3.2.12) 


to a(to) 
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Now by a suitable application of the inequality given in (a1) to (3.2.12) we get 
log z (t) < (loge) exp (A(t) + B(t)) 
Slope Pew), (3.2.13) 
From (3.2.13) we observe that 
gy < corr ey: (3.2.14) 
Using (3.2.14) in u(t) < z(t) we get the required inequality in (3.2.6). 
(a3) Let k > 0 and define a function z(t) by the right hand side of (3.2.7). 


Then z(to) = k,u(t) < {z (t)}P , 2(t) is positive and nondecreasing for t € I 
and as in the proof of part (a,) we have 


{z(t)}? z(t) < a(t) +b(a(t)) a! (t). (3.2.15) 


Integrating (3.2.15) from to to t, t € J, and the change of variable gives 
pol p—l pat 
z(t)<|k ep + oe (A (t) + B()) : (3.2.16) 


The desired inequality in (3.2.8) follows by using (3.2.16) in u(t) < {z (t)}”. 
The case k > 0 can be completed as mentioned in the proof of part (a1). 


Remark 3.2.1. If we take a(t) = 0 in part (a1), then we get the inequality 
given by Lipovan in [21, Corollary, p. 391] which in turn contains as a special 
case, the celebrated Gronwall-Bellman inequality, see [34, p.11] and in this spe- 
cial case, the inequality in (az) reduces to the further extension of the inequality 
given in [34, Theorem 3.8.2, p. 268]. The inequality in (a3) can be considered 
as a generalization of the inequality given in [34, Theorem 4.3.1, p. 233]. 


Theorem 3.2.2. Let a(t), b(t) ,a(t),k,c,p be as in Theorem 3.2.1. For i = 
1,2 , let g, € C(R;, R+) be nondecreasing functions with g; (u) > 0 for u > 0. 
(b1) If u(t) € CUZ, Ry) and for t € J, 


t a(t) 


u(t) <<k+ / a(s) gi (u(s))ds+ / b(s) go (u(s)) ds, (3.2.17) 


to a(to) 


then for tg <t < t;t,t1 € J, 
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(i) in case go (u) < gi (u), 
u(t) < Gy" [Gi (k) + A() + BO); (3.2.18) 
(ii) in case gi (u) < go (u), 


u(t) < Gy? [G2 (k) + A(t) + BH); (3.2.19) 


where A(t) and B(t) are given by (3.2.3) and (3.2.4) and for i= 1,2 , G7’ are 
the inverse functions of 


i ds 
G,(r) = / Gy r>0, (3.2.20) 


To 
ro > 0 is arbitrary and t; € I is chosen so that 
Gi (k) + A(t) + B(t) € Dom (G;"), 


respectively, for all t lying in the interval [to, t]. 


(bz) If u(t) be as in Theorem 3.2.1, part(a2) and for t € J, 


t a(t) 
u(t) < c+ | a(s)u(s) gi (log u(s)) ds+ / b(s) u(s) go (log u(s)) ds, (3.2.21) 
to a(to) 


then for to < t < tat, te € I, 
(7) in case gz (u) < gi (u), 
u(t) < exp (Gy* [Gy (log c) + A(t) + B(t)]); (3.2.22) 
(ti) in case gi (u) < ge (u), 
u(t) < exp (Gz* [Go (loge) + A(t) + B(#))) ; (3.2.23) 
where G;, G;', A(t), B(t) are as in (b)) and tz € J is chosen so that for i = 1,2 
G; (log c) + A(t) + B(t) € Dom (G;"), 


respectively, for all t lying in the interval [to, tg]. 


(bs) If u(t) € CZ, Ry) and for t € J, 


t a(t) 
w (sk [alsin Chen yres i AC ONCE ES (3.2.24) 
to a(to) 


then for t9 < t < ts;t, ts € J, 
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(z) in case go (u) < gi (wu), 


Sle 


t) < {Hy [Mh (k)+ A+ BO} (3.2.25) 
(ti) in case gi (wu) < go (u), 
t) < {Hy} [Hp (k) + A(t) + B(d)}”, (3.2.26) 


where A(t), B(t) are given as in (b;) and for i = 1,2, H;' are the inverse 
functions of 


d 
Hy (r) = i Ayr >0, (3.2.27) 
x a (3) 
ro > 0 is arbitrary and ts € I is chosen so that 
H;(k) + A(t) + B(t) € Dom (H;"), 


respectively, for all t lying in the interval [to, t3]. 


Proof. (b,) From the hypotheses we observe that a/(t) > 0 for t € I. Let 
k > 0 and define a function z(t) by the right hand side of (3.2.17). Then 
z(to) = k, u(t) < z(t), z(t) is positive and nondecreasing for t € J and as in 
the proof of Theorem 3.2.1, part (a1) we get 


2! (t) < a(t) gi (z(t) + b(a()) go (z (a (4) a" (t)- (3.2.28) 


(¢) when gz (u) < gi (wu), then from (3.2.28) we observe that 


Z(t) <i (z() a(t) + (a) a’ (0). (3.2.29) 
From (3.2.20) and (3.2.29) we have 

=i) a Qa a’ 

Gr (29) = SK < al) + B(a(t))a"(t). (3.2.30) 


Integrating (3.2.30) from to to t, t € I, and by making the change of variable, 
we have 


Gi (z(t)) < Gi (kK) + A(t) + B(t). (3.2.31) 
Since G7! is increasing, from (3.2.31) we have 
z(t)< Gy" [Gi (k) + A+ BQ). (3.2.32) 


Using (3.2.32) in u(t) < z(t) gives the required inequality in (3.2.18). The case 
k > 0 can be completed as mentioned in the proof of Theorem 3.2.1, part (a1). 
The proof of the case when g;(u) < gg(u) can be completed similarly. The 
subinterval tg < t < t; is obvious. 
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The proofs of (bz) and (b3) can be completed by following the proof of (01) 
and closely looking at the proofs of similar inequalities given in [34]. We omit 
the details. 


Remark 3.2.2. We note that the inequalities in Theorem 3.2.2 parts (b;)—(b3) 
can be considered as further generalizations of the inequalities given in Theorems 
2.3.1, 3.9.1, 3.4.1 in [34] respectively. We also note that the definitions of the 
functions H; in (3.2.27) are motivated from the work of Medved [26]. 


The following useful generalization of the inequality (3.2.17) is proved in [69]. 


For suitable functions defined on the respective domains of their definitions, 
first we give the following notation used to simplify the details of presentation: 


o1(t) o2(t) 
Hi eeed. oe Vi PROP CONC: / az (8) pa (rm (8) do. 
¢1(to) $2(to) 


Theorem 3.2.3. Let u (t) ay (t) 1b (t) »Q1 (t) » a2 (t) ec U, Ry) ; P1 (t) 2 (t) € 
C! (I, I) be nondecreasing with 4 (t) < t, ¢2 (t) < ton I = [to,T). For i = 1,2, 
let g(t) € C(Rz,R+) be nondecreasing, subadditive and submultiplicative 
functions with g;(u) > 0 for u > 0 and for t € J, 

u(t) < f(t) + o(t) Ht, us o1, a1, 915 $2, a2, 92], (3.2.33) 


then for to <t <t1;t,t, € J, 


(7) in case go (u) < gi (u), 
u(t) < f(t) + 6(t) G7" [Gi (e(t)) + A [t, 0; b1, a1, 91; 62, 42, g2]], (3.2.34) 
(2) in case gi (u) < go (u), 


u(t) < f(t) +b(t) Gy" [Gs (E(t) + At, 6; 1, 41,91; G2, a2, ga], (3.2.35) 


e(t) =H [t, f; 1, a1, 91; 2, a2, 92] , (3.2.36) 


G;, G;' are as in Theorem 3.2.2, part (b) and t, € J is chosen so that 
G; (e (t)) oe A [t, b; $1, a1,913 $2, A2, 92] € Dom (G;") ’ 


respectively, for all ¢ lying in the interval [to,t1] . 
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Proof. From the hypotheses we observe that ${ (t) > 0,65 (¢) > 0 fort € I. 
Define a function z(t) by 
z(t) = H [t, u; 1, a1, 915 2, a2, 92] 
1(t) $2(t) 
= fi ai (s) gi (u(s)) ds + , a2 (s) go (u(s)) ds. (3.2.37) 
1 (to) 2(to) 
Then z (to) = 0 and (3.2.33) can be restated as 


u(t) <f(@+b(@2(). (3.2.38) 
Using (3.2.38) in (3.2.37) and the hypotheses on gi, g2 we have 
1 (t) 
z(t) < ff ai(s)q(F(s) + (9) 2(s))as 
1(to) 


p(t) 
+ ip a2 (8) 92 (f(s) + b(s) 2(s)) ds 


$1 (t) 
<e(t)+ f a(s)a(b(s))m @(s))as 
$1 (to) 
g2(t) 
+ / az (8) go (b(s)) go (z (s)) ds. (3.2.39) 
2(to) 
Let @ € I be an arbitrary number. From (3.2.39), for tp < t < 6 we have 


¢1(t) 


$1 (to) 
2(t) 
+ / az (8) go (b(s)) go (z (s)) ds. (3.2.40) 
2(to) 


Now assume that e(@) > 0 and let go(u) < gi (u). Define a function v(t) by 
the right hand side of (3.2.40). Then v (to) = e(@) z(t) < u(t), v(t) is positive 
and nondecreasing for tg <t < 6 and 


vu! (t) = a1 (G1 (t)) gx (0 (1 (#))) 91 (2 (Or (4) 4 (0) 
+2 (2 (t)) go (b (G2 (t))) 92 (z (b2 (t))) 5 (4) 
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< ay (41 ()) gr (6 (G1 (#))) 1 (v (Pr (1) 1 
+a2 ($2 (t)) go (b (G2 (t))) 92 (v (G2 (#))) $5 (#) 
S ay ($1 (#)) gu (0 (Gr (#))) gu (v (4) 1 (8) 
+a2 ($2 (t)) go (b (G2 (t))) ga (v (#)) 9 (t) 

S [a1 (G1 (#)) gn (0 (41 (4) 64) 


+42 (2 (t)) go (b (G2 (4))) G2 ()] 1 (v ())- (3.2.41) 
From (3.2.20) and (3.2.41) we have 


) 
)o 


< [ar (61 (4) a1 (6 (41 (4))) $4 (6) 
+42 (2 (t)) go (b (#2 (t))) 2 (#)] - (3.2.42) 


By taking ¢ = s in (3.2.42) and integrating it with respect to s from to to ¢ for 
to <t < GB we get 


t 


Gi (v(t)) <Gile (3) + f (o1 (s)) 91 (b (41 (s))) 4 (5) 
+4 (2 (8)) 92 (b (G2 (s))) $5 (s)] ds, (3.2.43) 


for to <t < GB. Since z(t) < v(t) for tp < t < G and 6 € I is arbitrary, from 
(3.2.43) we have 


t 


Gi (e(8)) + / [ax (b1 (8)) g1 (6 (1 (8) 44 (9) 


to 


z(t) <Gy" 


+a (2 (8)) 92 (b ($2 (s))) 65 (s)] ds] , (3.2.44) 


for to < t < ty. By making the change of variable in the integral on the right 
hand side in (3.2.44) we have 


z(t) < G7" [Gi (e()) + A [t, 6; G1, a1, 91; G2, a2, 92] , (3.2.45) 


for to < t < ty. The conclusion (3.2.34) follows from (3.2.38) and (3.2.45). If 
e (8) in (3.2.40) is nonnegative, we carry out the above procedure with e (3) +¢ 
instead of e(3), where ¢ > 0 is an arbitrary small constant, and subsequently 
pass to the limit ¢ — 0 to obtain (3.2.34). The subinterval tp < t < t, is 
obvious. The proof of the case when gi (u) < gz (wu) can be completed similarly. 
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Remark 3.2.3. We note that in [2] the authors have given the upper bound on 
(3.2.33) (when b(t) = 1 ), which depends on the continuous solution of a certain 
initial value problem for first order differential equation. The bound obtained 
on (3.2.33) in Theorem 3.2.3 is explicit and it is more convenient in applications. 
Here, it is to be noted that the conditions required on the functions involved in 
(3.2.33) are different from those of given in [2]. 


Next, we shall give the inequalities established in [74] which can be used more 
conveniently in certain situations. 


Theorem 3.2.4. Let u(t 


), a(t) ,b; (t) € se me ee 
decreasing with a;(t) < ton I = a 


ito, T) for ,n and k > 0 be a real 
constant. 
(c1) If 
nm walt) 
u(t)<k+5— b; (s) u(s) ds, (3.2.46) 
i=l 
ai (to) 
for t € I, then 
u(t) < kexp(E(t)), (3.2.47) 


for t € I, where 


ai (t) 


Pe 9 [ we 0, (3.2.48) 


i=1 ai (to) 


forte I. 


(cz) If a(t) is nondecreasing for t € I and 
u@Q\sa(\+> f b(s)u(s)ds, (3.2.49) 


for t € I, then 
u(t) < a(t) exp (E (t)), (3.2.50) 


for t € I, where E(t) is given by (3.2.48). 


Proof. From the hypotheses on a; (t) we observe that a’ (t) > 0 for t € J and 
(ae nn 0) 
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(c1) Let & > 0 and define a function z(t) by the right hand side of (3.2.46). 
Then z (tp) = k, u(t) < z(t), z(t) > 0 and 


< Shi (ai () a4 (0). (3.2.51) 


Integrating (3.2.51) from to to t; t € J and then the change of variables yields 
z(t) <kexp(F(t)), (3.2.52) 


for t € I. Using (3.2.52) in u(t) < z(t) we get the inequality in (3.2.47). If 
k > 0 we carry out the above procedure with k + € insteead of k, where e > 0 


is an arbitrary small constant, and subsequently pass the limit ¢ — 0 to obtain 
(3.2.47). 


(co) First we assume that a(t) > 0 for t € J. From the hypotheses, for 
s <a; (t) < t, we have a(s) < a(a;(t)) < a(t). In view of this, from (3.2.49) 
we observe that 
ai (t) 


t) Ss 
ws ee » [we ae ds. (3.2.53) 
ai (to) 


Now an application of the inequality in part (c1) to (3.2.53) yields the required 
inequality in (3.2.50). If a(t) = 0 , then from (3.2.49) we observe that 


a(t) 
ae 2 ac u(s) ds, (3.2.54) 


14 (to) 


where ¢ > 0 is an arbitrary small constant. An application of the inequality in 
part (c1) to (3.2.54) yields 


u(t) < eexp(E(#)). (3.2.55) 


Now by letting ¢ — 0 in (3.2.55) we have u(t) = 0 and hence (3.2.50) holds. 
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Theorem 3.2.5. Let u(t) , 6; (t) , a; (t) be as in Theorem 3.2.4. Let k > 0,p > 
1 be real constants. Let g € C(R,,R,) be nondecreasing function with g(u) > 


0 for u > 0. 


(d,) If for t € I, 


on (t) 


uQsk+ > fi bi(s)g(u(s))as 


= hai (to) 
then for tg <¢t <t1;t,t1 € J, 


u(t) <G@l(G(k)+ E(t), 


where E(t) is given by (3.2.48) and G~! is the inverse function of 


f ds 
Go)= | ir >0, 


TO 
ro > 0 is arbitrary and t; € J is chosen so that 
G(k) + E(t) € Dom(G""), 


for all t lying in the interval [to, t,] . 


(da) If for t € I, 


then for to < t < to;t,te € I, 


u(t) < {HH (k) +E (e)]}*, 


where E(t) is given by (3.2.48) and H~! is the inverse function of 


vy 


H(n)= [ —y,r>0, 
g 


(s*) 

SP 

ro 

ro > 0 is arbitrary and t. € I is chosen so that 
H(k) + E(t) € Dom(H~'), 


for all t lying in the interval [to, tz]. 


(3.2.56) 


(3.2.57) 


(3.2.58) 


(3.2.59) 


(3.2.60) 


(3.2.61) 
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Proof. From the hypotheses on a; (t) we observe that a/ (t) > 0 for t € J and 
GS Tice: 


(d,) Let k > 0 and define a function z(t) by the right hand side of (3.2.56). 
Then z (to) = k,u(t) < z(t), z(t) is positive and nondecreasing for t € I and 
following the proof of Theorem 3.2.4, part (c1) we have 


z' ( 


Dn tah 
sist) <0, (3.2.62) 


From (3.2.58) and (3.2.62) we have 


d oa 
SG (z(t) = 3 


z 


©) <b (ai) a4 (d). (3.2.63) 
(= 
Integrating (3.2.63) from to to t; t € J, and making the change of variables, we 
get 

G(z(t)) <G(k) + E(t), 
which implies 

z(t) <G'[G(k)+ EQ). (3.2.64) 


Using (3.2.64) in u(t) < z(t) gives the required inequality in (3.2.57). The case 
k > 0 can be completed as mentioned in the proof of Theorem 3.2.4, part (c,). 
The subinterval tp < t < t; is obvious. 


(dz) The proof can be completed by following the proof of part (d,) given 
above with suitable changes. Here we omit the details. 


The inequalities established in [60] are embodied in the following theorem. 
Theorem 3.2.6. Let u(t) ,a;(t),b; (t) € C(I, Ry) and a;(t) € C' (I, I) be 


nondecreasing with a; (t) < t on I = [to,T) for i= 1,...,n. Let p> 1landc>0 
be real constants. 


(q1) If 
7 a;(t) 
uP (t)<e+p>> / [a; (s) u? (s) + b; (s) u(s)] ds, (3.2.65) 
tl os (0) 
for t € I, then 
" a;(t) pi 
u(t) < 4M (t)exp | (p—1)S— a; (o)do ; (3.2.66) 
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for t € I, where 


M()={c> +0-)>- / b(é\ des (3.2.67) 
fae) 


for t€ I. 
(q2) Let w € C(R,, R+) be nondecreasing function with w(u) > 0 on (0,00). 
If for t € J, 
i a; (t) 
uP (t) <e +p). / (a; (s) w(s) w(u(s)) + 0; (s) u(s)] ds, (3.2.68) 
i=1 
ai (to) 


then for t9 <t < t;t,t1 € J, 


u(t) <} F4/F(M())+0-D if aende (3.2.69) 


ony (to) 


a 
il 
fan 


where M(t) is given by (3.2.67), F—' is the inverse function of 


r 


F(r)= / eo a0; (3.2.70) 


ro > 0 is arbitrary and t; € I is chosen so that 
n  oilt) 
F(M(t))+(p-1)S> J a; (a)do € Dom (F~"), 
i=1 
ai (to) 
for all ¢ lying in the interval to < t < fy. 


Proof. From the hypotheses on a; (t) we observe that a’ (t) > 0 for t € J and 
(= Lliwyn. 


(qi) Let c > 0 and define a function z(t) by the right hand side of (3.2.65). 


Then z (tp) = c,u(t) < {z (t)}” , 2(t) is positive and nondecreasing for t € I 
and 


Z(t) =p 3 [as (cvs (t)) uP (avs (t)) + bi (avs (t)) u (ax (t))J 4 (6) 


<P> [as (as (8) 2 (as (0) +b: (a () {2(au ()}? Jo 
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= pd. [av ai (8) {2 (a (#))}'7F + bs (au (6))] {2 (a ()}? 4 (H 


< PY [ai (s(t) {2(a1 )}* + bi (as ()] EO} ALO 


= 7 <p 2 [ai ( ay (t)) {z (ax (t t))} > +d; (a; (1) Ja Gis 32371) 


By taking ¢ = s in (3.2.71) and integrating it with respect to s from to to t we 
get 


{z()}"? <cF +(p-1) 


<fSlo [ai (a )) {z (ai (s))} > + b; (a; (s))] af (s) ds. (3.2.72) 


Making the change of variables on the right hand side of (3.2.72) and rewriting 
we get 
a(t) 
p-l 
{z(t)}} ? <M(t)+ -» f Yale > do. (3.2.73) 
ai(to) * 
Clearly M(t) is continuous,positive and nondecreasing function for t € I. Now 
by following the idea used in the proof of Theorem 1 in [22] (see also [43]) we 
get 
a; (t) 
{z(t} * <M (t)exp | (p—1))> / a;(o)do}. (3.2.74) 
a ai (to) 
Using (3.2.74) in u(t) < {z (t)}> we get the desired inequality in (3.2.66). The 


case c > 0 can be completed as mentioned in the proof of Theorem 3.2.4, part 


(c1). 


(q2) Let c > 0 and define a function z(t) by the right hand side of (3.2.68). 
1 
Then z (to) =c,u(t) < {z(t)}? , z(£) is positive and nondecreasing for t € I and 
by following the proof of (q,) given above upto (3.2.73) with suitable changes 
we get 
ai (t) 
pol 1 
{2} <Mj+@-) f aloyw({e@}r) do (82.75) 
i a; (to) 
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Now fix \ € I such that to <t < A <t;. Then from (3.2.75) we observe that 


{z@)}"F <MQ)+@~-)Y i ai(a)w({z(o)}") do, (3.2.76) 


for t) < t < A. Define a function v(t) by the right hand side of (3.2.76). 


Then v (to) = M (A), {z (t)} > < u(t), v(t) is positive and nondecreasing for 
to <t< 2 and 


a(t) 


v(t) < M(A) + (p- yy / ai (a) w (fv (o)}**) do, 


t=1y (to) 


for tj) <t < A. The rest of the proof can be completed by following the proof 
of Theorem 3.2.5, part (di) with suitable changes (see also [43]). We omit the 
details. 


3.3 Further retarded integral inequalities in one 
variable 


In view to widen the scope of applications of the inequalities of the type given 
earlier section, in [58,61,64,74,77] Pachpatte has established a number of such 
inequalities. In this section we offer some of the inequalities given in the above 
references, which are more adequate in certain situations. 


First we shall give the following theorems which deals with the inequalities 
proved in [61]. 


Theorem 3.3.1. Let u(t),a(t) € CU, Ry), ki (t,s), Zhi (ts) € C (17, Ry) 
for to < s <t < T and a;(t) € C'(J,1) be nondecreasing with a; (t) < t on 
I = [to,T) fori =1,...,n 
(a1) If c > 0 is a real constant and 
ai (t) 
y< eS fw u(s) ds, (3.3.1) 


tel ony (to) 


for t € I, then 


t) < cexp [a ds | , (3.3.2) 


to 
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for t € I, where 
n a;(t) 9 
Q(t) = 2, ki (t, a4 (t)) af (t) + / ak (t,a)do|, (3.3.3) 
a ai (to) 


forte I. 


(a2) If a(t) is nondecreasing for ¢t € J and 
a(t) 


wu) saQ+> / eC OTC (3.3.4) 


for t € I, then 


u(t) < a(t) exp [few | : (3.3.5) 


for t € I, where Q(t) is given by (3.3.3). 


Proof. From the hypotheses on «a; (t) we observe that a/ (t) > 0 for t € J and 
eS Vey, 


(a1) Define a function z(t) by the right hand side of (3.3.1). Then z (to) = 
c,u(t) < z(t) and 


By a; (t) 
Ze SS ky (t, a (t)) u (ag (t)) a (t) + oki (t, s) u(s) ds 
i=1 ai (to) 
- a; (t) 
< So | ki (t, 04 (t)) z (ai (#)) of (t) + ahi (t. 8) 2 (s) ds 
i=1 ai (to) 
% a;(t) 9 
< S- kj (t, a; (t)) af (t) + it atk (t, 8) ds| z (ag (t)) 
i=l ate) 
<Q()z), 


which implies 


z(t) < cexp [few | : (3.3.6) 


Using (3.3.6) in u(t) < z(t) we get the desired inequality in (3.3.2). 
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(a2) First we assume that a(t) > 0 for all t € I. It is easy to observe that for 
8 <a; (t) < t we have a(s) < a(a;(t)) < a(t). In view of this, from (3.3.4) we 
observe that 


ony (t) 


aA Si +>- ow 19) as, Ba) 


t= ony (to) 


Now an application of the inequality in part (a1) to (3.3.7) yields (3.3.5). If 
a(t) = 0, then from (3.3.4) we observe that 


nm watt) 
u(t)<et+ >> | k; (t, 8) u(s) ds, (3.3.8) 


1a (to) 


where € > 0 is an arbitrary small constant. An application of the inequality in 
part (a1) to (3.3.8) yields 


t) <eexp fae) ds |. (3.3.9) 


Now by letting < — 0 in (3.3.9) we have u(t) = 0 and hence (3.3.5) holds. 


Theorem 3.3.2 . Let u(t) ,a(t), kh; (t,s), ki (t, s) ,a;(t) be as in Theorem 
3.3.1. 


(b,) Let c > 0 be a real constant, g € C (Ri, Ri) be a nondecreasing function 
with g(u) > Oforu>0. Ifforte J, 


u(t)<e+ S- / k; (t, 8) g (u(s)) ds, (3.3.10) 
then for to <t < t1;t,t1 € J, 
t 
u(t) <G' 1G(oe)+ [2 ds| , (3.3.11) 
to 
where Q(t) is given by (3.3.3) and G~! is the inverse function of 


i ds 
G(r) = / aay > 0, (3.3.12) 
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ro > 0 is arbitrary and t; € J is chosen so that 
t 
G(c)+ fe (s)ds € Dom(G""), 
to 


for all ¢ lying in the interval to < t < 1. 


(bz) Let g(u) be as in (b,) and suppose in addition it is subadditive. If for 
tel, 


* a; (t) 


u(t) <a(t)+ > i ki (t, 8) g (u(s)) ds, (3.3.13) 


14, (to) 


then for to < t < to;t,te € I, 
t 
u(t) <a(#)+G'|G(A (0) + f avs) ds| , (3.3.14) 
to 


where G, G~!, Q(t) be as in (01), 


a(t) 


A(t)=S¢ / ky (t, 8) g (a(s)) ds, (3.3.15) 


t=1, (to) 


for t € I and tz € I is chosen so that 
t 
G(A(t))+ / Q(s)ds € Dom (G"'), 
to 


for all t lying in the interval to < t < to. 


Proof. From the hypotheses on a; (t) we observe that a (t) > 0 for t € J and 
i=1,...,n. 


(b1) We first assume that c > 0 and define a function z(t) by the right hand 
side of (3.3.10). Then z (to) = c, u(t) < z(t), z(t) is positive and nondecreasing 
for t € I and by following the proof of Theorem 3.3.1, part (a1) with suitable 
changes we have 


Z(t) < Q(t g(z(0). (3.3.16) 


The rest of the proof can be completed by following the proof of Theorem 3.2.5, 
part (dj). 
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(b2) Define a function z(t) by 


ony (t) 


z()=> > / kj (t, 8) g (u(s)) ds. (3.3.17) 


714 Uo) 
Then z (to) = 0 and from (3.3.13) we have 
u(t) <a(t)+ z(t). (3.3.18) 
Using (3.3.18) in (3.3.17) we have 


a(t) 


z(t) ZN i k; (t, s) g (a(s) + 2(s)) ds 


1a (to) 


*=1y (to) 


where A(t) is given by (3.3.15). It is easy to observe that A(t) is nonnegative 
and nondecreasing for t € I. Now by following the similar arguments as in the 
proof of Theorem 2.4.2 given in [34] and in view of the proof of Theorem 3.2.5, 
part (d,) we get 


z(t)<G G(A()) + [ Q(s)ds (3.3.19) 


Using (3.3.19) in (3.3.18) we get the required inequality in (3.3.14). The subin- 
terval to < t < tg is obvious. 


The next theorem contains the inequalities established in [77] involving Lip- 
schitizian type kernel function. 


Theorem 3.3.3. Let u(t),a(t),b(t) € C(U,R+) and a(t) € C'(I,I) be 
nondecreasing with a(t) < t on I = [to,T). 


(c,) Lett LE C(I x R,,R,) and 
O<L (t, x) a (t,y) < M(t, y) (x i y) ) (3.3.20) 


fort € J and a > y>O0,where Me C(I x R,, R,). If 


u(t) <a(t) +b(t) / EGU ae, (3.3.21) 


a(to) 


Chapter 3 147 


for t € I, then 
a(t) a(t) 
u(t) < a(t)+06(6) i L(o,a(o)) exp / M (1, a(7)) b(7) dr | do, (3.3.22) 


forte I 


(co) Let DE C(I x Ry, R,) and w € C(R,, Ry) be strictly increasing func- 
tion with 7 (0) = 0 and 


O<L(t,x)-Lit,y)<M(t,y)b'(e@-y), (3.3.23) 
fort € I andx>y>0,, where M € C(I x R,, R,) and 77! is the inverse of 


abs Tf 
a(t) 
u(t) <a(t)+¢ | b(t) / L(s,u(s)) ds | , (3.3.24) 
a(to) 
for t € I, then 


u(t) <a(t)+¥ | o(t) / L(o,a(0)) 


a(t) 
x exp / M (7,a(7)) b(r)dr | do |, (3.3.25) 


forte I. 


(c3) Let L,w,M be as in (cg) and the condition (3.3.23) holds. Suppose in 
addition Ww! (xy) < w7! (x) W~! (y) for z,y € Ry.If 


u(t) < a(t) +6(t) a | L(s,u(s)) ds | , (3.3.26) 


x exp [ean (b(r))dr | do], (3.3.27) 


forte I. 
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(ca) Let L,M be as in (c,) and the condition (3.3.20) holds. Let g € 
C (R,, R) be nondecreasing function with g(u) > 0 foru>0. If forte J, 


a(t) 
MORENO RECO i CeO Ae (3.3.28) 
(to) 
for to <t < tt,t) EL, 
a(t) 
u(t)<a(t)+b(t)g|G" |4 L(a,a(o)) 
(to) 
a(t) 
+ / M (0,a(c))b(a) do} |, (3.3.29) 
a(to) 


where G, G~! be as in Theorem 3.2.5, part (d,) and t; € I is chosen so that 


ai (t) a;(t) 
G | L(a,a(a))do | + if M (o,a(c)) b(a)do € Dom(G™") , 
ai (to) ai (to) 


for all t lying in the interval tg <t < fy. 
Proof. From the hypotheses on a(t) we observe that a’ (t) > 0 fot t € I. 


(c1) Define a function z(t) by 


ai(t) 
z(t) = / L(s,u(s))ds. (3.3.30) 


ai (to) 
Then z (to) = 0 and from (3.3.21) we have 
u(t) < a(t) + b(t) z(t), (3.3.31) 


for t € I. From (3.3.30), (3.3.31) and the condition (3.3.20) it follows that 


< L(a(t),a(a(t)) + b(a(t)) z(a(t))) a’ (t) — L (a(t), a(a(4)) a () 
+L (a(t) ,a(a(t))) a” (t) 
<M (a(t), a(a(t))) b(a(t)) z(a()) a" (t) + L(a(t),a(a(t))) a" (t), 
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which implies 


z(t) < / L (a(s),a(a(s))) a (s) 


x exp [Me (c) ,a(a(c))) b(a(a)) a’ (a) do | ds. (3.3.32) 


By making the change of variable on the right hand side of (3.3.32) we get 
a(t) a(t) 
z(t) < / L(a,a(o)) exp i. M (7,a(r)) a(t) b(t) dr} do. — (3.3.33) 
(to) ¢ 
Using (3.3.33) in (3.3.31) we get the required inequality in (3.3.22). 
The proofs of (cz) — (c4) can be completed by following the proof of (c,) given 


above and closely looking at the proof of Theorem 1.4.4 parts (dz) — (d4). We 
omit the details. 


Another useful inequality proved in [74] is embodied in the following theorem. 


Theorem 3.3.4. Let u(t),a(t),b(t) € C(I, Ry), a(t) € Ct (I, 1) be nonde- 
creasing with a(t) <t on I = [to,T) and k > 0 be a real constant. If 


a(t) s 
u(t) <k+ Fi a(s) |u(s)+ / b(o) u(o)da| ds, (3.3.34) 
a(to) a(to) 


for t € I, then 


Ora whee i Rass / ao) 6 Ode | welts (3.3.35) 
a(to) (to) 


forte I. 


Proof. From the hypotheses on a(t) we have a’ (t) > 0 for t € I. Define a 
function z(t) by the right hand side of (3.3.34). Then z (to) = k,, u(t) < z(t) 
and 
a(t) 
z(t) =a(a(t)) |u(a(t)) + ; b(a) u(a) da} a’ (t) 


a(to) 
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Seay ee / NO we | oe. (3.3.36) 
Let 
v(t) = 2(t)+ / b(a) z(a) do, (3.3.37) 


then v (to) = z(to) =k, z(t) < v(t) and from (3.3.36) we get 

z(t) < a(a(t))v(t)a’ (t). (3.3.38) 
From (3.3.37), (3.3.38) and the fact that z(t) < u(t) we have 

v' (t) = 2’ (t) + b(a(t)) z (a(t) a (t) 


< a(a(t)) v(t) a" (t) + b(a(t)) 2 (a(t) a” (t) 
S [a(a(t)) + b(a(t))J a” (t) v(t), 


which implies 


u(t) < kexp (/ [a (a (s)) +b(a(s))} a’ (s) “| F (3.3.39) 


to 
By making the change of variable on the right hand side of (3.3.39) we get 


a(t) 
HS kexp i fatale b(@ide |< (3.3.40) 
(to) 
Using (3.3.40) in (3.3.38) and integrating it from tp to t; t € J and then making 


the change of variable and using the fact that u(t) < z(t) we get the desired 
inequality in (3.3.35). 


Remark 3.3.1. In the special case when a(t) = t, the inequality given in 
Theorem 3.3.4 reduces to the inequality established earlier by Pachpatte, see[34, 
Theorem 1.7.1]. 


We shall now give the following theorem which deals with the inequalities 
proved in [58]. 
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Theorem 3.3.5. Let u(t),a(t) € C(I, R+), b(t,s) € C(I?, Ry) for to < 
s<t<T, a(t) € C'(J,1) be nondecreasing with a(t) < t on I = [to,T) and 
k > 0 be a real constant. 


(di) If 
ugsk+ f a(s)u(s) + / b(s,0)u(o)da| ds, (3.3.41) 


for t € I, then 
u(t) <kexp(B(t)), (3.3.42) 


for t € I, where 


a(t) 8 
Bij = / a(s) + i; b(s,a)da| ds, (3.3.43) 
a(to) a(to) 
forte I. 
(dz) Let g € C(R,, R+) be a nondecreasing function with g(u) > 0 for u > 0. 
If for te T, 
a(t) s 
u(t) <k+ / a(s)g(u(s)) + | b(s,0) g(u(c)) do} ds, (3.3.44) 
a(to) a(to) 
then for tg <t < t;t,t, € J, 
u(t) <G'([G(k)+ Bd), (3.3.45) 


where B(t) is given by (3.3.43), G, G~! be as in Theorem 3.3.2, part (b,) and 
t, € I is chosen so that 


G(k) + B(t) € Dom(G"'), 
for all ¢ lying in the interval to < t < fy. 
Proof. From the hypotheses on a(t) we have a’ (t) > 0 for t € I. 
(d,) Define a function z(t) by the right hand side of (3.3.41). Then z (tg) = 
k, u(t) < z(t), z(€) is positive and nondecreasing for t € I and 


a(t) 
P= saul aan i Kah o\utadel al @) 


a(to) 
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< la(a(t))+ / b(a(t),a) da} a’ (t) z(t), 


which implies 


z(t) < kexp / a(a(s)) + b(a(s),a)da} a’ (s)ds |. (3.3.46) 


to a(to) 


By making the change of variable on the right hand side in (3.3.46) and using 
the fact that u(t) < z(t) we get the inequality in (3.3.42). 


(dz) The proof follows by the similar arguments as in the proof of (d,) and 
the proof of Theorem 3.2.5, part (d,). Here we omit the details. 


Remark 3.3.2. We note that the inequalities given in Theorem 3.3.5 contains 
in the special case when b(t, s) = 0, the well known inequalities due to Gronwall, 
Bellman and Bihari (see [34, Theorems 1.2.2 and 2.3.1]). 


To the end of this section we present the inequality established in [64]. 


Theorem 3.3.6. Let I = [a, 6], D = {(t,s)€ P:a<s<t< Bhandu(t), 
f(t) € CU, R:) a(t,s),b(t,s),c(t,s) € C(D,R,). Suppose that a(t, s), 
b(t, s) be nondecreasing in t for each s € I, h(t) € C'(I,I) 

be nondecreasing with h(t) < ton I, k > 0 bea real constant and 


h(t) 8 
u(t)<k+ i a(t, 8) ome + i “aye ds 
h(a) h(a) 
h(B) 
+ / b(t, s) u(s) ds, (3.3.47) 
h(a) 
for t € I. If 
h(B) 
p(t) = i b(t, s) exp (EZ (s)) ds <1, (3.3.48) 
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for t € I, where 


h(t) € 
E(t) = / a(t,e) |f (0) + i ele yao | de. (3.3.49) 
h(a) h(a) 


exp (E (#)), (3.3.50) 
for t € I. 


Proof. From the hypotheses on h(t) we have h’ (t) > 0 fort € I. Let k > 0 
and fix T € I, then for a <t < T, from (3.3.47) we have 


h(t) 8 
u()sk+ f a(ts) f(s)u(s)+ f e(s.0)u(o) do ds 
h(a) h(a) 
h(B) 
+ / b(T, s) u(s) ds. (3.3.51) 
h(a) 


Define a function z(t,T), t € [a,T] by the right hand side of (3.3.51). Then for 
t € [a,T], u(t) < z(t,T), z(t, T) is positive and nondecreasing in ¢, 


h(B) 
z(a,T)=k+ / b(T, s) u(s) ds, (3.3.52) 


and 
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h(t) 
< a(T,h(t)) s(n) + f eh @,o)ao ni(t). (3.3.53) 


h(a) 


Dyz (t, T) 
z(t, T) 


By setting t = s in (3.3.53) and integrating it with respect to s from a to T we 
get 


+ i c(h(s),a)da| h'(s)ds |. (3.3.54) 
h(a) 
Since T is arbitrary, from (3.3.54), (3.3.52) with T replaced by t we have 


t 


z(t) < z(a) exp [atesn(s) [f (h(s)) 


+ / c(h(s),a)do| h'(s) ds | , (3.3.55) 
hia) 
h(8) 
z(a,t)=k+ i, b(t, s) u(s) ds. (3.3.56) 
h(a) 


By making the change of variable on the right hand side of (3.3.55) and using 
u(t) < z(t,t), t € I we get 


u(t) < z(a,t) exp (E(t), (3.3.57) 
for t € I. Using (3.3.57) in (3.3.56) and in view of (3.3.48), it is easy to observe 
that 
Z k 
cae ee 


The required inequality in (3.3.50) follows by using (3.3.58) in (3.3.57). The 
case k > 0 can be completed as mentioned in the proof of Theorem 3.2.4, part 


(on): 


Remark 3.3.3. If we take in Theorem 3.3.6, (7) c(t, s) = 0, b(t, s) = 0, a(t, s) = 
a(s), then we get the inequality given by Lipovan in [21, Corollary on p. 391] 
for t € I, (tt) c(t, s) = 0, h(t) = t, then we get the inequality given by Pachpatte 
in [52, Theorem 1] 


z(a,t) (3.3.58) 
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3.4 Retarded integral inequalities in two vari- 
ables 


The study of various classes of partial differential and integral equations has 
led to the investigation of a number of new integral inequalities which provide 
explicit bounds on the unknown functions. In this section we present some 
fundamental retarded integral inequalities in two independent variables, recently 
investigated by Pachpatte in [43,58,69,77], which can be used more conveniently 
in certain applications. 


In what follows R denote the set of real numbers; Ry = [0,00),Ri = 
[1,00) ,f, = [xo,X),I2 = [yo, Y) are the given subsets of R, A = Ty x Ip 
and ’ denotes the derivative. The partial derivatives of a function z(a,y) for 
x,y € R with respect to x,y and xy are denoted by Diz (x,y) (or oe (x,y) ), 
Doz (x,y) (or z(x,y) ) and Di Doz (a, y) = D2Dyz(a,y) (or pone? (ay) or 
Zny (@,y) ) respectively. 


We begin with the following theorems which contains the inequalities proved 
in [43]. 
Theorem 3.4.1. Let a(z,y),b(z,y) € C(A, Ry) anda (zx) € C1 (h, hh), B(y) 
€ C1 (Iz, Iz) be nondecreasing with a(#) < x on lh, B(y) < y on Ip. Let 
k >0,c>1 and p> 1 be real constants. 


(a1) If u(a,y) € C(A, R4) and 


x y a(x) B(y) 
u(x,y) < b+ f falstulst dtds+ / / b(s,t) u(s, t) dtds, (3.4.1) 
70 Yo a(x0) (yo) 
for (a, y) € A, then 
u(x,y) < kexp(A(z,y) + B(z,y)), (3.4.2) 
for (a, y) € A, where 
ey 
A(ny)= ff a(s,t)atas, (3.4.3) 
Lo Yo 
a(x) B(y) 
B(z,y) = b(s, t) dtds, (3.4.4) 
(x0) B(yo) 


for (a, y) € A. 
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(a2) If u(a,y) € C(A, Ri) and 


u(ey) set ff a(s,t)u(s,t)logu(s,0) dds 


XO YO 


a(e) By) 
+ / / b(s,t) u(s, t) log u (s, t) dtds, (3.4.5) 
a(x0) B(yo) 
for (a, y) € A, then 


u(x, y) < cxPA@ y+ Bley) (3.4.6) 


for (a, y) € A,where A(x, y) and B(z,y) are given by (3.4.3) and (3.4.4). 


(a3) If u(a,y) € C(A, R+) and 


zy a(x) By) 
uP (x,y) < ctf false u(s,t) dtds + if / b(s,t) u(s,t) dtds, (3.4.7) 
Zo Yo a(xo) B(yo) 
for (a, y) € A, then 
p-1 = 1 pot 
wteu) s |e + (2) Aen + B@0)] (3.4.8) 


for (a,y) € A, where A(x, y) and B(x, y) are given by (3.4.3) and (3.4.4). 


Theorem 3.4.2. Let a(x,y),b(x,y), a(x),8(y), k,c,p be as in Theorem 
3.4.1. For i = 1,2, let g; € C(R,,R,) be nondecreasing with g;(u) > 0 
for u > 0. 


(b1) If u(a,y) € C(A, R,) and for (x,y) € A, 


u(x, y) <k+f falsnn (u (s,t)) dtds 


Zo Yo 
a(x) Bly) 
+ / / b(s,t) go (u(s,t)) dtds, (3.4.9) 
a(xo) B(yo) 


then for 79 <@< 21,yo Sy Sy 2,e1 €h,yy € Ie, 
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(z) in case go (u) < gi (u), 
u(a,y) < Gy" [Gi (k) +A(e,y) + B(a,y)], 
(ii) in case gi (u) < go (u), 


u(x,y) < Gy" [Ga (k) + A(x,y) + B(x,y)], 
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(3.4.10) 


(3.4.11) 


where G;,G;‘ are as in Theorem 3.2.2, part (b,) and A(z, y), B(a,y) are given 


by (3.4.3), (3.4.4) and 21 € I, y1 € Ig are chosen so that for 7 = 1,2, 


G;(k) + A(x,y) + B (x,y) € Dom (G;"), 


for all x and y lying in [2,21] and [yo, y1] respectively. 


(bo) If u(x, y) € C(A, R1) and for (a, y) € A, 


ey 
u(a,y) < c+ f fals,tulst gi (log u(s, t)) dtds 
Xo YO 
a(x) B(y) 
+ b(s,t) u(s, t) go (log u (s, t)) dtds, 
a(x0) B(yo) 
then for x9 < @ < 22, yo < y < yo3 %,%2 € Nyy, ya € La, 


(2) in case go (u) < gy (u), 
u(a,y) < exp (Gy ' [G1 (loge) + A(z, y) + B(x,y)]), 
(iz) in case gi (u) < go(u), 
u(a,y) < exp (Gy * [Ge (log c) + A(w,y) + B(x,y)]), 


(3.4.12) 


(3.4.13) 


(3.4.14) 


where G;,G;', A(x,y), B(x, y) are as in (b,) and a € I, ye € Ip are chosen so 


that for 7 = 1, 2, 
G; (loge) + A (a,y) + B (x,y) € Dom (G;*), 


for all x and y lying in [2, x2] and [yo, y2| respectively. 


(bs) If u(a,y) € C(A, R) and for (x,y) € A, 


ay 
uP (x,y) <k +f fast gi (u(s,t)) dtds 
Lo Yo 
a(t) B(t) 
+ b(s,t) go (u(s, t)) dtds, 
a(x0) B(Yyo) 
then for x9 <x < x3, yo < y < ys; 2,03 € Ly, y3 € Lo, 


(3.4.15) 
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(z) in case go (u) < gi (u), 
u(2,y) < {Hy [hy (k) + A(@,y) + Bly) }?, (3.4.16) 
(ii) in case gi (u) < go (u), 
u(2,y) < {Hy [Ho (k) + A(@,y) + B(ay)]}?, (3.4.17) 


where H;, H;' are as in Theorem 3.2.2, part (b3) and A(z, y), B(a,y) are given 
by (3.4.3), (3.4.4) and a3 € Ih, ys € Ig are chosen so that for 7 = 1,2, 


Hj (k) + A(a,y) + B(2,y) € Dom (H;"), 


for all x and y lying in [29, x3] and [yo, y3] respectively. 


Proofs of Theorems 3.4.1 and 3.4.2. Since the proofs resemble one an- 
other, we give the details for (a1) and (bs) only; the proofs of the remaining 
inequalities can be completed by following the proofs of the above mentioned 
inequalities and closely looking at the proofs of Theorems 3.2.1 and 3.2.2. 


From the hypotheses we observe that a’ (x) > 0 for x, € 11, 6’ (y) > 0 for 
y e Tp. 


(a1) Let k > O and define a function z(x,y) by the right hand side of 
(3.4.1).Then z(x,y) = z(x,yo) = k, u(a,y) < z(a,y), z(x,y) is positive 
and nondecreasing for (x,y) € A and 

y B(y) 
Diz (ay) = f a(e,t)u(e,t) a+ / OTOP CE ROR | ae. 
Yo (yo) 
y Bly) 
< f a(e,t)2 (et) a+ / b(a(a) ,t)z (a(x) ,t) dt | a’ (x) 
Yo (yo) 
y Bly) 
<2 (at) fa(e,t)at+2(a(@) Bly) , SOG raul aw 


y By) 
ct a(a,t) dt + J P(e) tat a’ (x) | ; 


? (yo) 
Diz(z,y) y By) 
12 \2,Y ; 
zlay) = [wo ae / b(a(x),t) dt | a’ (2). (3.4.18) 
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Keeping y fixed in (3.4.18), setting « = o, and integrating it with respect to 0 
from xp to x, x € 1,, and by making the change of variable we get 


z(x,y) < kexp(A(z,y) + B(z,y)). (3.4.19) 


Using (3.4.19) in u(x, y) < z(a,y) we get the required inequality in (3.4.2). The 
case k > 0 follows as mentioned in the proof of Theorem 3.2.1, part (a). 


(b3) Let k > 0 and define a function z(x,y) by the right hand side of (3.4.15). 
aE 

Then z(2o,y) = z(a,yo) = k,u(a,y) < {z(a,y)}” , z(x,y) is positive and 

nondecreasing for (x,y) € A and 


Diz (2, y) = Je (a, t) gi (u (a, t)) dt 
By) 


(yo) 


IR 


< fa(e.t) a ((2(0,9} 


) at 


+92 ({z(0 (x) B(y))}F) / b(a(a),t) | a(x). (3.4.20) 
(yo) 
(2) When gz (u) < gi (wu), then from (3.4.20) we observe that 


D y By) 
12 (2, y) 

) < fa(z,t) x,t) dt+ / b(a(ax) ,t)dt|a’(x). (3.4.21) 
a n (t2@0}*) (ys?) i (vo) 


From (3.2.27) and (3.4.21) we have 


Diz (x, y) 


Dy (z(2,y)) = 5 (2 (v,y)}*) 
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y B(y) 
< | a(a,t) dt + [ b(a (ax) ,t) dt | a’ (x). (3.4.22) 


Keeping y fixed in (3.4.22), setting x = o,then integrating with respect to o 
from xq to x; x € Jj, and making the change of variable we have 


Hy (z(2,y)) < Ha (k) + A(a,y) + B(a,y)- (3.4.23) 


Using the bound on z(z, y) from (3.4.23) in u(x, y) < {z (a, y)}? we get (3.4.16). 
The case k > 0 follows as mentioned in the proof of Theorem 3.2.1, part (a1). 
The subdomain for x,y is obvious. The proof of the case when gi (u) < go (wu) 
can be completed similarly. 


Remark 3.4.1. We note that the above proofs can be carried out by differ- 
entiation of z(x,y) defined therein, with respect to y. Similar remarks apply to 
the proofs of other inequalities in Theorems 3.4.1 and 3.4.2. 


A more general version of the inequality (3.4.9) in Theorem 3.4.2, recently 
established in [69] is embodied in the following theorem. 


For some suitable functions defined on the respective domains of their defini- 
tions we set 


F |2,y,™; $1, V1, 41, P13 G2, W2, A2, pa] 


bi(x) yily) 

= / ay (8, t) pi (m(s,t)) dtds 
1 (#0) %1 (Yo) 
b2(x) po(y) 

+ / i az (8, t) po (m(s,t)) dtds, 
2 (xo) 2(yo) 


to simplify the details of presentation. 


Theorem 3.4.3. Let u(z,y), f(x,y) ,b(a,y), a1 (@, y), a2 (a, y) € C(A, R4) 
and for i = 1,2 ¢;(x) € Ct (h, hh), vi (y) € Ct (Ue, Iz) be nondecreasing with 
oj (x) < # on , vi (y) < y on Ig. Let gj (u),i = 1,2 be as in Theorem 3.2.3 
and for (x,y) € A, 


u(a,y) < f (x,y) + b(2,y) F (x, y, u; f1, V1, 41, 913 b2, 2, a2, 92] , (3.4.24) 


then for 79 <@<ax1,yo <y < yj 2,071 € yy, yr € Le, 
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(i) in case go (u) < gi (u), 
u(x,y) < f (@,y) +b(a,y) Gy [Gi (E (a, y)) 
+F [x, y, b: b1, U1, a1, 91,62, W2, 42, 92] , (3.4.25) 
(iz) in case gi (u) < g2(u), 
u(a,y) < f(x,y) + b(#,y) Gy" [G2 (E (2, y)) 


+F [x, y, b; 61, U1, a1, 91,62, W2, 22, 92]] , (3.4.26) 
where G;,G;',i = 1,2 are as in Theorem 3.3.2, part (b1), 
E (x,y) =F [x,y, f; p1, V1, 41,913 b2, We, a2, 92] ’ (3.4.27) 


and x1 € Ii, yi € Iz are chosen so that for 7 = 1, 2, 


Gi (E (x,y)) + F [x,y, 0; 61, U1, a1, 915 2, 2, a2, g2] € Dom (G;"), 


for all x and y lying in [2,21] and [yo, y1] respectively. 


Proof. From the hypotheses we observe that fori = 1,2, ¢,(#) >O forte 
, Ww (y) > 0 for y € Ip. Define a function z(x,y) by 


z(2,y) = F (x,y, u; b1, V1, 41, 91; $2, Y2, 2, ge] . (3.4.28) 
Then z (zo, y) = z (x, yo) = 0 and (3.4.24) can be restated as 
u(z,y) < f(x,y) +6(x,y) z(z,y). (3.4.29) 


Using (3.4.29) in (3.4.28) and making use of the hypotheses on gi, g2 we get 


gi(x) vr1(y) 
2(«,y) < E(a,y) + / / ax (8,4) gx (b(8,4)) gn (2 (9, £)) dtds 
¢1(£0) Y1(yo) 


b2(@) po(y) 
+ / / az (8, t) go (b(s,t)) go (u(s,t)) dtds. (3.4.30) 
62(xo) v2(yo) 


The rest of the proof can be completed by closely looking at the proof of Theorem 
3.2.3 given in section 3.2 and following the proofs of similar results given in [43] 
and [34] with suitable changes. Here we omit the further details. 


Remark 3.4.2. We note that the inequalities given in Theorem 3.4.2, parts 
(b2) and (63) can be extended very easily in the framework of Theorem 3.4.3, 
when b(z,y) = 1 and f(x,y) is equal to the respective constants given therein. 
Since these translations are quite straightforward in view of Theorem 3.4.3, we 
leave it for the readers to fill in where needed. 
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The following theorem involving Lipschitzian type kernel functions, deals with 
the inequalities proved in [77]. 


Theorem 3.4.4. Let u(a,y),a(a,y),b(2,y) € C(A, Ry) anda(x) € C'(h,h), 
B(y) € Ct (2, Iz) be nondecreasing with a(x) < a,for x € I; B(y) < y for y € ho. 


(c1) Let LE C(A x R,, R,) and 


0< L(a,y,u) — L(a,y,v) < M (a,y,v) (uv), (3.4.31) 
for (,y) € Aand u>v>0, where Me C(Ax R,, R;). If 
a(x) Bly) 
u(az,y) <a(a,y) + b(2, y) L(s,t,u(s,t)) dtds, (3.4.32) 
a(x0) B(yo) 


for (a, y) € A, then 
u(z,y) Sa(a,y) + b(x,y) e(z,y) 


a(x) B(y) 
x exp M (0,7, a(a,7)) b(0,7) drdo | , (3.4.33) 
@(%0) B(yo) 
for (a, y) € A, where 
a(x) B(y) 
e(x,y) = if if L(s,t,a(o,T)) drdo, (3.4.34) 
(x0) B(yo) 


for (a, y) € A. 

(co) Let L € C(Ax Ry, Ry) and wy € C(R,, Ry) be strictly increasing 
function with w (0) = 0 and 

O<L (x,y, U) md (x, y, v) <M (x,y, v) yt (u ~ v) ’ (3.4.35) 


for (x,y) € A and u > v > 0, where M € C(Ax R,,R,) and wy! is the 
inverse of w. If 


a(x) B(y) 
u(x ,y) <a(z,y) + | b(a,y) / / L(s,t,u(s,t))dtds |, (3.4.36) 
a(xo) B(yo) 
for (2, y) € A,, then 
u(a,y) Sa(x,y) +o (b(2,y) e(a,y) 
a(x) B(y) 
x exp / / M (0,7, a(a,7)) b(0,7) drdo ; (3.4.37) 
(20) B(Yo) 
for (a, y) € A, where e(x, y) is given by (3.4.34). 


Chapter 3 163 


(c3) Let L,w and M be as in (c2) and the condition (3.4.35) holds. Suppose 
in addition ~~! (zy) < W7! (x) w71 (y) for z,y € Ry. If 


a(x) B(y) 
eM ear Create. i. ) L(s,t,u(s,t))dtds |, (3.4.38) 
(x0) B(yo) 


for (w,y) € A, then 
u(x,y) Sa(a,y) + b(x,y) v (e(2,y) 
a(x) B(y) 
x exp / / M (o,7,a(0,7)) ~~" (b(0,7)) drdo : (3.4.39) 
(20) B(yo) 
for (2, y) € A, where e(x,y) is given by (3.4.34). 


(c4) Let L, M be as in (c1) and the condition (3.4.31) holds. Let g,G,G~+ be 
as in Theorem 3.2.5, part (d,). If for (7, y) € A, 


a(x) B(y) 
Hae ee) VG / / L(s,t,u(s,t))déds |, (3.4.40) 
(xo) B(yo) 


then for 7 <@< 21,yo Sy Syu2,e1 €h,y,y € le, 
u(a,y) <a(x,y) + b(2,y) 9 (EG [G(e(a,y)) 


a(x) B(y) 
+ M (0,7, a(0,7)) b(0,7) drdo} |, (3.4.41) 
(0) B(yo) 


where e(x,y) is given by (3.4.34) and x1 € 1, y; € Iz are chosen so that 


a(x) Bly) 
G (e(a,y)) + M (0,7,a(0,7)) b(0,7) drda € Dom (e>*) F 
a(x) B(yo) 


for all x and y lying in [2,21] and [yo, y1] respectively. 


Proof. (c,) Define a function z(x,y) by 
a(x) B(y) 
z(2,y) = / i L(s,t,u(s,t)) dtds. (3.4.42) 
a(x0) B(Yo) 
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Then (3.4.32) can be restated as 

u(x,y) <a(a,y) +6(z,y) z(x,y), (3.4.43) 
for (x,y) € A. From (3.4.42) it is easy to see that 

D2D,2z (x,y) = L (a(x), 8(y),u(a(x),B(y))) a! (2) 6’ (y). (3.4.44) 


From (3.4.44), (3.4.31) and following the idea of the proof of Theorem 3.3.3 part 
(ci) it follows that 


D2Dy2z (x,y) < L (a(x) ,8(y),a (a(x), 8 (y))) a” (x) B (y) 
+M (a(x), 8(y),a(a (x) ,8(y))) b(a (2) 8 (y)) z(a (2), B(y)) a" (a) B(y), 


which implies 


xb(a(s), 3 (t)) z(s,t) a’ (s) 2’ (t) dtds. (3.4.45) 


Clearly the first integral on the right hand side in (3.4.45) is nonnegative and 
nondecreasing in both the variables x and y. Now a suitable application of 
Theorem 4.2.2 given in [34, p. 325] yields 


xb(a(s) , 8 (t)) b(a(s) , 8 (t)) a’ (s) B’ (t) dtds). (3.4.46) 


Now by making the change of variables on the right hand side of (3.4.46) and 
substituting the resulting estimate on z(x,y) in (3.4.43) we get (3.4.33). 


The proofs of (c2) — (c4) can be completed by following the proof of (c,) given 
above and closely looking at the proof of Theorem 1.4.4, parts (dz) — (d4). Here 
we leave the details to the reader. 


Remark 3.4.3. We note that from Theorem 3.4.4, one can very easily obtain 
the corollaries similar to those of given in [12] (see [34]) with suitable changes. 
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The following theorem offer another useful inequality established in [58]. 


Theorem 3.4.5. Let I) = [%o,M] 2 = [yo,N),A = x Ib and D = 
{(x,y,8,t) € A? :a9<s<a< My <t<y<N}. Let u(z,y) € C(A, Ry 
and a(x, y, 5,t),b(x,y,s,t) € C(D, R,) be nondecreasing in x and y for (s,t) € 
A. Let a(x) € Ct (hhh), B(y) € Ct Ue, Iz) be nondecreasing with a(x) < 
on I), B(y) < y on Jz and suppose that 


a(x) B(y) 
u(a,y) <e+ / a(x, y, 8, t) u(s, t) dtds 
a(xo) B(yo) 
a(M) B(N) 
+ b(a, y, 8, t) u(s, t) dtds, (3.4.47) 
a(x0) B(yo) 
for (2, y) € A, where c > 0 is a real constant.If 
a(M) B(N) 
pa= ff b(ew,3,1) 
a(x0) (yo) 
a(x) B(y) 
x exp / i a(x,y,0,T7)drdo | dtds <1, (3.4.48) 
(0) B(Yyo) 
for (a, y) € A, then 


u(z,y) < a exp a(x,y, 8,t) dtds | , (3.4.49) 
(0) B(yo) 


for (a,y) € A. 


Proof. Fix any arbitrary element (X,Y) € A. Then for zp <a < X,yo<y<Y 
we have 


a(e) By) 
u(ay)se+ f | a&¥stuls,t) ads 
(20) B(yo) 
a(M) B(N) 
+f [PX Y% 5.1) u(s,0) dts (3.4.50) 
(0) B(yo) 
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Let 
a(M) B(N) 
kK(X,Y)=ct+ i; i: b(X,Y,s,t) u(s,t) dtds, (3.4.51) 
a(x) B(yo) 
then (3.4.50) can be restated as 
a(a) Bly) 
u(y) < K(X, Y) + / / a(X,Y,s,t) u(s,t) dtds (3.4.52) 
(ao) B(yo) 


for 79 <a@ < X,yo <y < Y. Now a suitable application of the inequality given 
in Theorem 3.4.1, part (a1) to (3.4.52) yields 


a(x) Bly) 
u(x,y) < k(X,Y) exp i / a(X,Y,0,7)dodr | , (3.4.53) 
(20) B(yo) 


for a9 <a < X,yo <y<Y. Since (X,Y) € A is arbitrary, from (3.4.53) and 
(3.4.51) with X and Y replaced by x and y we have 


a(x) Aly) 
u(x,y) < k(a,y) exp a(x,y,0,T) dodr | , (3.4.54) 
(20) B(yo) 
where 
o(M) B(N) 
k(z,y) =c+ / / b(x, y, 8, t) u(s,t) dtds, (3.4.55) 
a(x0) B(yo) 


for all (w,y) € A. Using (3.4.54) on the right hand side of (3.4.55) and in view 
of (3.4.48) we have 


k(a,y) < T= poul (3.4.56) 


for (a, y) € A. Using (3.4.56) in (3.4.54) we get the desired inequality in (3.4.49). 


Remark 3.4.4. If we take in Theorem 3.4.5, (2) b(a, y, s,t) = 0, (it) a(x) = 2, 
3 (y) = y, then we get new inequalities which can also be used as tools in certain 
applications. 
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3.5 More retarded integral inequalities in two 
variables 


In [47,59,60,74] Pachpatte has investigated a number of integral inequalities in 
two independent variables, which play a vital role in the study of various classes 
of retarded partial differential and integral equations. This section is devoted 
to some retarded integral inequalities established in the above cited references, 
which can be used as basic tools in variety of applications. In what follows, we 
shall use the notations and definitions as given in section 3.4. 


First we give the following theorem which deals with the integral inequality 
proved in [74]. 


Theorem 3.5.1. Let u(z,y),a(a,y),b(z,y) Ee C(A 


,R,)anda(x) eC! 
(11,11) ,8(y) € Ct (1g, Iz) be nondecreasing with a(x) < 


xonl, B(y)<y 


on Ip. If 
a(x) B(y) 
u(a,y) <k+ / / a(s,t) [u(s,t) 
(x0) B(yo) 
st 
+ b(a,n) u(o,n)dnda | dtds, (3.5.1) 
(x0) B(yo) 


for (a, y) € A,where k > 0 is a real constant, then 


a(x) Bly) 
ule) skirt ff a(mn 
a(x0) B(yo) 
x exp / J (e(o.n) +0(o,mldndo dndm| , (3.5.2) 


(20) B(yo) 
for (a, y) € A. 
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Proof. From the hypotheses we observe that a’ (x) > 0 for 2 € h, 6’ (y) > 0 
for y € Ig. Let k > 0 and define a function z(x,y) by the right hand side of 
(3.5.1). Then z (ao, y) = 2 (2, yo) = k,u(a,y) < z(x,y), 2(2,y) is positive and 
nondecreasing for (a, y) € A and 


D2Dyz (x,y) = a(a(2) , 8 (y)) ula (2) , 8 (y)) 


a(x) By) 
F b(a,n)u(o,n) dndo | 3" (y) a’ (a) 
a(xo) B(yo) 


a(a) B(y) 
/ b(o,) z(o,n) dndo| B (y) a! (2) 
a(xo) B(yo) 


b(o,n) z(0,m) a B' (y) a! (a). 


Let 


a(x) B(y) 
v (0,y) = 2 (0,4) + i / b(o,n) 2(0,n) dndo. (3.5.3) 
a(xo) B(yo) 


Then v (xo, y) 8. (x0, y) i k, U (x, yo) = 
is positive and nondecreasing for (x,y) € 


ee =k, z(x,y) <v(z,y), v(z,y) 
D2Dy2z (x,y) < a(a(x),B(y))v (x,y) 8 (y) a" (x), (3.5.4) 
and 
D2Dyv (x,y) = D2Dy2 (x,y) + b(a (a) 8 (y)) 2 (a(x) 8 (y)) B (y) a (x) 
< a(a(x),B(y))v (x,y) B (y) a! (a) +b (a(x), 8 (y)) v (a (2), 8 (y)) 6 (y) a (2) 
< [a(a(x),B(y)) +o(a(2),8(y))] v(@,y) By) a! (2). (3.5.5) 


Now by following the proof of Theorem 4.2.1 given in [34] with suitable changes, 
from (3.5.5) we obtain 


v (2,y) < kexp (/ / [a (a(s),8(t)) + b(a(s), 8 (t)) 


0 Yo 


x 3" (t) a’ (s) dtds) . (3.5.6) 
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Making the change of variables on the right hand side of (3.5.6) yields 


a(x) B(y) 
v(ey)skexp| ff [a(o.n)+b(o,n))dndo | . (3.5.7) 
a(xo) B(yo) 


Using (3.5.7) in (3.5.4) we have 
D2D, z(x,y) < ka (a(x), B(y)) 


a(x) B(y) 
xexp{ ff [a(a.n) +b(o,n)ldnda | 9 (u) (2). (3.5.8) 
(0) B(Yo) 
Keeping « fixed in (3.5.8), set y = ¢ and integrate with respect to ¢ from yo 


to y for y € Iz, then keeping y fixed in the resulting inequality, set « = s and 
integrate with respect to s from xg to x for « € J, to obtain the estimate 


z(x,y) Sk i+ f J evais).0@) 
) 


a(xo) B(yo 


a(x) Bly) 
seek / / [a (o,n) + b(o,n)lando 
(29) B(Yo) 


x (' (t) a’ (s)) dtds] . (3.5.9) 


By making the change of variables on the right hand side of (3.5.9) and using 
the fact that u(a,y) < z(z,y) we obtain the desired inequality in (3.5.2). The 
case k > 0 follows as mentioned in the proof of Theorem 3.2.1, part (a1). 


Remark 3.5.1. In the special case when a(x) = x, 3 (y) = y the inequality 
given in Theorem 3.5.1 reduces to the inequality given in [34, p. 336]. 


Next we shall give the following theorem which contains the inequalities es- 
tablished in [47]. 


Theorem 3.5.2. Let u(x,y),a(x,y) € C(A, Ry) and b(z,y, s,t) € C (A?, Ry) 
forza <s<a< X,y <t<y<Y. Let a(x) €C'(h,h), B(y) € C (hb, h) 
be nondecreasing with a(x) < # on , B(y) < y on Ig and k > 0 be a real 
constant. 
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(a1) If 


a(x) By) 
u(ey)sk+ | [ (a(s.uls.e 
a(xo) B(yo) 


+f J b(sst.o.) w(on)ando dtds, (3.5.10) 
a(x0) B(Yo) 


for (a, y) € A, then 
u(x,y) < kexp(A(z,y)), (3.5.11) 


for (a, y) € A, where 


a(x) B(y) 
A(z,y) = / J le (s, t) a fu ,0,n) dndo| dtds, (3.5.12) 
(xo) B(yo) a(xo) B(yo) 


for (a, y) € A. 


(a2) Let g(u) be as in Theorem 3.3.2, part(b,). If for (x,y) € A, 


a(x) B(y) 
uleyskt ff [a(s.t)g(u(s.s) 
a(x) B(yo) 
s ¢ 
+f J b(st.ovn) 9 (u(o.n))dndo dtds, (3.5.13) 
a(xo) B(yo) 


then for 79 << 21, yo Sy Sy7,r1 Eh,y,y € h, 


u(z,y) <G'(G(k)+ A(z, y)], (3.5.14) 


where A(x, y) is given by (3.5.12), G,G~! are as given in Theorem 3.3.2, part 
(b,) and 2, € Jy, y; € Iz are chosen so that 


G(k) + A(z,y) € Dom(G™"), (3.5.15) 


for all x and y lying in [2,21] and [yo, y1] respectively. 
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Proof. (a) From the hypotheses we observe that a/(x) > 0 for x € h, 
B' (y) > 0 for y € In. Let k > O and define a function z(x,y) by the right 
hand side of (3.5.10). Then z(2o,y) = z(%, yo) = k,u(a,y) < z(x,y), 2(2,y) 
is positive and nondecreasing for (x,y) € A and 
By) 
Diz(eu)=| f lala(e),tu(a(e),t) 
Fe 
a(x) ¢ 
+ i: / b(a(x),t,0,7) u(o,n)dndo | dt} a’ (x) 
(x0) B(yo) 
| B(y) 
<| f la(a@),)z(a(e).0) 
Fe 


a(x) ¢ 
+ / / b(a(x) ,t,0,n) z(o,n)dndo| dt| a’ (x). (3.5.16) 
a(o) B(yo) 
From (3.5.16) it is easy to observe that 


3 By) 
Diz(@,Y) — feo). 
z(x,y) 
B(yo) 
a(x) ¢ 
+ / J (oo) t.mdndo dt| a’ (x). (3.5.17) 
a(xo) B(yo) 


Keeping y fixed in (3.5.17), setting « = € and integrating it with respect to € 
from xp to x for x € J; and making the change of variables we get 


z(x,y) < kexp(A(z,y)). (3.5.18) 
Using (3.5.18) in u(#,y) < z(x,y) we get the required inequality in (3.5.11). 


The case k > 0 follows as mentioned in the proof of Theorem 3.4.1, part (a1). 


(a2) The proof can be completed by following the proof of (a,) given above 
and closely looking at the proof of Theorem 3.4.2. Here we omit the details. 


In the following theorems we present the inequalities investigated in [59]. 
Theorem 3.5.3. Let u(x,y),a(z,y),bi (x,y) € C(A, Ry) and a; (x) € C! 


(11,11), Bi (y) € Ct (Ie, Iz) be nondecreasing with a; (x) < x on h, Bi (y) < y 
on J for i = 1,...,n and k > 0 be a real constant. 
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(b1) If 
x rn oal®) Bi (yo) 
u(x,y) < k+ f a(s,y)u(s,y) ds + > b; (s, t) u(s, t) dtds, (3.5.19) 
9 "ais (0) Bi (yo) 
for (a, y) € A, then 
n c(@) Bi(yo) 
u(x,y) < kq(a,y) exp De i i) b; (s, t) q(s,t) dtds | , (3.5.20) 
=" a: (20) Bi(yo) 
for (a, y) € A, where 


x 


a(e.) =exp { f a(é.w) dg (3.5.21) 


(0) 


for (a, y) € A. 


(bo) Let g € C(R,,R,) be nondecreasing and submultiplicative function 
with g(u) > 0 for u > 0. If for (x,y) € A, 


u(ay) <h+ f a(s,y)u(s.y)ds 
xo 

mn a(@) Bi(y) 

+0 i b; (s, t) g (w(s, t)) dtds, (3.5.22) 
‘Ta (@0) Bi (yo) 
then for 79 < @ < 4a, Yo Sy < yo3 2,22 € Nh, y, ye € to, 
u(x,y) <a(#,y) G" [G(k) 

mn o(@) Biy) 
+0 i; / b; (s,t) g (q(s,t)) dtds| , (3.5.23) 
*=1 4, (x0) Bi (yo) 


where q(x, y) is given by (3.5.21) and G7! is the inverse function of 


ds 
eu) / Cee (3.5.24) 
TO 
ro > 0 is arbitrary and x2 € J), y2 € Iz are chosen so that 
nm ole) Bi(y) 
G(k)+ > / / b; (s,t) g (q(s, t)) dtds € Dom (G™") , 
*=1 (wo) Bi (yo) 


for all x and y lying in [2’9, x2] and [yo, y2| respectively. 
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Proof. From the hypotheses we observe that a’ (x) > 0 for x € h, 6’ (y) > 0 
for y € Ip. 


(b,) Let & > 0 and define a function z(x,y) by 
mn oal@) Bi(y) 
z(x,y)=kt+ >> / / b; (s,t) u(s, t) dtds. (3.5.25) 
‘Tas (0) Bi (yo) 
Then (3.5.19) can be restated as 
u(az,y) <2z(a,y)+ | a(s,y)u(s,y) ds. (3.5.26) 
xo 


It is easy to observe that z(x,y) is positive, continuous and nondecreasing func- 
tion for (x,y) € A. Treating y fixed in (3.5.26) and using Theorem 1.3.1 given 
in [384] to (3.5.26) we get 


u(x,y) <@(z,y) z(x,y), (3.5.27) 


for (a, y) € A, where q(x, y) is given by (3.5.21). From (3.5.25)and (3.5.27) we 
have 
ae) BY) 
z(x,y) <kt+ >> if i b; (s,t) q(s,t) z (s, t) dtds. (3.5.28) 
‘Ta (0) Bi(yo) 
Define a function v(#,y) by the right hand side of (3.5.28). Then v(2o,y) = 


z(xo,y) =k, z(x,y) < v(a2,y), v(2, y) is positive and nondecreasing for (x, y) € 
A and 


“ Bily) 
Dr (ey) =o | fd: (as(e),1) 40s (2) .1)2 (as (0) td | of (@) 
=) \Gi (yo) 
“ Bi(y) 
as, bs (as (a) , t) (a (x) , t)v (ci (x) , t) dt | a; (x) 
*=1 \B.(yo) 
Bi(y) 
<v(z,y) >> bj (a; (x) ,t) (as (x) ,t)dt a, (x) 
=) \6i(yo) 
ie., 
D ( Hi Bi(y) 
pe enie (a; (x a, (x a. (x). 5. 
ee / bi (as (2) ,t)q(ai(a),t)dt | a(x). (8.5.29) 
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Keeping y fixed in (2.5.29), setting « = o and integrating it with respect to 0 
from xo to x for x € I,, making the change of variables and using the fact that 
z(x,y) < v(z,y) we get 
a(x) B(y) 
z(a,y) < kexp S- / fi b; (s, t) q(s,t) dtds | , (3.5.30) 
i=1 
ai (0) Bi (yo) 


for (x,y) € A. Using (3.5.30) in (3.5.27) we get the required inequality in 
(3.5.20). The case k > 0 follows as noted in the proof of Theorem 3.2.1, part 


(a1). 


(b2) Let & > 0 and define a function z(x,y) by 
a(x) Bly) 
z(x,y)=kt+ >> i b; (s,t) g (u(s, t)) dtds. (3.5.31) 
"=F ei(#0) Bi(yo) 
Then (3.5.22) can be restated as 


x 


u(a,y) <2(@,y)+ fo (s,y) u(s, y) ds. (3.5.32) 


xo 
As in the proof of part (b1), using Theorem 1.3.1 given in [34] to (3.5.32) we 


have 


u(z,y) Sa(z,y) z(x,y), (3.5.33) 


for (a,y) € A , where g(x,y) and z(z,y) are given by (3.5.21) and (3.5.31). 
From (3.5.31), (3.5.33) and the hypotheses on g we have 

ai(x) Bi(y) 

2(a,y)<k+>> bi (s,t) g (q(s,t) 2 (s,t)) dtds 

= 1 a: (0) Bi (yo) 


n ola) Bily) 
<k+) i) b; (s, t) g (q(s,t)) g (z (s,t)) dtds. (3.5.34) 
=14;(@0) Bi(yo) 
Define a function v(x, y) by the right hand side of (3.5.34). Then v(2o,y) = 


vu (2, yo) =k, z(x,y) < v(a2,y), v(x, y) is positive and nondecreasing for (x,y) € 
A and 


3 
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9s bi (ai (x) ,4) 9 (g(a (x) , t)) g (v (a (2) , t)) dt | 0% (2) 
‘=T \Gi(yo) 
¥ Bi(y) 
<g9(v(ay)) bi (au (x) ,t) 9 (q (au (a) ,t)) dt | a(x). (3.5.35) 


+ (Yo) 


( 
From (3.5.24) and (3.5.35) we have 


_ Div(ow) 
PIGEON tea) 
ss Bi ly) 
s / b: (on (x) 219 (G (apte) 2) at | al (2). (3.5.36) 


i (Yo) 
Keeping y fixed in (3.5.36), setting « = o and integrating it with respect to 0 
from xq to x for « € J; and making the change of variables we get 
nm oil) Bly) 
Golem sGH+y ff wls.na(a(s0)ads. 8.537) 
‘Ta («o) Bi(yo) 
From (3.5.37) and (3.5.33) we get the required inequality in (3.5.23). The case 


k > 0 follows as mentioned in the proof of Theorem 3.2.1,part (a1). The sub- 
domain for x,y is obvious. 


Theorem 3.5.4. Let u(z, 


y) ,a(x,y) 1b: (x,y) » 4 (x) Bi (y) ? k be as in The- 
orem 3.5.3 and c(x,y) E C(A, 


Ry). 
(c1) If 


vey) <k+ fa(sy [lsu + f e(o.yyu(ou)ae Jas 
xo xo 
n o(@) Bily) 
+0 J bils.thuls.t) ates, (3.5.38) 
*=1 4, (x0) Bi(yo) 


for (a, y) € A,then 


ny ox(2) Bil) 
ule skr(ene| > ff w(st)plstdtds}, (8.5.39) 


*=1 4; (wo) Bilyo) 
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for (a, y) € A, where 


x € 
p(z,y) =1 + faey) exp Jie (o,y) + b(0, y)|do | dé, (3.5.40) 


for (a,y) € A. 


(cp) Let g be as in Theorem 3.5.3, part (bg). If for (x,y) € A, 


u(y) <k+ fa(s,y) u(s.y) + f e(o,y)u (oy) do ds 


n o(®) Bi) 
+> | J b(o.8g(u(s,0) ates, (3.5.41) 
*=1 a (@0) Bi(yo) 


then for 9 < & < %3, yo Sy < ys3 2,23 Eh, y, ys € Io, 
u(z,y) < p(z,y) Gt [G (k) 
a ai(x) ily) 
+0 i i b; (s,t) g (p(s, t)) dtds| , (3.5.42) 
i=l 
ai(xo) Bi (yo) 


where p(x, y) is given by (3.5.40), G, G7! are given as in Theorem 3.5.3, part 
(bz) and 23 € 1, y3 € Ig are chosen so that 


mn ola) Bily) 
G(k)+>0 a / b; (s, t) g (p(s,t)) dtds € Dom (G~*) , 
=1 (0) Bi (yo) 


for all x and y lying in [2,23] and [yo, ys] respectively. 


Proof. From the hypotheses we have a(x) > 0 for « € h, Gi (a) > 0 for 
y E Tp. 


(c,) Let & > 0 and define a function z(x,y) by (3.5.25). Then (3.5.38) can be 
restated as 


u(x,y) < (ay) + f a(s.u) u(s.y) + f e(ou) (ou) da | ds. (3.5.43) 


xo oa) 


Clearly, z(a, y) is positive, continuous and nondecreasing function for (a, y) € A. 
Treating y for y € Ip fixed in (3.5.43) and applying Theorem 1.7.4 given in [34] 
to (3.5.43) yields 


u(x,y) <p(a,y) z(x,y), (3.5.44) 
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where p(x, y) and z(x,y) are given by (3.5.40) and (3.5.25). Now by following 
the proof of Theorem 3.5.3, part (b,) with suitable changes we get the desired 
inequality in (3.5.39). 


(c2) The proof can be completed by following the proof of part (ci) given 
above and the proof of Theorem 3.5.3, part (b2). Here we omit the details. 


Remark 3.5.2. If we take a(xz,y) = 0 in Theorems 3.5.3 and 3.5.4, then we 
recapture the inequalities established in Theorem 3, part (C;) and Theorem 
4, part (D,) in a recent paper [74]. We also note that, if we take in (3.5.19) 
a(x, y) = 0 and replace the constant k by a function r (x,y) € C (A, R,), which 
is nondecreasing for (x,y) € A, then the bound obtained in (3.5.20) takes the 
form 

n ole) iy) 

u(xz,y) <r(a,y) exp oa i b; (s, t) dtds | , 

‘Ta; (x0) Bi (yo) 
for (a,y) € A, which is the inequality given in Theorem 3, part (C2) in [74]. 
These inequalities can be used as basic tools in some applications. 


Finally we give the following theorem which deals with the inequalities proved 
in [60]. 


Theorem 3.5.5. Let u(az,y),a; (x,y) ,bi(a,y) € C(A,R+) and a;(x) € 
Ct (1,1), 8: (y) € Ct (Io, Iz) be nondecreasing with a; (x) < x on I, 3; (y) < 
y on Ig fori =1,...,n. Let p > 1 and c > 0 be real constants. 


(d;) If 
1 ax(@) Bi) 
uP (x,y) < ctp>> i, [a; (s,t) u? (s,t) + b; (s,t) u(s,t)] dtds, (3.5.45) 
"=F ea(#0) Bi(yo) 
for (a, y) € A, then 


<a ai(x) Bily) p-1 

u(a,y) < < B(a,y) exp (p-1)>> ih i a; (o,T) drda , (3.5.46) 
*=1 4, (wo) Bi(yo) 

for (a, y) € A, where 
nm oil@) Bly) 

pol 
B(z,y)={c} *? +(@-)>> vi / b; (a, 7) drdo, (3.5.47) 

‘=a (#0) Bi(Yyo) 


for (a,y) € A. 
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(dz) Let w(u) be as in Theorem 3.2.6, part (q2).If for (a, y) € A, 


n ole) Bily) 
uP (a, y) <e+p)_ ‘i [a; (s, t) u(s, t) w (u(s,t)) 


*=T a3 (ao) Bilyo) 
+; (s,t) u(s, t)] dtds, (3.5.48) 


then for x9 << @4,yo Sy < yay 7,24 € hy, ys € La, 


u(z,y) <{F° [F (B(z,y)) + (p—-1) 


ate) Bay) Pt 
x LS / if a; (o,T)drdo ; (3.5.49) 
‘Tei (wo) B:(yo) 
where B(zx,y) is given by (3.5.47), F, F~+ are as in Theorem 3.2.6, part (q2) 
and x4 € Iy, ya € Ig are chosen so that 
4» a(@) Bil) 
F(B (x,y))+(p—1) 5° / : a; (o,T) drda € Dom (Cae e 


*=1 a; (x0) Bi (yo) 
for all x and y lying in [29, x4] and [yo, ys] respectively. 
Proof. From the hypotheses we have ai (x) > 0 for « € hh, Gi (y) => 0 for 


y € In. We give the details of the proof of (dz) only; the proof of (d,) can be 
completed by following the proof of (dz) with suitable modifications. 


(dz) Let c > 0 and define a function z(a, y) by the right hand side of (3.5.48).Then 


z(xo,y) = z(x,yo) = c, z(x,y) is positive and nondecreasing for (a, y) € A, 
1 
u(x,y) < {2 (z,y)}” and 


+B; (ai (2) , Bi (y)) U (a (@) , Bi (y))] B; (Y) 0% (a) 


BR 


i= 
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+b; (a (a) , 8; (y))] {2 (@, y)}? BF (y) af (2). (3.5.50) 


From (3.5.50) and the facts that D,z (x,y), Doz(x,y) are nonnegative, we ob- 
serve that (see [34]) 


DaDie 0) ieOaten eer 
mea Py. | ) 8: (y)) w ({2 (ax (2) , 8: (y))}*) 


Dyz(2,y) [Da {z(2,y)}?| 


te@w}*] 


Le., 
Ds (2 2H.) <p > [ai (a: (@) , (y)) w ({2 (aa (2) 8: ())}") 
{z (x,y) }? i=1 
+b; (a (2) 8: (y))1 8 (uy) a4 (@) (3.5.51) 


for (x,y) € A. By keeping «x fixed in (3.5.51), we set y = ¢ and then, by 
integrating with respect to t from yo to y and using the fact that D1 z (2, yo) = 0, 
we have 


alan = ap> [ai (a4 (x) , G; (t)) w ({z (ai (2), Bi ()}*) 


© 
Il 
un 


+b; (a (x) , Bi (t))] Gj (t) of (a) dt. (3.5.52) 
Now keeping y fixed in (3.5.52) and setting x = s and integrating with respect 
to s from xo to x we have 


“ay 


fee} < {QF +(e) ff Y las(ai(s) 5) 
xw ({2 (ai (8) 8: (€)}") +b (aa (3) . 8: (4) 
x 3 (t) ai, (s) dtds. (3.5.53) 


By making the change of variables on the right hand side of (3.5.53) and rewrit- 
ing we have 
p-1 
{z(@,y)} ? < Bla,y)+(p-I) 
ai(x) Bily) 
x S- - l a; (o,T) w ({2 (9, 7} )drdo. (3.5.54) 


*=1 4 (xo) Bi (yo) 
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Now fix (A, 4) € A such that x < 2 < X< w4,yo < y << ys. Then from 
(3.5.54) we observe that 


p-1 


{z(z,y)} ? <BQ,H) + (p-1) 

mn oal@) Bily) 
x S- f f a; (o,T) w ({2 (a, r)} )drdo, (3.5.55) 
"Teas (0) 8:(¥o) 


for a <x < Ayo < y < w. Define a function v(x,y) by the right hand 
side of (3.5.55). Then v(29,y) = v(#, yo) = B(A, Hu), v(%,y) is positive and 


=e. 
nondecreasing for 7%) <x <A,yo <y <p, {z (x,y)} < v(ax,y) and 


a ai(x) Bi(y) 
voy) <BAw+ OD ff a(or)w({v(o,7)}¥*)ardo, 
t=1 
ai (x0) Bi (yo) 


for 79 <4 <A,yo < y < pw. Now by following the proof of Theorem 3.5.3, part 
(bz) (see also [34]) we get 


7 ai(x) Bily) 
vy) <P |PBAw+0-D ff a(o,r)drda] , (8.5.50) 
*=1 4; (x0) Bi (yo) 


for 9 <U<AK< 24, yo Sy << ya. Since (A, ) € A is arbitrary, we get the 
desired inequality in (3.5.49) from (3.5.56) and the fact that 


w(ay) < {z(e,y)}* < {foley b" = foley}. 


The proof of the case when c > 0 can be completed as mentioned in the proof of 
Theorem 3.2.1, part (a1). The subdomain xp < x < 24, yo < y < ya is obvious. 


Remark 3.5.3. If we take p = 2,.n=1a, =a, $, = 6,a, = f,b) =g in 
Theorem 3.5.5, then we get the two independent variable generalizations of the 
inequalities given in [22, see Corollary 2 and Theorem 1]. 


3.6 Applications 


In the literature, a number of new methods and tools are developed by differ- 
ent investigators to study various types of differential and integral equations. In 
this section we present applications of some of the inequalities given in earlier 
sections and it is hoped that these inequalities will assure greater importance 
in the near future. In what follows we shall use the notations and definitions as 
given in sections 3.2 and 3.4 and explained if necessary at appropriate places. 
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3.6.1 Differential equations with many retarded 
arguments 


Consider the following differential equations involving several retarded argu- 
ments 


a’ (t) = f (t,a(t— hi (t)),..., 2 (t — hn (8))), (3.6.1) 
and 

x?! (t) a! (t) = f (t,2(t-— hy (d),..., 0 (t— hn (t))), (3.6.2) 
for t € I, with the given initial condition 

(to) = Xo, (3.6.3) 
where p > 1 and zg are constants, f € C (J x R”, R) and for i = 1,...,n, hy (t) € 
C (I, R4) be nonincreasing and such that t — h;(t) > 0, t-hi(t) € C1) , 


hi. (t) < 1, hi (to) = 0. For the theory and applications of differential equations 
with deviating arguments, see [7,13,18]. 


The following theorems deals with the estimates on the solutions of equations 
(3.6.1), (3.6.2) with the given initial condition (3.6.3), see Pachpatte [60,74]. 


Theorem 3.6.1. Suppose that 
If (E,Ur, s+ Um)| < D> bi (t) [ual (3.6.4) 
i=1 


where 0; (t) are as in Theorem 3.2.4, and let 


max 1 


M,; = —— 
tel 1—-hi(t) 


S1y.gn (3.6.5) 


182 Retarded integral inequalities 


If x(t) is any solution of the initial value problem (3.6.1)-(3.6.3), then 


ne t—hi(t) 
I (| < |zolexp | > / piayas. I (3.6.6) 
i=l to 


for t € I, where b; (¢) = M,b; (o + hy (s)),0,8 € I. 


Proof. The solution x(t) of the initial value problem (3.6.1)-(3.6.3) can be 
written as 


t)=ao+ / f (s,x(s — hi (s)),...,@ (8 — Rn (s)))ds. (3.6.7) 


Using (3.6.4) in (3.6.7) and making the change of variables, then using (3.6.5) 
we have 


le ( ai stal+ 3s fo s) |x (s — hi (s))| ds 


I= lig 
t—h,(t) 
<|z0| + > i b; (0) |x (a)| do, (3.6.8) 
i=1 to 


for t € I. Now a suitable application of the inequality given in Theorem 3.2.4, 
part (c1) to (3.6.8) yields the required estimate in (3.6.6). 


Theorem 3.6.2. Suppose that the function f in (3.6.2) satisfies the condition 
(3.6.4). Let MM; and 6; (c) be as given in Theorem 3.6.1. If x(t) is any solution 
of the initial value problem (3.6.2)-(3.6.3), then 

t—hi(t a 


lz) < 4 |eolP* + Dd | we (3.6.9) 


forte I. 


Proof. The solution x(t) of the initial value problem (3.6.2)-(3.6.3) can be 
written as 


=a, +p | f (s,u(s — hi (s)),..., 0 (8 — hn (8)))ds. (3.6.10) 
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From (3.6.10), (3.6.4), (3.6.5) and making the change of variables we have 


le (t aoe s) a (s— hi (s))| ds 


= li, 


Z wnaes | a)| do, (3.6.11) 


t=1i, 


for t € I. Now a suitable application of the inequality given in Theorem 
3.2.6,part (qi) (when a; (t) = 0) to (3.6.11) yields the required estimate in 
(3.6.9). 


3.6.2 Retarded differential and integrodifferen- 
tial equations 


First we consider the initial value problem (IVP for short) for higher order 
retarded differential equation of the form 


y Q=ftyO.yt-hW)), (3.6.12) 
y) (to) = ck, k = 0,1,2,...,.n—1, (3.6.13) 


fort € J = [to,T], where f € C (J x R?, R) andh € C (J, R;) be nonincreasing 
with h(t) <tonJ,t—h(t)e€ C'(J,J), h' (t) < 1,h(to) =Oandn>2isa 
natural number and cy are real constants. 


As an application of the inequality given in Theorem 3.2.1, part (a,) we 
present the following theorem which deals with certain properties of solutions 
of IVP (3.6.12)-(3.6.13), see [63]. 


Theorem 3.6.3. (i) Assume that 
f(y 21 Salt) lyl+o@) lz, (3.6.14) 
where a(t), b(t) € C (J, R,) and let 


max 1 
L= ————e 6.1 
teJ 1A (0) eet) 


If y(t) is any solution of IVP (3.6.12)-(3.6.13), then 


t g(t) 
ly ()| < Mexp Ja (s)as+ [ B(s aig | (3.6.16) 


to to 
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for t € J, where a(t) = Na(t), b(t) = NLb(t + h(s)),t,s € J,d(t) =t—h(t), 


M= y ee (3.6.17) 
and 
N= ae (3.6.18) 


(ii) Suppose that 
Ifu2) —F(9,2)| Sa) ly— gl +o) 2-21, (3.6.19) 
where a(t) ,b(t) € C(J,R4). Let L,M,N, a(t),b(t),¢(t) be as in part (i). 


Then the IVP (3.6.12)-(3.6.13) has at most one solution on J. 


Proof. (i) It is easy to see that the solution y(t) of IVP (3.6.12)-(3.6.13) 
satisfies the equivalent integral equation 


= yee ia) + 2 SesOue ene (3.6.20) 


to 


From (3.6.20), (3.6.14), (3.6.17), (3.6.18) we have 


vols yee Dy (EM pot vle—atenn 
<M+N igo y(sids+ [o(s) ly(s—h(s))|ds]} . (3.6.21) 


By making the change of variable in the second integral in (3.6.21) and using 
(3.6.15) we have 
t o(t) 
wolsat fa(s)|y(s)jds+ f B(0)|yo)lao. (3.6.22) 


to to 


Now a suitable application of the inequality in Theorem 3.2.1, part (a,) to 
(3.6.22) yields the required estimate in (3.6.16). 
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(ii) Let yi (£) and yp (t) be two solutions of IVP (3.6.12)-(3.6.13) on J, then 
we have 


nd wi) = [rs (6) sn (2-H) 
—f (s, yo (8), yo (s — h(s)))} ds. (3.6.23) 


From (3.6.23), (3.6.19), (3.6.18) we have 


vs (4) — yo (| S [xe (s) |v (8) — Ye (s)| ds 


(0) 


+ [ vo(s) lyi (s — h(s)) — yo (s — h(s))| ds. (3.6.24) 


Making the change of variable in the second integral on the right side in (3.6.24) 
we get 


in (wel f a(s) Iu (3) — 2 (lds 
p(t) 
+ [ 6(o)|u (0) - ve(o)ldo. (3.6.25) 


A suitable application of the inequality in Theorem 3.2.1, part (a1) to (3.6.25) 
yields |y1 (t) — ye (t)| < 0 .Therefore y; (t) = y2(t) ie., there is at most one 
solution of IVP (3.6.12)-(3.6.13). 


Next, we apply the inequality given in Theorem 3.3.5, part (di) to study 
certain properties of solutions of the retarded integrodifferential equation 


x(t) =F | t,r(t—h(t)) ae (t,0,x(a—h(a))) | do, (3.6.26) 


with the given initial condition 
x (to) = 2X0, (3.6.27) 
for t € I, where f € (elta x R,R) Fe C(Ix eR) , Zo is a real constant 


and h(t) € C (I, R,) be nonincreasing with h(t) < t on J, t—h(t) € C' (J, 1), 
h! (t) <1,h(to) = 0, see [47]. 
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Theorem 3.6.4. (i) Suppose that 
|f (t, 8, 2)| < b(t, s) |2I, (3.6.28) 
|F (t,z,w)| < a(t) |z|+|u], (3.6.29) 
where a(t), b(t, s) are as given in Theorem 3.3.5 and let 


M= i (3.6.30) 


If x(t) is any solution of (3.6.26)-(3.6.27), then 
t—h(t) 


le (#)| < |zol exp i [Ma(s + h(n) 


to 
+ [ MP0(s+ h(n) 0+ h(7)) da| ds | , (3.6.31) 
to 
for t,n,7 € I. 


(ti) Suppose that the functions f, F in (3.6.26) satisfy the conditions 


If (t,8,0) — f(t,s,y)| < b(t, s) |e — yl, (3.6.32) 

F (t,2,2) -— F(t.) < a(t) [2-91 + Bal, (3.6.33) 
where a(t), b(t, s) are as given in Theorem 3.3.5 and let M be given by (3.6.30). 
Then the problem (3.6.26)-(3.6.27) has at most one solution on I. 


Proof. (i) The solution x(t) of (3.6.26)-(3.6.27) can be written as 


x (t) = not fF s,0(s—h(s)), f f(s,0,0(0 —h(a))) do ds. (3.6.34) 


to 
Using (3.6.28)-(3.6.30) in (3.6.34) and making the change of variables we have 
t—h(t) 
Ol < eo] +f [Ma(s+h(n)) (9) 


to 


+ [ MPo(s+ h(n), +h(7)) |x (o)|do | ds, (3.6.35) 
to 
for t,n,7 € I. Now a suitable application of the inequality given in Theorem 
3.3.5,part (d;) to (3.6.35) yields the required estimate in (3.6.31). 


Chapter 3 187 


(iz) Let x(t) and &(t) be two solutions of (3.6.26)-(3.6.27) on I, then we have 


no-no fe (s2t-non. { reanetoniopra] 


to 


—F [- (s—h(s)) he (s,0,Z(a0 —h(o))) 2 ds. (3.6.36) 


Using (3.6.32), (3.6.33) in (3.6.36) and making the change of variables, we have 
t—h(t) 


jz (t) —Z OI < i [Ma (s+ h(n) |x(s) — £(s)| 


to 


+ / M?b(s+h(n),o+h(r))|z(o) —& ie ds, (3.6.37) 
to 
for t,n,7 € I. A suitable application of the inequality given in Theorem 3.3.5, 
part (d;) to (3.6.37) yields |x (t) — Z(t)| < 0. Therefore x(t) = Z(t) ie., there 
is at most one solution of (3.6.26)-(3.6.27). 


3.6.3 Retarded partial differential equations in 
two variables 


Consider the following retarded non-self-adjoint hyperbolic partial differential 
equation 


vecteah= iy (a(@,y) z(2,9)) 


with the given initial boundary conditions 


2 (x, yo) = a1 (%) ,z (20, y) = a2 (y) , a1 (Zo) = a2 (yo) = 0, (3.6.39) 


where a € C'(A, R) is differentiable with respect toy, fe C(A x R", R), a, € 
C1 (I, R),a2 € Ct (In, R),; hy € C(h, Ri), 9; € C (Iz, Ry) are nonincreasing 
and such that x — h; (x) > 0,2—hy(x) € C'(h, hh), y—gi (y) > 0, y— hi (y) € 
C1 (In, In), hi, (x) < 1,95 (y) < 1, hi (to) = 91 (yo) = Ofori=1,..,.n,;creh,ye€ 
Tp. Let 


max 1 max 1 


M;= ———.,N,; = —_— 
re€h 1—hj (2) y Elz 1-gi(y) 


(3.6.40) 


fori =1,...,n. 
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The following theorem deals with the estimate and uniqueness of solutions of 
(3.6.38)-(3.6.39), see [59]. 


Theorem 3.6.5. (i) Suppose that 
[Ff (a, yy Ua, s+ Un)| < S° bi: (w,y) [uel , (3.6.41) 


le(x, 9) Sk, (3.6.42) 
where 0; (x,y), & are as in Theorem 3.5.3 and 


x 


e(x,y) = a1 (x) + a2 (y) — false) ay (s) ds. (3.6.43) 


xo 
If z(x,y) is any solution of (3.6.38)-(3.6.39), then 


bi(a) wily) 


lz («,y)| < ka (w,y) exp | > oi b; (0,7) (0,7) drdo |, (3.6.44) 
oa 0) Pi (yo) 
for (x,y) € A,where ¢; (x) = 2—hj (x), 2 Eh, pi (y) =U Gi (y) y¥ € ty, 
b; (0,7) = MiNib; (o + hi (s),7 + 9; (t)) for o,s € Ih, 7,t € Ig and 


G(2,y) = exp / la(é,y)l ae |, (3.6.45) 


for (a, y) € A and Mj, N; are given by (3.6.40). 


(it) Suppose that the function f in (3.6.38) satisfies the condition 
[Ff (2, Y, U1, Un) — F (2, Y, V1, +) Un Dob (x ,Y) lu; — vil , (3.6.46) 


where b; (x,y) are as in Theorem 3.5.3. Let ;,;,0;,.Mi,.N; be as in part (i). 
Then the problem (3.6.38)-(3.6.39) has at most one solution on A. 


Proof. (i) It is easy to see that the solution z(x,y) of the problem (3.6.38)- 
(3.6.39) satisfies the equivalent integral equation 


x 


z(x,y) =e(xy) + fals.y)z (suds 


xo 
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+f [ fetee-h (s),t— 91 (t)),...,2(8 — hn (8) ,t— gn (£)))dtds, 


(3.6.47) 


where e(x, y) is given by (3.6.43). From (3.6.47), (3.6.41), (3.6.42), (3.6.40) and 
making the change of variables we have 


lz (2,9)! <k+ fla(swlle(swlas 


xO 


XO YO 


+f fo% (s,t) |z(s — h; (s) ,t — g; (t))| dtds 


<k+ fla(swlle(swlas 
xO 
File) W(y) 
+) / / b; (a, T) |z (0, 7)| drdo. (3.6.48) 
‘=14;(x0) v(yo) 


Now a suitable application of the inequality given in Theorem 3.5.3, part (b1) 
to (3.6.48) yields (3.6.44). 


(it) Let u(a,y) and v(x, y) be two solutions of the problem (3.6.38)-(3.6.39) 
on A, then 


x 


u(x,y) — v(2,y) = [ a(s.u) {u(s.u) ~ oly) as 


xo 


+f [ {F (.tu(s— ha (8) t= 91) (6 ~ hn (8) t= 90 (8) 
—f (s,t,u(s — hy (s),t — gi (t)),...,0 (8 — hn (5) ,t — Gn (t)))} dtds. (3.6.49) 


From (3.6.49), (3.6.46), making the change of variables and in view of (3.6.40) 
we have 


lu(z,y) —v(@,y)|S fietw |u(s,y) — v(s,y)| ds 


xO 


ry», 


+f [Sao lu(s —h;(s),t— 9; (t)) —v(s — hy (s) ,t — g; (t))|dtds 
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< fla(s.y)]|u(s,u) —v (salads 


n ile) vily) 
+ > / b; (a, 7) |u(a,7) — v (0,7) |drdo. (3.6.50) 


A suitable application of the inequality given in Theorem 3.5.3, part (bi) to 
(3.6.50) yields |u (x,y) — v(a,y)| < 0. Therefore u(x, y) = v(a,y) ie., there is 
at most one solution of the problem (3.6.38)-(3.6.39) on A. 


Next, as an application of Theorem 3.5.5, part (di) we obtain the explict 
bound on the solution of retarded partial differential equation of the form 


7 Ge (x,y) z#(ew)) 


= f(x,y, 2 (x —hy (x) YI (y)) y 1 Z(E —hy (x) »Y— Gn (y))) ) (3.5.51) 


with the given initial boundary conditions (3.6.39), where p > 1 is a constant 
and the functions involved in the problem (3.6.51)-(3.6.39) are as given in the 
problem (3.6.38)-(3.6.39), see [60]. 


Theorem 3.6.6. Suppose that 
i=l 


lay (x)| + la (y)| Se, (3.6.53) 
where b; (a, y) and ¢ are as in Theorem 3.5.5. Let M;,N; for i = 1,...,n be as 
in (3.6.40). If z(#, y) is any solution of the problem (3.6.51)-(3.6.39), then 

mn Pile) bly) Boe, 
p-1 — 
Izzy <4 {ce}? +@~-)>- i b; (0,7) drdo , (3.6.54) 
i=1 
$i (xo) vi (yo) 


for (a, y) € A,where ¢; (x) , vi (y), bs (0,7) be as in Theorem 3.6.5, part (i). 


Proof. It is easy to see that the solution z(, y) of the problem (3.6.51)-(3.6.39) 
satisfies the equivalent integral equation 


2” (x,y) = at (w) + a5 (y) 


2 (ay) = ah (a) + aby) +p ff 
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xf (s,t, z (as — hy (s),t — gi (t)),..., 2 (8 — hn (8), t — gn (t))) dtds. (3.6.55) 


From (3.6.55), (3.6.52), (3.6.53), (3.6.40) and making the change of variables we 
have 


lz worsernf [Sai (s, t) |z(s — hy (s) ,t — g; ())| dtds 


bi(@) vily) 
<et+ p>. / / b; (0,7) |z (0, 7) |drds. (3.6.56) 
=1 45 (0) vi(yo) 


Now a suitable application of the inequality given in Theorem 3.3.5, part (d1) 
to (3.6.56) yields (3.6.54). 


3.6.4 Retarded Volterra-Fredholm integral equa- 
tion in two variables 


In this section, we present applications of Theorem 3.4.5 given in [58] to 
study certain properties of solutions of the retarded Volterra-Fredholm integral 
equation in two independent variables of the form 


z(z, f(z, y) J+ ff Atesasit2(s—ma(s) tha) ats 
MN 
+f [ Benstel—h (s) ,t — he (€))) dtds, (3.6.57) 


for (2, y) € A, where f € C(A, R),A, BE C(D*x R,R) andh, € C(h, Ri), he 
€C (Ig, Ri) are nonincreasing, « — hi (x) > 0,2 € K;y — holy) > 0,y €h; 
xz—h, (x) € C1(h,h),y—he(y) € Ct (Ie, Ie), hi (x) < 1,5 (y) < 1,h1 (20) = 
he (yo) = 0, in which I; = [xo,M],I2 = [yo,.N] are the given subsets of R , 
A=1,x Inand D= {(a,y,8,t) € A? sap s<e<My<t<y<N}. 


Theorem 3.6.7. (i) Suppose that the functions f, A,B in equation (3.6.57) 
satisfy the conditions 


lf (z,y)| <e, (3.6.58) 


|A(e,y,8,t,2)| <a(e,y,s,t)|2), (3.6.59) 
|B (x,y, 8,t,2)| <b(a,y,8,¢) lal, (3.6.60) 
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where c, a(x, y, 8, t), (x, y, 8, t) are as in Theorem 3.4.5. Let 


max 1 max 1 


Mia sep gage (3.6.61) 
and 
$(M) dN) o(s) w(t) 
p(a,y) = / i b(a, y, 8, t) exp / / a(s,t,o,7) drdo 
(xo) ¥(yo) o(x0) ¥(yo) 
xdtds <1, (3.6.62) 
where (2) =a2—hi(x),c€h,wv(y) =y—ha(y),y € fo and 
a(x,y,0,T) = Mi Moa(a,y,0 +hi(s),7+he(t)), 
b(a,y,0,T) = My Mob (2, y,0 + hi (s),7 + he (t)). 
If z(x,y) is a solution of equation (3.6.57) on A, then 
b(x) vy) 
|z (x, y)| Ey exp if a(x,y,0,7) drdo | , (3.6.63) 
(x0) v(yo) 
for (a, y) € A. 


(ii) Suppose that the functions A, B in equation (3.6.57) satisfy the conditions 
|A (x, UL, t, Z) at! (x, Y,8, t, z)| <a (z, ¥,$, t) |z oa Z| ’ (3.6.64) 


|B(a,y,s,t,z) —B(x,y,8,t,Z)| < b(a,y,s,t)|z— 2], (3.6.65) 


where a(x, y,s,t),b(x,y,8,t) are as in Theorem 3.4.5. Let Mj), Mo, ¢,~,4,b,p 
be as in part (7). Then the equation (3.6.47) has at most one solution on A. 


Proof. Since z(x,y) is a solution of equation (3.6.57), from (3.6.57)-(3.6.60) 


we have 


|z (x, y)| cet f fa(a.y,s.t)le(s— mn (s) ,t — he (t))|dtds 


Xo Yo 


MN 
+f fr x,y, 8, t) |z(s — hy (s) ,t — he (t))| dtds. (3.6.66) 


Xo Yo 
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Now by making the change of variables on the right hand side of (3.6.66) and 
using (3.6.61) we have 


g(x) wy) 
lz(x,y)|<et+ / / a(2,y,8,t) |z(0,7)|drdo 
(xo) ¥(yo) 


o(M) p(N) 


+ / ; b(x, y, 8, t) |z (0, 7)| drdo. (3.6.67) 
$(xo) %(yo) 
A suitable application of Theorem 3.4.5 to (3.6.67) yields (3.6.63). 


(iz) Let z(x,y) and Z (x,y) be two solutions of equation (3.6.57) on A. From 
(3.6.57), (3.6.64), (3.6.65) we have 


z(x,y) — 2 (a,y)| 


gf f etenst)|e(o~ ha ls),t— hol) 


0 YO 


—Z(s— hy (s),t— he (t))| dtds 


MN 
+f [rensdle(e-h (a) dha) 


—z(s — hy (s) ,t — he (t))| dtds. (3.6.68) 


By making the change of variables on the right hand side of (3.6.68) and using 
(3.6.61) we have 


(x) vy) 
|z(a,y) —Z(a,y)| < / a(a,y,8,t) |z (0,7) — Z(0,7)|drdo 
$(%0) ¥(yo) 
o(M) P(N) 
+ / / (x,y, 8,t)|z (0,7) — Z(0,7)|drdo. (3.6.69) 
$(x0) ¥(Yo) 


Now a suitable application of Theorem 3.4.5 to (3.6.69) yields |z (x, y) — Z(,y)| < 
0.Therefore z(x,y) = Z(x,y) ie., there is at most one solution to the equation 
(3.6.57). 
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We next consider the following retarded Volterra-Fredholm integral equations 


z(a,y) =f (2,y) of (deme: (s — hi (s),t — he (t)), u)dtds 


Zo Yo 


MN 
+[ fe (x,y, 8,t, z(s — hi (s),t — ha (t)), w)dtds, (3.6.70) 


Xo YO 


z(a,y) =f (2,y) a | Magee (s — hi (s) ,t — he (t)) , uo) dtds 


Zo Yo 


ef fo (x,y, 8,t, z(s — hi (s) ,t — he (t)) , wo) dtds, (3.6.71) 


for (x,y) € A, where f € C(A,R),A,BeEC(Dx Rx R, R) and p, po are real 
parameters. 


The following theorem shows the dependency of solutions of equations (3.6.70) 
and (3.6.71) on parameters. 


Theorem 3.6.8 . Suppose that 


|A (x,y, 8,t,2,) —A(z,y,8,t, 2, u)| < a(z,y, 8, t) |z— 2], (3.6.72) 
|A (a, y,8,t i) A(z, y, 8, t, Z, Lo) | <r(2,y,s,t) | — Hol, (3.6.73) 
|B (z,y,8,t,2, 4) — B(z,y,s,t, Z, u)| < b(z,y, s,t) |z — 2], (3.6.74) 
|B (x,y, 8,t, 2 a B(x, y, 8,t, z, Mo)| < e(x,y, 8, t) |u — Hol, (3.6.75) 
where a(z,y,s,t), b(a, y,s,t) are as in Theorem 3.4.5 and r,e € C(D, R4) are 


such that 


2 Yy 
[fe (x,y, 8,t) dtds < ky, (3.6.76) 
XO Yo 
N 
[ fe@uso dtds < ko, (3.6.77) 
x0 YO 


for (x,y) € A, where k1, kz are positive constants. Let M), Mo, ¢,~,a,b,p be 
as in Theorem 3.6.7, part (2). Let 21 (a,y) and 22 (a, y) for (x,y) € A be the 
solutions of (3.6.70) and (3.6.71) respectively. Then 


(ki + k) |u = pol 
1—p(z,y) 


21 (ty) — 22 (#,y)| S 
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(ae) vy) 
xX exp i: f a(x,y,s,t) dtds | , (3.6.78) 
(0) (yo) 
for (a, y) € A. 
Proof. Let z(x,y) = 21 (@,y) — 22 (#,y),(a,y) € A. Then 
ey 
eau) = ff {Ales ta (8— ha (9) the). 0) 
Zo Yo 
—A(a,y,8,t, 22(s —hi(s),t — he (t)), u)} dtds 
zy 
+f [A@ustx (s — hy (s),t — ho (t)), 2) 
Zo Yo 
—A(a,y, 8, t, 22(s — hi (s),t — he (t)), wo) } dtds 
MN 
+f [Beusta (s — ho (s),t— he (t)), 2) 
Zo YO 
—B(a,y, 8,t, z(s — hi (s) ,t — he (t)) , )} dtds 
MN 
+f [Beust2 (s — he (s),t— he (t)), 2) 
Zo YO 
—B(a,y, 8,t, z2(s — hi (s) ,t — he (t)) , uo)} dtds. (3.6.79) 
Using (3.6.72)-(3.6.77) in (3.6.79) we get 
2 (@,9)| S |e — Hol A + |e — Hol ke 
zy 
+f faleuss) |z(s — hy (s),t — he (£))| dtds 
ZO YO 
MN 
+f [renee eI) ee Oa (3.6.80) 
Zo Yo 


By making the change of variables on the right hand side of (3.6.80) and using 
(3.6.61) we get 
o(@) vy) 
een) < (a+ he)|a— ol ff a(e.y.o.7) l2(o,7)ldrdo 
(x0) v(Yo) 
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o(M) p(N) 


+f J Peno.7) (or) dra (3.6.81) 
(xo) (yo) 


Now a suitable application of Theorem 3.4.5 to (3.6.81) yields (3.6.78) which 
shows the dependency of solutions of (3.6.70) and (3.6.71) on parameters. 


In conclusion, we note that the inequalities given in earlier sections are re- 
cently established and still admit various generalizations and extensions in dif- 
ferent directions. Here we have given some basic and immediate applications of 
few of the inequalities which will encourage to widen the scope of their applica- 
tions. 


3.7 Notes 


The search for more efficient methods to study certain retarded differential 
and integral equations has recently led to the discoveries of some basic retarded 
integral inequalities with explicit estimates. The main advantage of obtain- 
ing such results lies in the fact that they can serve as effective tools when the 
earlier results do not apply directly and certainly a good source to further devel- 
opment.Sections 3.2 and 3.3 are devoted to some basic retarded integral inequal- 
ities in one independent variable, recently investigated and used by Pachpatte 
in [43,58,60,61,64,69,77]. For some earlier results on such inequalities, we refer 
the reader to the book by Bainov and Simeonov [8, pp. 142-145]. The results 
given in sections 3.4 and 3.5 deals with a number of new retarded integral in- 
equalities involving functions of two independent variables, recently investigated 
by Pachpatte in [43,47,58,59, 60,69,74,77]. Section 3.6 contains applications of 
some of the inequalities given in earlier sections. 


Chapter 4 


Finite difference inequalities in one vari- 
able 
4.1 Introduction 


The theory of finite difference equations has gained increasing significance in 
the last decades as is apparent from the large number of publications on the 
subject. A great variety of methods and tools are available for handling such 
equations. In the study of many finite difference and sum-difference equations, 
one often needs some new and specific type of finite difference inequalities for 
proving various theorems or approximating functions. The desire to widen the 
scope of applications of such inequalities resulted in the necessity of discov- 
ering new finite difference inequalities which are directly applicable in the new 
situations. In this chapter, we offer various basic finite difference inequalities re- 
cently investigated in [35,37,39,44,45,53,55,57,67,68,70,73,75] which can be used 
as powerful tools in certain applications. Some fundamental applications are 
given to illustrate the usefulness of certain inequalities. 


4.2 Fundamental finite difference inequalities 


In this section, we focus our attention on some basic inequalities established 
by Pachpatte in [57] (see also [42]) which provide explicit bounds on unknown 
functions and can be used as an effective tool in the development of the theory 
of finite difference equations and numerical analysis. 


We start with the following theorems which deals with the finite difference 
inequalities proved in [57]. 
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Theorem 4.2.1. Let u(n),a(n),b(n),c(n), p(n) € D(No, R+) and Ac(n) > 
0 for n € No., If 


u(n) < a(n) + b(n) (: (n) + > p(s) u ) ; (4.2.1) 


s=0 


for n € No, then 


u(n) < a(n) + b(n) (: (0) J] H+ 4(s)p(s)] 


+7 [Ac(s) +.a(s)n(s)] T] [+ sono) | (4.2.2) 
s=0 
for n € No. 


Proof. Define a function z(n) by 


z(n) =c(n)+ SSOLIC? (4.2.3) 
s=0 


Then 2(0) = c(0) and (4.2.1) can be restated as 

u(n) < a(n) +b(n)z(n). (4.2.4) 
From (4.2.3) and (4.2.4) we observe that 

Az(n) = Ac(n) + p(n) u(n) 


< b(n) p(n) z(n) + [Ac(n) + a(n) p(n). (4.2.5) 
Now by applying Theorem 1.2.1 given in [42, p. 11] to (4.2.5) we get 


n-1 n-1 


+> [Ac(s) + a(s)p(s)] [] +0(o)p(o). (4.2.6) 


s=0 o=s+1 
Using (4.2.6) in (4.2.4) we get the required inequality in (4.2.2). 


Remark 4.2.1. We note that in the special case when c(n) = 0 , the inequality 
given in Theorem 4.2.1 reduces to the inequality given by Pachpatte, see [42, 
Theorem 1.2.3, p. 13]. 


Theorem 4.2.2. Let u(n),a(n) ,b(m),c(n),Ac(n) be as in Theorem 4.2.1. 
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(a1) Let L: No x Ry — Ry be a function such that 


for n € No, x > y > 0, where M(n, y) is a real-valued nonnegative function 
defined for n € No, y € Ry. If 


u(n) < a(n) + b(n) (: (n) + y L(s,u ©) ; (4.2.8) 
s=0 
for n € No, then 
u(n) < a(n) + b(n) (: (0) Ul {1 + M (s,a(s)) b(s)] 
s=0 
+ s. [Ac(s) + L(s,a(s))| Ul [1+ M (c,a(c)) so) , (4.2.9) 
s=0 o=s+1 


(a2) Let L: No x Ry — R, bea function which satisfies the condition 
0<L(n,x)-L(n,y)<M(n,y)o' (@e—y), (4.2.10) 
forn € No,x > y > 0, where M(n, y) is as in (a1), 6: Ry > Ry is a continuous 
and strictly increasing function with ¢(0) = 0, ¢~! is the inverse function of 


and 


oe (ay) So * (2) do" (y), (4.2.11) 


for x,y € Ry. If 


u(n) < a(n) + b(n) ¢ (: (n) + s L(s,u ©) : (4.2.12) 
s=0 


for n € No, then 


n—-1 n—-1 


+S" [Ac(s)+L(s,a(s))] T] [1+ M(e,a(0)) 47 won) (4.2.13) 


s=0 o=s+1 
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Proof. (a) Define a function z(n) by 
z(n) =c(n)+ SE (au(s)). (4.2.14) 
s=0 


Then z(0) = c(0) and (4.2.8) can be restated as 

u(n) < a(n) + b(n) z(n). (4.2.15) 
From (4.2.14), (4.2.15) and (4.2.7) we have 

Az(n) = Ac(n) + L(n,u(n)) 

< Ac(n) + L(n,a(n) + b(n) z(n)) — L(n,a(n)) + L(n,a(n)) 

< M (n,a(n)) b(n) z(n) + [Ac(n) + L(n,a(n))]. (4.3.16) 
Now by applying Theorem 1.2.1 given in [42] to (4.2.16) we get 


n—-1 n-1 


+ S- [Ac(s) + L(s,a(s))] Il [1 + M (c,a(c)) b(o)]. (4.2.17) 


s=0 o=s+1 
Using (4.2.17) in (4.2.15) we get the desired inequality in (4.2.9). 


(a2) Define a function z(n) by (4.2.14). Then z(0) = c(0) and (4.2.12) can be 

restated as 

u(n) < a(n) +b(n) d(z(n)). (4.2.18) 
From (4.2.14), (4.2.18), (4.2.10) and (4.2.11) we have 
n,u(n)) 
+ b(n) b(z(n))) — L(n,a(n)) + L(n,a(n)) 
n) 6(z(n))) + [Ac(n) + L(n, a(n))] 

< M (n,a(n)) 7" (b(n)) z(n) + [Ac(n) + L (n,a(n))] - (4.2.19) 
Now an application of Theorem 1.2.1 given in [42] to (4.2.19) yields 


\ 
E 
Cart 
of 
wy 
= 
a 
Se 


n-1 


z(n) < (0) [J [1+ (s,a(s)) o7* (6(s))] 


s=0 


n-1 


+ s [Ac(s) + L(s,a(s))] II [1+ M (o,a(c))¢7'(b(c))]. (4.2.20) 
s=0 


o=st+l 
Using (4.2.20) in (4.2.18) we get (4.2.13). 
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Remark 4.2.2. If we take c(n) = 0 in Theorem 4.2.2, part (a1), then we 
recapture the inequality given by Dragomir in [11] (see also [10]). We note that 
from Theorem 4.2.2, part (a1), one can easily obtain the corollaries similar to 
that of given in [10] (see also [11]) which can also be used in certain applications. 


In the following theorems we present some useful generalizations of the in- 
equalities given in [42, Theorem 2.3.1, Corollary 3.3.1]. 


Theorem 4.2.3. Let u(n),a(n),b(n),c(n),p(n) € D(No, Ry). 


(b1) Let Aa(n) > 0 for n € No;g € C(R+, Ry) be a nondecreasing function 
with g(u) > 0 for u > 0. If 


u(n) < a(n) + ¥> p(s) 9(u(s)), (4.2.21) 
for n € No, then for0<n<n1;n,n1 € No, 
u(n) < G-! |G (a(0)) 4 3 (4 nt) (4.2.22) 
where 
i ds 
G(r) = / ie 0, (4.2.23) 


ro > 0 is arbitrary and G7! is the inverse of G and n, € No is chosen so that 


G (a(0)) + D PaaS +p(s)) € Dom (G~") 


for all n € No lying in 0 <n < ny.. 


(bz) Let Ac(n) > 0 for n € No; g,G,G~! be as in part (b1) and suppose in 
addition, g(u) is subadditive and submultiplicative. If 


u(n) < a(n) +5(n) (: (n) + ¥ rtsatute) , (4.2.24) 
s=0 


for n € No, then for 0 <n < ng;n,n2g € No, 


u(n) < a(n) +b(n)G~ [G (c(0)) 


5 (Ae eee a) + p(s) g(b ©) : (4.2.25) 
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and nz € No is chosen so that 


G(c(0)) 4 >» (Act epee) 5 9(s)9(0())) € Dom (6), 


for all n € No lying in 0 < n < no. 


Proof. (b,) Let a(n) > 0 for n € No and define a function z(n) by the right 
hand side of (4.2.21). Then z(0) = a(0), u(n) < z(n), z(n) > 0 and 
Az(n) = Aa(n) + p(n) g (u(n)) 


< Aa(n)+ p(n) g(z(n)). (4.2.26) 
From (4.2.23), (4.2.26) and the fact that a(n) < z(n) we observe that 


z(n+1) 


G(z(n+1))-G(z(n)) = ~ 
z(n) 


+ p(n). (4.2.27) 


By taking n = s in (4.2.27) and summing up over s from 0 to n — 1 we get 


G(e(m) <4) +> (I + 0(0)), 


s=0 


which implies 


G(a(0)) + 3 Gan +09) (4.2.28) 


z(n)<G 


Using (4.2.28) in u(n) < z(n) we get the required inequality in (4.2.22). If 
a(n) > 0 for n € No, we carry out the above procedure with a(n) + € instead 
of a(n), where ¢ > 0 is an arbitrary small constant, and subsequently pass to 
the limit as ¢ — 0 to obtain (4.2.22). The subdomain 0 < n < nj is obvious. 
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(b2) Let c(n) > 0 for n € No and define a function z(n) by 


2(n) = e(n) + Yo v(s)9(u(s)). (4.2.29) 
s=0 


Then 2(0) = c(0), z(n) > 0 for n € No and (4.2.24) can be restated as 

u(n) < a(n) +6(n)2(n). (4.2.30) 
From (4.2.29) and (4.2.30) we have 

Az (n) = Ac(n) + p(n) g (u(n)) 

< Ac(n) + p(n) g (a(n) + b(n) 2 (n)) 


< (Ac(n) + p(n) g (a(n))) + p(n) g (b(n) g (2 (n)). (4.2.31) 


( 
From (4.2.23), (4.2.31) the fact that c(n) < z(n) and following the proof of (61) 
we obtain 


z(n) < G~"[G(c(0)) 


Se (Acls) +7(s)9(4(8))) 0) ators 
Pe (FEO) 96s) 9 0(5) 


s=0 


(4.2.32) 


Using (4.2.32) in (4.2.30) we get (4.2.25). The proof of the case when c(n) > 0 
can be completed as mentioned in the proof of (b;).The subdomain 0 < n < no 
is obvious. 


Remark 4.2.3. If we take a(n) = k, a nonnegative constant, then the in- 
equality given in Theorem 4.2.3, part (b1) reduces to the discrete version of the 
well known Bihar’s inequality, see [42, p. 103]. For a detailed account on such 
inequalities, see [42] and also [85]. 


Theorem 4.2.4. Let u(n),a(n) ,b(n) € D(No, Ry). 


(ci) Let Aa(n) > 0 for n € No. If 


n-1 


u?(n) <a(n)+25~ b(s)u(s), (4.2.33) 


s=0 


for n € No, then 


( pal) G v0) (4.2.34) 
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(co) Let h € C(R,, R,) be a nondecreasing function with h(u) > 0 for u > 0. 
If 


u?(n) < a(n) +25 b(s)h(u(s)), (4.2.35) 


H(r) = / m5" > 0, (4.2.37) 


ro > 0 is arbitrary and H~! is the inverse of H and n3 € No is chosen so that 


H (a(0)) 4 y a0) ! m0) € Dom (H~), 


s=0 n( a(s 


for all n € No lying in 0 < n < nz. 


Proof. (c,) Let a(n) > 0 for n € No and define a function z(n) by the right 
hand side of (4.2.33). Then z(0) = a(0),u(n) < \/z(n) and 


Az (n) = Aa(n) + 2b(n) u(n) 


< Aa (n) + 26(n) Vz (n). (4.2.38) 


Using the facts that \/z(n) > 0, Az(n) > 0, V/z(n) < V/z(n +1), a(n) < z(n) 
for n € No and (4.2.40) we observe that (see [42, p. 212]) 


_  2(n+1)—2z(n) 
A( 2(n)) ey ee EY aes 
es Az (n) 
~ 2y/z(n) 
Aa(n) + 2b(n) Vz (n) 
~ 2,/z(n) 
< Aa(n) bial 
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which implies 


Vz(n) < Va(0) > cas )). (4.2.39) 


Using (4.2.39) in u(n) < ./z(n) we get the required inequality in (4.2.34). The 
proof of the case ao a(n ) ‘ a for n € No can be completed as in the proof of 
Theorem 4.2.3, part (b1). 


(co) Let a(n) > 0 for n € No and define a function z(n) by the right hand 
side of (4.2.35). Then z(0) = a(0), z(n) > 0, u(n) < /z(n) and 


Az(n) < Aa(n) +2b(n)h ( Zz (n)) (4.2.40) 


As in the proof of Theorem 4.2.3, part (61), from (4.2.37), (4.2.40) and the fact 
that a(n) < z(n) we observe that 


Az (n) 


+ 2b(n). 


AH (z(n)) < 


Aa(n) 


n( a(n) 


The rest of the proof can be completed by following the proof of Theorem 4.2.3, 
part (b,).We omit the details. 


Remark 4.2.4. We note that the inequality given in Theorem 4.2.4, part (c1) 
can be considered as a generalization of the inequality in Corollary 3.3.1 given 
in [42], while the inequality in part (cz) is a slight variant of the special version 
of the inequality in Theorem 3.3.5 given in [42]. 


4.3 Some more finite difference inequalities 


Due to various motivations, several new finite difference inequalities which 
yield explicit estimates on unknown functions have been investigated and used 
extensively in the literature, see [42]. In this section, we offer some more finite 
difference inequalities recently established by Pachpatte in [35,45,55,68] which 
can be used as tool in certain new applications. 


Our first theorem deals with the finite difference inequalities proved in [68]. 


Theorem 4.3.1. Let u(n),a(n) € D(No, R4); k(n,0), Aik(n,o) € D(E, 
Ry), where E = {(m,n) € NG:0<n<m< oo}. 
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(a1) Let g € C(R,, R+) be a nondecreasing function with g(u) > 0 for u > 0. 
If 


n—1 
u(n) <c+ ) > k(n,0)9(u(o)), (4.3.1) 
a=0 
for n € No, where c > 0 is a real constant, then for 0 <n < n1;n,n1 € No, 
n—-1 
u(n) <Gt|G(c)+ S- H ) ; (4.3.2) 
s=0 
where 
n-1 
H(n)=k(n+1,0)+ >) Aik(n,o), (4.3.3) 
a=0 
i ds 
G(r = | Zr>o, 4.3.4 
m=] (4.3.4) 


TO 


ro > 0 is arbitrary, G~! is the inverse of G and n; € No is chosen so that 


n-1 
G(c)+ ye H (s) € Dom (G"") 
s=0 
for all n € No lying in0O<n< ny. 


(a2) Let g,G,G~+ be as in (a,) and suppose in addition g(u) is subadditive. 
If 


u(n) < a(n) rnc (c)), (4.3.5) 
for n € No, then for ee < najn,nz € No, 

u(n) <a(n)+G' |G(B(n)) + 5 H(s)|, (4.3.6) 
where H(n) is given by (4.3.3), 7 

B(n)= ve (n,0)g (a(o)), (4.3.7) 


for n € No and ng € No is chosen so that 
n-1 
G(B(n))+ )> H(s) € Dom (G™), 
s=0 


for all n € No lying in0<n< ng. 
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Proof. (a) Let c > 0 and define a function z(n) by the right hand side of 
(4.3.1). Then z(0) =c, u(n) < z(n), z(n) > 0 and 


n-1 
Az(n) =k(n+1,n)9(u(n)) +S) Ark (no) g (u(o)) 
o=0 
<A (n)g(z(n), 
where H(n) is given by (4.3.3), see [42, p. 22]. The rest of the proof can be 


completed by following the similar arguments as in the proof of Theorem 4.2.3, 
part (b,). We omit the details. 


(a2) The proof follows by closely looking at the proof of (a,) and the proof 
of Theorem 4.2.3, part (bz). Here we leave the details to the reader. 


The next theorem contains the inequalities established in [55]. 
Theorem 4.3.2. Let u(n),k(n,0),Aik(n,o) and c be as in Theorem 4.3.1. 
(b1) If 
n—-1 
u? (n) <e+ SS k(n,o)u(o), (4.3.8) 
o=0 
for n € No, then 
1 n-1 
u(n)Sve+5 d H(s), (4.3.9) 
for n € No, where H(n) is given by (4.3.3). 
(b2) Let g(u) be as in Theorem 4.3.1, part (a1).If 
n—-1 
w(n)<e+ S > k(n,o)u(o) g(u(o)), (4.3.10) 
o=0 
for n € No, then for 0 <n < ng;n,n3 € No, 
1 n-1 
=1 
u(n)<G@ |G(Ve) + 5 dH) (4.3.11) 


where H(n) is given by (4.3.3), G, G+ are as defined in Theorem 4.3.1, part 
(a) and ng € No is chosen so that 


G (Vc) + 5 S- H(s) € Dom(G""), 


for all n € No lying in 0 < n < nz. 
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Proof. (b,) Let c > 0 and define a function z(n) by the right hand side of 
(4.3.8). Then z(0) = c, u(n) < ./z(n), z(n) is positive and nondecreasing for 
n € No and 


= Soko) )- Simone to u(o) 


n—-1 


+Sok(n+1,o)u -S (oa 


o=0 


=k(n+1,n)u oT aaron (c) 


<k(n4+1,n) J/z(n) + Seow 
o=0 


< H(n) Vz(n). (4.3.12) 


The rest of the proof follows by using the similar arguments as in the proof 
of Theorem 4.2.4, part (c,) below (4.2.40) with suitable changes. We omit the 
details. 


(b2) The proof follows by closely looking at the proof of part (b,) given above 
and the proof of Theorem 3.3.5 given in [42]. We omit it here to avoid repetition. 


The discrete inequalities established in [35,45] are embodied in the following 
theorems. 


Theorem 4.3.3. Let u(n),a(n),b(n),g(n),h(n) € D(No, Ry) and p > 1 
be a real constant. 


(c1) If 

uP (n) < a(n) + b(n) s [g (s) u? (s) + A(s) u(s)], (4.3.13) 

s=0 
for n € No, then 

= p-1-als) 

une { (n) +5( 1X (sai +H) (2+ +2) 

n-1 h(o) z 
ae E [1+ (0 (a(o) + 2) , (4.3.14) 
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(c2) Let c(n) be a real-valued positive and nondecreasing function defined on 
No. If 


uP (n) < cP (n) + b(n) 3 [g(s) uP (s) + h(s) u(s)], (4.3.15) 
s=0 
for n € No, then 
u(n) < c(n) ( + b(n) [9 (s) ++ h(s) cl? (s)] 
7 a or h@) ap o 
* I fea I (a )+ ( yi ' (4.3.16) 
for n € No 


uP (n) < a(n) + b(n) S- k(n, 8) [g (s) u? (s) + h(s) u(s)], (4.3.17) 
s=0 
for n € No, then 
u(n) < {e+ 8(0) Bl Ul h+ac]} (4.3.18) 
o=0 T=0+1 


for n € No, where 


An) = b(n 41,1) (0) (gn) +) 

+S aik(n.s) (a) +42), (4.3.19) 
B(n) =k(n+1,n) (a(n) a(n) + n(n) (= +20) 

+S akin) (a(s)a(s) th (s) (= | we), (4.3.20) 


210 Finite difference inequalities in one variable 


Proof. (c,) Define a function z(n) by 
z(n) = s [g (s) u? (s) + h(s) u(s)]. (4.3.21) 
s=0 
Then z(0) = 0 and (4.3.13) can be written as 
uP (n) < a(n) + b(n) z(n). (4.3.22) 


From (4.3.22), as in the proof of Theorem 1.3.2, part (a1) we obtain 


u(n) < (= ! a) OD See (4.3.23) 


z 
Pp 


From (4.3.21) and using (4.3.22), (4.3.23) we get (see [42, p. 13]) 


Pp 


x(n) < b(n) (g(n) +) sm 


if E (n) a(n) + h(n) (2 ae “))| (4.3.24) 


Pp 
Now a suitable application of Theorem 1.2.1 given in [42, p.11] to (4.3.24) yields 


FOS fo (sa(s) +409) (2 +20!) 


P 
Tt fo (s0+22)] 4.3.25 


Using (4.3.25) in (4.3.22) we get the required inequality in (4.3.14). 


(c2) Since c(n) is positive and nondecreasing function for n € No, from (4.3.15) 
we observe that 


call = 1+0(0) s (s) (=3)" + h(s)ci? (s) (=) ]. (4.3.26) 


s=0 


Now an application of the inequality given in (c1) to (4.3.26) yields the desired 
inequality in (4.3.16). 


(c3) Define a function z(n) by 


z(n) = 3 k(n, s) [g (s) u? (s) + h(s) u(s)]. (4.3.27) 
s=0 
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Then z(0) = 0 and as in the proof of part (c,), from (4.3.17) we see that the 
inequalities (4.3.22) and (4.3.23) hold. From (4.3.27) and using (4.3.22), (4.3.23) 
and the fact that the function z(n) is nondecreasing in n, we observe that 


Az(n) = k(n +1,n)) [g (n) uP (n) + h(n) u(n)] 
+ Aik (n, s) [9 (s) u? (s) + h(s) u(s)] 
s=0 


<k(n+1,n) [9 (nr) (a(n) + b(n) z(n)) 
+h(n) (= poe 2) ()| 


P 
Rs 3 Aik (n, s) [9 (s) (a(s) + b(s) 2 (s)) 
s=0 
i s p-l ; a(s) b(s) ‘ 
ne ( Bp Br ))| 
SA ain) ae): (4.3.28) 


Now a suitable application of Theorem 1.2.1 given in [42, p. 11] to (4.3.28) 
yields 


z(n) < ss B(o) Ul [1+ A(r)]. (4.3.29) 
o=0 TtT=o+1 


From (4.3.29) and (4.3.22) the desired inequality in (4.3.18) follows. 


Theorem 4.3.4. Let u(n),a(n),b(n),g(n) € D(No, Ri) and p> 1 bea 
real constant. 
(d,) Let LD: No x Ry — Ry be a function such that 
0< L(n,2) —L(n,y) <M (ny) (e-y), (4.3.30) 
forn € No, x >y>0, where M: No x Ry — Ry.If 


n—-1 


uP (n) < a(n) +b(n) S~ L(s,u(s)), (4.3.31) 


for n € No, then 


x Tl E ! M (02 ! to a0) 6 (4.3.32) 
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(dz) Let L: No x Ry — Rx be a function which satisfies the condition 
O< L(n,x)-L(ny)<M(n,y)b™ (x@—y), (4.3.33) 


forn € No, x > y > O,where M: Nox Ri — Ry, Ww: Ry — R, is a continuous 
and strictly increasing function with w (0) = 0, ~~! is the inverse function of w 
and p~! (ay) < pt (x) pb" (y) for a,y € Ry. If 


s=0 


uP? (n) < a(n) + b(n) (s L ut) : (4.3.34) 


for n € No, then 


TL f | u («22 | 20)) yo (H)]) (4.3.35) 


(d3) Let W (r),G,G~ be as in Theorem 1.3.2, part (b3). If 


n—-1 


uP (n) < a(n) +b(n) S~ g(s) W (u(s)), (4.3.36) 
s=0 


for n € No, then for 0 <n < n4a;n,n4 € No, 


u(n) < {a0 +b(n)G"! |G (D(n)) + s 9 ()W (2)] , (4.3.37) 
s=0 


Pp 
where 
3 oes p-1, a(s) 
Din)= Seat ( —1 4 26 ); 


and n4 € No is chosen so that 


n-1 

a b 

G(D(n)) + oe g(s)W (“2 Dom (G"") , 
s=0 

for all n € No lying in0O<n< nq. 


The proof follows by closely looking at the proofs of Theorem 1.3.2 and 4.3.3, 
see also [42]. Here we omit the details. 
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Theorem 4.3.5. Let u(n),f(n) € D(No,R+), h(n,oc) € D(E,R+) and 
c>0, p> 1 are real constants and E is defined as in Theorem 4.3.1. 


(e,) Let g, H, H~' be as in Theorem 1.3.3. If 


uP (n) < oy f(s) g(u(s)) + Y Mae)ot | , (4.3.38) 
for n € No, then ne <n<nsin,ng € a 

u(n) <{H-[H() +F(n)]}?, (4.3.39) 
where 

F(n)= » f(s)+ Yrs (4.3.40) 


and ns € No is chosen so that 
H (c) + F(n) € Dom (H™*) 


for all n € No lying in 0 <n < ns. 


(e2) If 
uP (n) <e+ x f (s)u(s) + + h(s,o) u ) : (4.3.41) 
s=0 o=0 
for n € No, then 
pol p= 1 a 
u(n) < le > + (=) Fin) : (4.3.42) 


for n € No, where F'(n) is given by (4.3.40). 


Proof. (e;) Let c > 0 and define a function z(n) by the right hand side of 
‘L. 

(4.3.38). Then z(0) = c, u(n) < {z(n)}”, z(n) is positive and nondecreasing 

for n € No and 


fin)t San, a] | (4.3.48) 
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From (1.3.41) and (4.3.43) we observe that 


z(n+1) 
H(z(n+1))— H(z (n)) = 


< f(n)+ So h(n,0). (4.3.44) 


The rest of the proof follows as in the proof of Theorem 4.3.2, part (b1) with 
suitable changes. We omit the details. 


(e2) The proof is similar to that of Theorem 1.3.4. We omit it here to avoid 
repetition. 


4.4 Finite difference inequalities with iterated 
sums 


The main concern of this section is to present some finite difference inequalities 
involving iterated sums, investigated by Pachpatte in [53, 67,73] which can be 
used as tools in the study of general classes of finite difference and sum-difference 
equations. 


Our first theorem deals with the inequalities proved in [53]. 
Theorem 4.4.1. Let u(n),f(n),a(n) € D(No, Ry), k(n, oc), Ark (n,o) 


€ D(E,R,) andc > 0 beareal constant, where E = {(m,n) € No:0<n<m 
00}. 


(a1) If 
u(n) <c+ s f(s) Ju(s) + y k(s,o)u °) ; (4.4.1) 
s=0 o=0 


for n € No, then 


s—1 


143° F(65) [[ D+F) +A) 
s=0 


o=0 


u(n) <c (4.4.2) 
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for n € No, where 


A(n) ace Mee: (4.4.3) 
=0 
for n € No. 
(az) If 

u(n) < a(n) + 3 f (s) Ju(s) + ve (s,o) u ©) ; (4.4.4) 
for n € No, then : : 

u(n) < a(n) + B(n) j1+ rio TT [i+ f(o)+A(o)]], (4.4.5) 
for n € No, where 

B(n) = > f(s) Ja(s)+ ve (s,0) a ) ’ (4.4.6) 


for n € No and A(n) is given by (4.4.3). 


Proof. (a,) Define a function z(n) by the right hand side of (4.4.1). Then 
2(0) =c, u(n) < z(n) and 


Az(n) = f(n) 


u(n)+ So cong) 
o=0 


< f (n) 


z(n)+ ss k(s,0)z °) : (4.4.7) 


Define a function uv(n) by 


u(n) = z(n)+ > k(s,0) z(o). (4.4.8) 
o=0 


Then v(0) = z(0) =c, z(n) < v(n), Az(n) < f (n) v(n), v(n) is nondecreasing 
for n € No, and 


n 


Av(n) = Az(n) + ¥ k(n 41,0) 2(0) — Sk (0) 20) 
o=0 


ao=0 


216 Finite difference inequalities in one variable 


AX) LHW Oe MEMS) 2@) 
o=0 


<[f(n)+A(n)]v(n), (4.4.9) 
where A(n) is given by (4.4.3). The inequality (4.4.9) implies (see [42, p. 12]) 
u(n)<c Ul [1+ f(c)+A(o)). (4.4.10) 
o=0 


Az(n) <ef (n) [[ +f (o) + A(o)l. (4.4.11) 


The inequality (4.4.11) implies the estimate 


z(n)<c 147 F(T] D+ f+ 4) : (4.4.12) 
s=0 o=0 


Using (4.4.12) in u(n) < z(n) we get the desired inequality in (4.4.2). 


(a2) The proof can be completed by closely looking at the proofs of (a1) given 
above and Theorem 1.4.1, part (a2). We omit the details. 


Remark 4.4.1. We note that the inequalities given in Theorem 4.4.1 are the 
discrete analogues of the inequalities given in Theorem 1.4.1. In the special case 
when k(n, 0) = g (oc), the inequality in (a1) reduces to the inequality established 
earlier by Pachpatte, see [42, Theorem 1.4.1, p. 26]. For slight variants of the 
inequalities given in Theorem 4.4.1, see [42]. 


In the following theorems we present the inequalities established in [67]. 
Theorem 4.4.2. Let u(n) € D(No, Ry) , k(n, 0), Aik(n,c) € D(E, R,), 


h(n,s,0),Aih(n,s,0) € D(F,R,) and c > 0 be a real constant, where EF = 
{(n,s) € N@:0<s<n<co}, F= {(n,8,0) €N§:0<0<s<n<oh}. 


(b1) If 
u(n) <e+ 3 k(n, 8) u(s) + > S h(n, 8,0) u ) (4.4.13) 
for n € No, then 7 — 
u(n) < Tt +P(s)+Q(s)], (4.4.14) 
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for n € No, where 


P(n)=k(n+ iy naeeenies (4.4.15) 
o=0 


n-1 n-1 fr-1 
= So Aik(n,7)+ 5° S Aih(n,7, °) ; (4.4.16) 
T=0 T=0 \o=0 
for n € No 


(bo) Let g € C(R,, Ry) be a nondecreasing function with g(u) > 0 for u > 0. 
If 


in) ceo Sdn s)a HOD +E (Tremaoyar uo) (4.4.17) 


for n € No, then for 0 <n < ny;n,n, € No, 


u(n)<G! 


G(c)+ s [P(s)+Q «] , (4.4.18) 


s=0 


where P(n),Q(n) are given by (4.4.15), (4.4.16), 


f dt 
=] er? (4.4.19) 


ro > 0 is arbitrary, G~* is the inverse of G and n; € No be chosen so that 


oS s)] € Dom (G~ a? 


for all n € No lying in0O<n< ny. 


Proof. (b,) Define a function z(n) by the right hand side of (4.4.13), then 
z(0) = c and u(n) < z(n). From the hypotheses, we observe that z(n) is 
nondecreasing for n € No and 


= yok (n+1,s)u 4D (Tao tne u(o ) 


s=0 


~ J k(n, 9) (s) - S (Saino) ao)) 
s=0 


s=0 \o=0 


=k(n+1,n)u ion Son (n+ 1,8) u(s) — S_ k(n, 8) u(s) 
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+ Yoho Lemon +E (Sans tney 7) 


-¥ (Sremaon °) 


=k(n+1,n)u 4 Satna) (s) 


+ A(nt 1,n,o)u(o) + 2 we aih(n.s0) (a) 


o=0 s=0 \o=0 


<k(n+1,n)z ie Sauk) (s) 


+S al n+1l,n,o)z +E (Sam n, 8,0) -() 


o=0 s=0 \o=0 


< [P(n) +Q(n)]z(n). (4.4.20) 


Now a suitable application of the Corollary 1.2.2 given in [42, p. 12] to (4.4.20) 
yields 


n-1 


n) <e][ (1+ P(s) + Q(s)]. (4.4.21) 
s=0 
Using (4.4.21) in u(n) < z(n) we get the required inequality in (4.4.13). 
(b2) Let c > 0 and define a function z(n) by the right hand side of (4.4.17). 


Then z(0) =c, u(n) < z(n), z(n) is positive and nondecreasing for n € No and 
by following the proof of (61) with suitable modifications we get 


Az(n) <[P(n) + Q(n)]g(z(n)). (4.4.22) 


The rest of the proof can be completed by following the proof of Theorem 4.2.3, 
part (b,). Here we omit the details. 


Theorem 4.4.3. Let u(n),k(n,s) , h(n,s,0), c be as in Theorem 4.4.2 and 
b(n) € D(No, Ry). 
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(c1) If 
n)< eR OL eS (Teena) 
s=0 s=0 \T=0 


s=0 \r=0 


25 (Sa 8,T,0) vo). (4.4.23) 


for n € No, then 


sel] 


for n € No. 


1+b(s + Som 8,T (Se onan)]) (4.4.24) 


(c2) Let g(u) be as in Theorem 4.4.2, part (b2). If 


n) <e+ SB(s)9(u(g) +0 (Srrintucry) 
s=0 s=0 T=0 
> (x (Sa 8,7, 0) nate) (4.4.25) 


s=0 \r=0 
for n € No, then for 0 <n < ng;n,n2 € No, 


u(n) <G™"[G(c) 


ase b 9+ Eee +¥ (Laene]], (4.4.26) 
s=0 T=0 T=0 \o=0 


where G,G~! are as in Theorem 4.4.2, part (b2) and nz € No be chosen so that 


+ Ss b(s) +37 k(6,7) > (Saenn)| € Dom (G""), 
s=0 T=0 T=0 \o=0 


for all n € No lying in0<n< ng. 


Proof. (c,) Define a function z(n) by the right hand side of (4.4.25). Then 
z(0) =c, u(n) < z(n), z(n) is nondecreasing for n € No and 


Ax(n) = b(n)u(n) + k(n, re +E (Fronneye °) 
n+ Sk (ny7)z Gre> (Smon)-te) 
7T=0 T=0 \o=0 
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< 


b(n) + Ss k(n,T) + ys (x h(n,7, °)| z(n). (4.4.27) 
T=0 =0 \o=0 


Now a suitable application of Corollary 1.2.2 given in [42, p. 12] to (4.4.27) 
yields 


z(n) < eT] 1+ b(s) 4 Ge) zs (Eaene)) (4.4.28) 
s=0 T=0 =0 \o=0 


Using (4.4.28) in u(n) < z(n) we get the desired inequality in (4.4.24). 


(c2) The proof can be completed by following the proof of (c,) and closely 
looking at the proof of Theorem 4.4.2, part (bz). Here we omit the details. 


Remark 4.4.2. We note that the inequalities in Theorems 4.4.2 and 4.4.3 
parts (b;) and (c,) provides the growth estimates on the discrete versions of the 
integral inequalities due to Bykov and Salpagarov [9] given in Theorem 1.4.2, 
while the inequalities in (bz) and (cz) provides the growth estimates on the 
general versions of the inequalities given in [9], which can be used conveniently 
in certain applications. 


The inequalities established in [73] are embodied in the following theorems. 


In what follows, let J; = {(ni,...,mi) : (m1,...,ni) € NO} fori =1,...,.m. For 
any functions w(n) € D(No, Ry), ki (mi,...,23) € D( Ji, Ry) for i = 1,...,m; 
first we give the following notations used to simplify the details of presentation: 


ny =0 na =0 Ny =0 


G [w] (n) = ky (nm) w(n)+ 3 Kg (nm, 2) w (ng) + S> (s k3 (n, ng, m3) w on) 


n2=0 n2=0 \n3=0 


beat SS (S- Ce ( 7 ke (atm) (0m) _ ’ 


n2=0 \n3=0 Nm=0 


Theorem 4.4.4. Let u(n),a(n) € D(No, Ri), ki (m,...,ni) € D(Ji, Ry) 
fori = 1,...,m and c> 0 is a real constant. 


(d,) If 


u(n) <c+ yy B; {ul (n), (4.4.29) 
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for n € No, then 
u(n)<c¢ (1+ G[1] (n1)], (4.4.30) 


for n € No. 


(dz) Let a(n) be nondecreasing for n € No. If 


u(n) <a(n) + > B; (ul (n), (4.4.31) 
for n € No, then 
u(n) < a(n) Ul (1+ G[1] (n1)], (4.4.32) 
ni1=0 


for n € No. 


Proof. (d,) Define a function z(n) by the right hand side of (4.4.29) i-e., 


n) =c-+ So ky (m)u(m) + 1S HeD kg (11, n2) 7) 


ni=0 ni=0 \n2=0 


ate SB (S (S kg — Ain 


m=0 \n2=0 \ng=0 
n-1 /ni—-1 /ne-1 nay 
EE (E-(Esomm-nnta))) 
ni1=0 \n2=0 \n3=0 Nm=0 
Then z(0) =c, u(n) < z(n), z(n) is nondecreasing for n € No and 


Az(n) = ki (n) u(n)+ y ka (n, nz) u(n 9 (SE k3 (n, na, n3) von) 


n2=0 n2=0 \n3=0 


t...+ s (S 23 ( y kim erty 


n2=0 \n3=0 Nm=0 


< [iin 5 totum > (Ee a) 


n2=0 n2=0 \n3=0 


+e + 3 (S- re ( S km, (maint) Jo] z(n) 


n3=0 Nm=0 
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Az(n) < G[1] (n) z(n). (4.4.33) 


Now a suitable application of Theorem 1.2.1 given in [42] to (4.4.33) yields 
z(n) <e [J 1+GE[J(m)]. (4.4.34) 
Using (4.4.34) in u(n) < z(n) we get the desired inequality in (4.4.30). 


(dz) The proof can be completed by closely looking at the proof of Theorem 
1.2.4 given in [42] and by making use of the inequality established in (d) . We 
omit the details. 


Theorem 4.4.5. Let u(n), kj(ni,...,2:) for 7 = 1,...,m be as in Theorem 
4.4.4, 


(e1) Let d(n) € D(No, R+) and Ad (n) > 0 for n € No. If 


u(n) <o(n) + og B; [ul (n), (4.4.35) 
for n € No, then 
u(n) < ¢(0) II [1 + G [1] (mi))+ v0 (1) T [1+ G[1] (o)], (4.4.36) 
for n € No 
(e2) Let a(n) b(n) € D(No, Ry). If 
u(n) < a(n) + b(n) oa) B; [ul (n), (4.4.37) 
for n € No, then 
u(n) < a(n) + b(n) yo [a] (m1) ali, [1 + G[d| (0)], (4.4.38) 
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Proof. (e;) From the hypotheses on ¢(n) we observe that ¢ (n) is nondecreas- 
ing for n € No. Define a function z(n) by the right hand side of (4.4.35). Then 
z(0) = (0), u(n) < z(n), z(n) is nondecreasing for n € No and as in the 
proof of Theorem 4.4.4, part (d,) we have 


Az(n) < Ad(n) + G[]] (n) z(n). (4.4.39) 


Now a suitable application of Theorem 1.2.1 given in [42] to (4.4.39) yields 


z(n) < $(0) Ul [1+ G [1] (n1)|+ = Ad (ni) ll [1+ G [1] (o)]. (4.4.40) 
ni1=0 ni=0 o=ni14+1 


Using (4.4.40) in u(n) < z(n) we get the required inequality in (4.4.36). 
(€2) Define a function z(n) by 
z(n) = 5— Bi [ul (n). (4.4.41) 
Then as in the proof of Theorem 4.4.4, part (d,), z(0) = 0, z(n) is nondecreasing 
for n € No; (4.4.37) can be restated as 
u(n) < a(n) + b(n) z(n), (4.4.42) 
and 


Az(n) = ky (n) u(n)+ y kg (n, nz) u(n2) + Ss (s k3 (n,n2,n3) i) 


n2=0 no2=0 \n3=0 


tet y (S ae ( -3 kin (main, Hm) . 


n2=0 n3=0 Nm=0 
< G{a] (n) + G[b] (n) z(n). (4.4.43) 
Now an application of Theorem 1.2.1 given in [42] to (4.4.43) yields 


z(n) < s G [a] (n1) Ul (1 + G[b] (o)). (4.4.44) 
ni1=0 o=n14+1 


Using (4.4.44) in (4.4.42) we get the required inequality in (4.4.38). 


Remark 4.4.3. The inequalities in Theorem 4.4.4 and 4.4.5 are motivated 
by the integral inequalities established by various investigators and given in [3, 
pp. 100-108]. For some useful singular finite difference inequalities, we refer the 
interested readers to the recent paper by Medved [27] and some of the references 
cited therein. 
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4.5 Bounds on certain finite difference inequali- 
ties 


The main goal of this section is to present some specific type of finite difference 
ineualities investigated by Pachpatte in [37,39,44,54,70,75]. The inequalities 
given here can be used in the analysis of certain finite difference and sum- 
difference equations. 

Our first theorem deals with the finite difference inequalities proved in [70]. 


Theorem 4.5.1. Let u(n),a(n),b(n),ce(n), f (n),g(n) € D(Nap, Ry). 


(a1) Suppose that Aa(n) > 0 for n € No,g and 


n-1 B 

u(n) <a(n) + 5_ b(s)u(s) + 5_ e(s)u(s), (4.5.1) 

for n € No,g. If 
B s—1 

n= > e(s) [[ 2+) <1, (4.5.2) 
then 

u(n) < Ny Ul [1+ b(s)]|+ s Aa(s) Ul [1+ b(o)], (4.5.3) 

s=a s=a o=st+l1 
for n € Noa,g, where 
B s—l s—l 
M=; — a(a)+ Sre(s) Ss Aa(r) T] fb +o(ol]- (4.5.4) 
s=a T=Qa o=T+1 
(a2) Suppose that 
n-1 B 
u(n) <a(n)+b(n)S> f (s)u(s)+S— g(s)u(s), (4.5.5) 


for n € Noa. If 


B 
Q= Sg (s) Lo(s) <1, (4.5.6) 
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then 
u(n) < Ly (n) + NoLe (n), (4.5.7) 
for n € Na,g, where 
Li(n) = a(n) +5(n) Sf (s)a(s) TT 1+ F()d(o) (1.5.8) 
s=a o=st+l1l 
La(n) =e(n) +b(n) Sf (s)e(s) TT 1+ F(o)(o) (1.5.9) 
s=a o=st+l1 
and 
1 B 
SD ele 7 S" 9(s) Li (s) (4.5.10) 
(a3) Let r(n,s),Ar(n,s) € D (N2.6,R+) fora<s<n< (and 
n-1 B 
u(n) < a(n) +S or(n,s)u(s) + 5 ~ c(s) u(s) (4.5.11) 
for n € Nog. If 
B s—l 
a= >_> c(s) J] [1+ B(r)] <1 (4.5.12) 
then 
(n) < a(n) )+Ns TL | 1+ B(s +S ae TI [1+ B(o)], (4.5.13) 
s=a o=s4+l1 
for n € Nog, where 
A(n) =r(n+1,n) Daur (n, 8) (4.5.14) 
B(n) =r(n+1,n)+ 3 Air (n,s), (4.5.15) 
and 
B s—1 
S-c(s ‘ee YA A(r aia [1+ B(o)]]. (4.5.16) 


aaa> = 
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(a1) Define a function z(n) by the right hand side of (4.5.1). Then u(n) < 


z(a) =a(a)+ S- c(s)u(s), (4.5.17) 


and 
Az(n) = Aa(n) + b(n) u(n) 
< Aa(n) + b(n) z(n). (4.5.18) 


Now a suitable applicarion of Theorem 1.2.1 given in [42] to (4.5.18) and using 
the fact that u(n) < z(n) we have 


u(n) < z(a) Ul [1+ b(s)] + S Aa(s) Ul [1 + b(o)]. (4.5.19) 
s=a s=a o=st+l1l 


From (4.5.17),(4.5.19) and in view of (4.5.2) we have 
z(a) <M. (4.4.20) 
Using (4.5.20) in (4.5.19) we get the required inequality in (4.5.3). 
The proofs of (a2) and (a3) follows by closely looking at the proof of (a,) and 


the proofs of Theorem 1.5.1, part (a2) and Theorem 1.5.2, part (b;). Here we 
omit the details. 


Remark 4.5.1. By taking c(n) = 0 in (a1) and Nag is replaced by No, we 
get the inequality given in Theorem 1.2.6 in [42]. The inequalities in (a2) and 
(a3) can be considered as the useful variants of the inequalities in Theorems 
1.2.3 and 1.3.4 given in [42]. 

The next theorem contains the inequalities investigated in [54,75]. 


Theorem 4.5.2. Let u(n) € D(No,g, R+) and k > 0 be a real constant. 


(b1) Let a(n,s),6(n,s),c(n,s) € D(E, R4) ; a(n, s), b(n, s) be nondecreas- 
ing in n for each s € Nag where E = {(n,8) € Nis :a<s<n< a} and 


n—-1 s—l B 
u(n) < k+ 5 a(n,s) u(s) + Se c(s,0)u(o) +S ~b(n,s) u(s), (4.5.21) 
for n € Na,g. If 
B n—1 
a(n) = 5-b(n,8) [] + B(n, 8] <1, (4.5.22) 


Chapter 4 227 


for n € Noa,g, where 


€-1 
B(n,€) =a(n,€ J1+ >> el, °] (4.5.23) 
for (n,€) € E, then 
k n-1 
u(n) $= ae u [1+ B(n,€)}, (4.5.24) 
for n € Nas 


u(n) < ‘+10 u(s) +Yatoyuto +O heo)ulo | (4.5.25) 
for n € Na,g. If : : : 

r= 3 h(o) Ul (l+f(7)+ 9(7)] <1, (4.5.26) 
then : : 

u(n) < — Tl (1+ f(s)+9(s)], (4.5.27) 
for n € Naa. : 


Proof. (b;) Fix any m € Nag, then for a <n <m, from (4.5.21) we have 


n—-1 s—1 B 
u(n) <k+S—a(m,s) |u(s)+ >— e(m,o)u(o)| + ¥- b(m,s)u(s). (4.5.28) 


Define a function z(n,m), a <n <™m by the right hand side of (4.5.28). Then 
fora<n<m,u(n) < z(n,m), z(n,m) is nondecreasing in n, 


B 
z(a,m) =k+ S- b(m,s) u(s), (4.5.29) 


s=a 


and 
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<a(m,n) Lb Yo eee) z(n,m), 
Le., 
z(n+1,m) < |1+a(m,n) 14S ecnoy]] etm, (4.5.30) 


fora<n<m. By setting n = € in (4.5.30) and subsituting € = a,a+1,...,.m—1 
successively, we obtain 


m—-1 


z(m,m) < z(a,m) II 


=a 


1+a(m,€) 


é-1 
1+) “en (4.5.31]) 


Since m is arbitrary, from (4.5.31) and (4.5.29) with m replaced by n and using 
u(n) < z(n,n) we have 


n-1 €-1 
u(n) <z(a,n) [J }1+a(n,&) 1+ Ste] (4.5.32) 
=a o=a 
where 
B 
z(a,n) =k+ S/ b(n, s) u(s), (4.5.33) 


Using (4.5.32) on the right hand side of (4.5.33) and in view of (4.5.22) it is easy 
to observe that 


k 
————— 
TL gn) 


Using (4.5.34) in (4.5.32) and (4.5.23) we get (4.5.24). 


(4.5.34) 


z(a,n) 


(bz) Define a function z(n) by the right hand side of (4.5.25). Then z(a) = k,, 
u(n) < z(n) and 


for n € Nag. Define a function v(n) by 


u(n) = z(n)+ i g(a) z(a)+ S- h(a) z(a). (4.5.35) 
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v(a) =k+ > h(a) z(o), (4.5.36) 


and 
Av (n) = Az(n) +g (n) z(n) 


< [f(n) +9(n)] v(m). (4.5.37) 
Now a suitable application of Theorem 1.2.1 given in [42] to (4.5.37) yields 


u(n) < v(a) (1+ f(s) + g(s)]. (4.5.38) 


z(n) < v(a) (1+ f(s)+g9(s)], (4.5.39) 


for n € Nag. Using (4.5.39) on the right hand side of (4.5.36) and in view of 
(4.5.26) we observe that 


k 
l-r 
Using (4.5.40) in (4.5.39) and the fact that u(n) < z(n) we get the required 
inequality in (4.5.27). 


v(a)< (4.5.40) 


Remark 4.5.2. We note that, if we take in Theorem 4.5.2, part (b1), c(n,s) = 
0, then we get the inequality established in [52, Theorem 2]. Furthermore, in 
the various special cases of Theorem 4.5.2, we get new inequalities which can 
be used conveniently in certain situations. 


In the following theorem, we present some of the inequalities established in 
[39,44]. 


Theorem 4.5.3. Let u(n),a(n),b(n) € D(No, Ry). 


(ci) Let a(n) be nonincreasing for n € No. If 


u(n)<a(n)+ >> b(s)u(s), (4.5.41) 
s=n+1 
for n € No, then 
u(n)<a(n) [J] [1 +(s)], (4.5.42) 
s=n+1 
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(c2) Let c(n) € D(No, R+). If 
u(n) <a(n)+b(n) 5° e(s)u(s), (4.5.43) 


s=n+1 


for n € No, then 


u(n) < a(n) + b(n) d(n) II [1 + c(s) b(s)], (4.5.44) 
s=n+1 
for n € No, where 
d(n)= S~ e(s)a(s), (4.5.45) 
s=n+1 


for n € No. 


(c3) Let L: No x Ry — Ry be a function which satisfies the condition 
0< L(n,u) —L(n,v) < M(n,v)(u-v), (4.5.46) 


forn € No, u>v>0, where M: No x Ry — Ry. If 


Co 


u(n) < a(n) +6(n) EEN: (4.5.47) 
for n € No, then > 

u(n) <a(n) +b(n)e(n) HL [1 + M (s,a(s)) b(s)], (4.5.48) 
for n € No, where - 

e(n) = py L(s,a(s)), (4.5.49) 


for n € No 


Proof. (c,) Let a(n) > 0 for n € No, then from (4.5.41) it is easy to observe 
that 


u(n) = u(s) 
a(n) lies 2!) ats)" (4.5.50) 


Define a function z(n) by the right hand side of (4.5.50), then we < z(n) and 


z(n)—z(n+ 1) =o(n¢1) Het 


(n+ 
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<b(n+1)z(n+4+1). (4.5.51) 
From (4.5.51) we observe that 

z(n) < [1+ b(n4+1)]z2(n4+1). (4.5.52) 


By setting n = s in (4.5.52) and then substituting s = n,n+1,..,m—1 
(m >n-+ 1 is arbitrary in No ) successively, we obtain the estimate 


z(n)<2z(m) [J [1 +0(s)]. (4.5.53) 
s=n+1 
Noting that Baas z(m) = 1 and by letting m — oo in (4.5.53) we get 
z(n)< [J [1+0(s)]. (4.5.54) 
s=n+l1 


Using (4.5.54) in “® < z(n) we get the desired inequality in (4.5.42). The 


a(n) — 
proof of the case when a(n) > 0 can be completed as mentioned in the proof of 
Theorem 4.2.3, part (01). 


(c2) Define a function z(n) by 


z(n)= S©> e(s)u(s), (4.5.55) 


s=n+1 
for n € No Then (4.5.43) can be written as 
u(n) < a(n) + b(n) z(n). (4.5.56) 


From (4.5.55) and (4.5.56) we have 


Co 


z(n) <d(n)+ S© e(s)b(s)2(s), (4.5.57) 


s=n+1 


where d(n) is given by (4.5.45). Clearly d(n) is real-valued, nonnegative and 
nonincreasing function for n € No. Now a suitable application of the inequality 
in part (c,) to (4.5.57) yields 


Co 


z(n) <d(n) [J [1+e(s)d(s)]. (4.5.58) 


s=n+l1 


Using (4.5.58) in (4.5.56) we get the required inequality in (4.5.44). 


232 Finite difference inequalities in one variable 


(cz) Define a function z(n) by 


z(n)= S> L(s,u(s)), (4.5.59) 


s=n+1 
then from (4.4.47) we have 

u(n) < a(n) + b(n) z(n). (4.5.60) 
From (4.5.59), (4.5.60) and the hypotheses on L, we observe that 


Co 


z(n)< S> [L(s,a(s) +6(s) z(s)) — L(s,a(s)) + L(s,a(s))] 


s=n+1 


<e(n)+ S> M(s,a(s)) b(s)2(s), (4.5.61) 


s=n+1 


where e(n) is given by (4.5.49). Clearly e(n) is real-valued, nonnegative and 
nonincreasing function for n € No. Now an application of the inequality in part 
(ci) to (4.5.61) yields 


Co 


z(n) < e(n) II [1 + M (s,a(s)) b(s)]. (4.5.62) 


s=n+1 
The desired inequality in (4.5.48) follows from (4.5.60) and (4.5.62). 


Our last theorem in this section gives the inequalities proved in [37]. 


Theorem 4.5.4. Let u(n),a(n),b(n) € D(No, RR) and p > 1 be a real 
constant. 


(dy) Let f(n),g(n) € D(No, Ry). If 


uP (n) <a(n)+b(n) S~ [f(s)u(s)+9(s)], (4.5.63) 
s=n+1 

for n € No, then 

u(n) < Ja(n)+b(n)A(n) [TI ji+ 2 «| (4.5.64) 

s=n+1 D 
for n € No, where 
_< 3) (Pat, A)) ar, 
Aim= [FO ( a4 tt ) ral} (4.5.65) 
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(dz) Let L,M be as in Theorem 4.5.3, part (cg) and the condition (4.5.46) 
holds. If 


Co 


uP (n) <a(n)+b(n) S> L(s,u(s)), (4.5.66) 
s=n+1 


for n € No, then 
u(n) < [a(n) + b(n) B(n) 


= =i b y 
x TJ E (32 “)) = (4.5.67) 
a Pp Pp p 
for n € No, where 
= pai “oN 
Bi(n)= L\s, + : 4.5.68 
(n) Et oa (4.5.68) 
for n € No. 


Proof. (d,) Define a function z(n) by 


z(n)= Do [f(s)u(s) +9(s)], (4.5.69) 
s=n+1 
for n € No. Then (4.5.63) can be written as 
uP (n) < a(n) +6(n) z(n). (4.5.70) 


From (4.5.70) as in the proof of Theorem 1.3.1, part (a) we obtain 


p=1, a(n) | b(n) 
Ae ob a (4.5.71) 


From (4.5.69) and (4.5.71) we have 


= —1  a(s)  b(s) 

z(n) < f(s) (> 4 + 2 (8) } +.9(s) 
& Poteet e) +96] 

=A(n)+ >> f(s) “Palsy, (4.5.72) 
s=n+1 


where A(n) is given by (4.5.65). Clearly A(n) is real-valued, nonnegative and 
nonincreasing function for n € No. Now an application of Theorem 4.5.3, part 
(c3) to (4.5.72) yields 


z(n)<A(n) [J [r+ 70) oy (4.5.73) 
s=n+1 


The desired inequality in (4.5.64) follows from (4.5.70) and (4.5.73). 
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(dz) The proof can be completed by closely looking at the proof of (d:) and 
the proof of Theorem 4.5.3, part (cs). We omit the details. 


4.6 Applications 


The inequalities given in earlier sections are recently investigated and used 
in various contexts. In this section we present applications of some of the in- 
equalities to study basic properties of solutions of certain finite difference and 
sum-difference equations, which we hope will be a source for future work. 


4.6.1 Perturbed difference equations 


Consider a system of finite difference equations 

e(n+1)=A(n)a(n)4+ f(n,x(n))4+r(n), x(0) = 20, (4.6.1) 
as a perturbation of the linear system 

y(n +1) =A(n)y(n), y(0) = 20 (4.6.2) 
where n € No, x,y, f,r are the elements of R™, the m dimensional Euclidean 
space, A(n) is an m xX m matrix with det A(n) 4 0, the functions r and f are 
defined on No and No x R™ respectively and xo is a given vector in R™. The 
symbol |.| will denote some convenient norm on R™ as well as a corresponding 
consistent matrix norm. We denote by Y(n) the fundamental solution matrix 
of the system (4.6.2) such that Y (0) = J, the identity matrix. It is known that 


the solution x(n) of (4.6.1) is equivalent to the sum-difference equation (see [42, 
p. 55]) 


x(n) = Y (n) Y~' (0) >> Y (n)Y¥~*(s+1){f (s,2(s))+r(s)}. (4.6.3) 
s=0 


We assume that the fundamental solution matrix Y(n) of (4.6.2) satisfies 
|Y (n) Y~* (s)| <M, 0S s<njs,n€ No, (4.6.4) 


where WM is a positive constant. 


The following theorems illustrate the applications of Theorem 4.2.1 (see [57]). 
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Theorem 4.6.1. Suppose that the function f in (4.6.1) satisfies 


lf (n,2)| < p(n) [2], (4.6.5) 


forn € No, « € R™, where p(n) € D(No, R+).If x(n) is any solution of equation 
(4.6.1) for n € No, then 


en <a {fu + Cea Mo) a i eatpcoh, (4.6.6) 
s=0 


o=st+l 


for n € No, where M is given as in (4.6.4). 


Proof. By using the variation of constants formula any solution x(n) of (4.6.1) 
is represented by (4.6.3). Using (4.6.4), (4.6.5) in (4.6.3) we obtain 


lx (n)| <M |ao| + M S Ir (3)|-+ Sw (6) «) (4.6.7) 
s=0 s=0 


Now a suitable application of Theorem 4.2.1 to (4.6.7) yields the required esti- 
mation in (4.6.6). 


Theorem 4.6.2. Suppose that the function f in (4.6.1) satisfies 


|f (n, x) — f(n,y)| < p(n) |x—yl, (4.6.8) 
for n € No, x,y € R™, where p(n) € D(No, R+). Then the equation (4.6.1) 
has at most one solution on No. 
Proof. Let x; (n) and x2 (n) be two solutions of (4.6.1) on No, then we have 


n—1 


x1 (n) — #2 (n) = SY (nm) ¥* (s+ 1) {f (s,21(s)) — f(s, 22 (s))}. (4.6.9) 


s=0 


From (4.6.9), (4.6.4), (4.6.8) we obtain 


[v1 (n) — #2 (n)| < . |¥ (n)¥~" (s+ DI IF (s, 21 (s)) — f (8, 22 (s))| 
s=0 


< MY“ p(s) |x1 (8) — a2 (s)).- (4.6.10) 


By asuitable application of Theorem 4.2.1 to (4.6.10) we have | (n) — x2 (n)| < 
0.Therefore x; (n) = 22 (n) ie., there is at most one solution of the equation 
(4.6.1) on No. 
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4.6.2 Volterra type difference equations involving 
iterated sums 


In this section we present applications of the inequality in Theorem 4.4.2, part 
(61) (see [67]) to study certain properties of solutions of nonlinear sum-difference 
equation of the form 


n—-1 n-1 /s—-1 
y(n) = f(n)+ >> F(n,s,y(s)) + > (3. seun(0)) (4.6.11) 
s=0 s=0 \o=0 
for n € No, where y(n) € D(No, R) is an unknown function, f € D(Npo, R); 
F:E,xR—>R,H: EyxR—- Rin which £; = {(n, 8) ENj:0<s8< n< oo}, 
E2 = {(n,8,0) € N§:0<0<s<n< oo}. 


Theorem 4.6.3. Suppose that the functions f, F, H in equation (4.6.11) sat- 
isfy the conditions 


lf (n)| <e, (4.6.12) 
IF (n,s,y)| < k(n, s) ly], (4.6.13) 
|H (n, s,0,y)| < h(n, 8,0) ly, (4.6.14) 


where c > Oisareal constant and k(n, s) € D(E,, Ri), h(n,s,0) € D(E2, Ri). 
If y(n) is any solution of equation (4.6.11) on No, then 


ly(n)| <e]] 2+ P(s) + Q(s)], (4.6.15) 
s=0 


where P(n), Q(n) are given by (4.4.15), (4.4.16) in which A, k(n, s) € D(E,, Ri), 
Ajh(n,s,0) € D(E2, Ry). 


Proof. Let y(n) be a solution of equation (4.6.11). Using (4.6.12)-(4.6.14) in 
(4.6.11) we have 


u(r) se+ S h(n,8) |y()+ 5 & h(n, 5,0) i. (4.6.16) 
s=0 s=0 o=0 


Now an application of Theorem 4.4.2, part (bi) to (4.6.16) yields the required 
estimate in (4.6.15). 


Theorem 4.6.4. Suppose that the functions F’, H in equation (4.6.11) satisfy 
the conditions 
F (n, 5,9) —F (n,8,9)| <k (8) ly - Gl, (4.6.17) 
|H (n, 8,0,y) — H (n,s,0,9)| < h(n, 8,0) |y— 9], (4.6.18) 
where k(n,s), h(n,s,0) are as in Theorem 4.6.3. Let P(n),Q(n) be as in 
Theorem 4.6.3. Then the equation (4.6.11) has at most one solution on No. 
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Proof. Let u(n) and vu(n) be two solutions of equation (4.6.11) on No. Using 
this fact and the conditions (4.6.17), (4.6.18) we have 


ie) 1 Ol< eM) = 00 
s=0 
a ys i h(n, 8,0) |u(o) —v 2) (4.6.19) 
s=0 \o=0 


Now a suitable application of Theorem 4.4.2, part (b,) (when c = 0) to (4.6.19) 
yields u(n) = v(n) i.e., there is at most one solution of equation (4.6.11) on No 


4.6.3 Volterra-Fredholm type sum-difference 
equations 


In this section we present applications of the inequality in Theorem 4.5.1, 
part (a2) to study certain properties of solutions of Volterra-Fredholm type 
sum-difference equation of the form 


n-1 B 
z(n) =e(n)+ D> F(n,s,z(s)) + >> G(n,s,z(s)), (4.6.20) 
for n € Nog, where z(n) € D(Nag,R) is an unknown function, e(n) € 
D (Nae, R); F.G: Ex R= Rin which E = {(n,8)€N2g:0<s<n<ph, 
see [70]. 


Theorem 4.6.5. Suppose that the functions e, F,G in equation (4.6.20) sat- 
isfy the conditions 


le(n)| < a(n), (4.6.21) 
|F (n, 8, z)| < b(n) f (s) |z|, (4.6.22) 
|G (n, 8, z)| < c(n) g(s) |z|, (4.6.23) 


where a(n) ,b(n),c(n),f(n),g(n) € D(Na,s,R+). Let qo be as in (4.5.6), 
Theorem 4.5.1, part (a2).If z(n) is a solution of equation (4.6.20) on Na,g, then 


|z(m)| < Li (m) + NoL2(n), (4.6.24) 


for n € Na,g,where Ly (n), L2(n), No are as in Theorem 4.5.1, part (a2) 
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Proof. Let z(n) be a solution of equation (4.6.20) on No,g. Using the fact 
that z(n) is a solution of equation (4.6.20) and (4.6.21)-(4.6.23) we have 


n—-1 B 
Jz (m)| < a(n) + b(n) D7 f(s) |z(s)| +e(m) D7 9(s) lz (8)1- (4.6.25) 


Now an application of the inequality in Theorem 4.5.1, part (az) to (4.6.25) 
yields the required estimate in (4.6.24). 


Theorem 4.6.6. Suppose that the funcrions F,G in equation (4.6.20) satisfy 
the conditions 


|F' (n,s,z) — F (n,s,2)| < b(n) f(s) |z -— 2, (4.6.26) 


ie 


F 
IG (n, s,z) — G(n, s,Z)| < c(n) g(s)|z— 2, (4.6.27) 


where b(n) ,c(n), f(n),g(n) € D(Na,a,R+). Let gz, L1 (mn) , Lo (n), No be as 
in Theorem 4.5.1, part (a2) . Then the equation (4.6.20) has at most one solution 
on Na,p- 


Proof. Let u(n) and u(n) be two solutions of equation (4.6.20) on No,g.Using 
the facts that u(n) and vu(n) are the solutions of equation (4.6.20) and (4.6.26), 
(4.6.27) we have 


n-1 B 
u(r) — v(n)| < b(n) SF f(s) |u(s) — v(s)| + e(n) $7 9 (s) lu(s) — 0 (s)| 


Now an application of the inequality given in Theorem 4.5.1, part (ag 
a(n) = 0 which in fact implies L; (n) = 0, Ng = 0) to (4.6.28) yields u(n) = v(n) 
i.e., there is at most one solution of equation (4.6.20) on No,. 


4.6.4 Fredholm type sum-difference equations 


In this section we present applications given in [75] of the special version of 
the inequality in Theorem 4.5.2, part (b2) to study the properties of solutions 
of the Fredholm type sum-difference equation 


B 
Az(n)=F (> (n), So k(n, 0,2 )) ; (4.6.29) 


with the given initial condition 


x(a) = Xo (4.6.30) 
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where z,k,F are the elements of R™ an m-dimensional Euclidean space with 
norm |.| and k: Ex R”™ — R”, F : Nag x R™ x R™ — R™, in which 


E={(n,s)€N2g:a<s<n<ph. 
Theorem 4.6.7. Assume that 
le (n,6,2)| < e(n) A(s) lal, (4.6.31) 
|F (n,x,y)| < f (mn) (l2|+ ly), (4.6.32) 
where e(n) , h(n), f (n) € D(No,g, R+) and e(n) > 1. Let 
B o-—1 


ro= Sho) [[ te f@ <1. (4.6.33) 


o=a@ T=a 


If a(n) is any solution of (4.6.29)-(4.6.30), then 


[[ f+e® fol, (4.6.34) 


for n € Nag. 


Proof. The solution x(n) of (4.6.29)-(4.6.30) satisfies the following equivalent 
sum-difference equation 


n-1 B 
a(n)=aot+ SF & (s), So k(s,0,2 )) (3.6.35)) 


o=a 


Using (4.6.31), (4.6.32) in (4.6.35) we observe that 


n—-1 B 
|x (n)| < |eol + $7 f(s) (irc + S/ e(s)h(o) (o) 


n—-1 B 
< |wol + D> f(s) e(s) (1 (s)| + $2 h(o) |e i). (4.6.36) 


Now a suitable application of Theorem 4.5.2, part (b2) (when g(n) = 0) to 
(4.6.36) yields (4.6.34). 


Theorem 4.6.8. Let z(n),y(n), n € Nag be the solutions of (4.6.29) with 
initial conditions 


x(a) = 20, (4.6.37) 


y (a) = Yo, (4.6.38) 
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respectively.Suppose that the functions k and F in equation (4.6.29) satisfy the 
conditions 


|k(n,s,x) —k(n,s,y)| <e(n)h(s) |x — yl, (4.6.39) 


|F (n, x,y) — F(n,#,9)| < f(n)(le-2]+ly— 9), (4.6.40) 


where e(n),h(n), f(m) are given as in Theorem 4.6.7. Let ro be as given in 
(4.6.33). Then 


io(n) —y(rp] < ONT + e(s) £08), (4.6.41) 
for n € Nag. 


Proof. Using the facts that x(n), y(n) are the solutions of (4.6.29)-(4.6.37), 
(4.6.29)-(4.6.38) respectively, we have 


B 
ar (1 (s), So k(s,0,y )) , (4.6.42) 


Using (4.6.39), (4.6.40), (4.6.42) we observe that 


|z(n) — y(n) < |ao — wl+d- f(s) e(s) (ie — y(s)| 


s=a 


B 
+ So h(o) |x (0) -y a) (4.6.43) 
Now a suitable application of Theorem 4.5.2, part (b2) (when g(n) = 0) to 
(4.6.43) yields the desired estimate in (4.6.41), which shows the continuous 
dependence of solutions of equation (4.6.29) on given initial data. 


Finally, we note that a variety of new methods and tools are developed by 
various investigators to study different types of finite difference equations. The 
inequalities and applications given above are recently investigated and further 
progress is expected. 
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4.7 Notes 


Owing to the considerable applications,recently some new finite difference 
inequalities are developed to widen the scope of their applications. This chap- 
ter presents some basic finite difference inequalities recently developed in the 
literature. Sections 4.2-4.5 are devoted to the variety of new finite difference 
inequalities investigated by Pachpatte in [35,37,39,44,45,53,54,55,57,67,68,70,73 
,75]. I think that these inequalities places a new stepping stone to the vast lit- 
erature on the subject and inspire further work in this area.In section 4.6,some 
applications are discussed to illustrate,how some of these inequalities can be 
used to study various types of finite and sum-difference equations. The number 
of applications of the inequalities given here is considerable and those presented 
in section 1.6 are taken from some of the above noted references. 
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Chapter 5 


Finite difference inequalities in two vari- 
ables 
5.1 Introduction 


The study of dynamics of physical systems governed by partial finite differ- 
ence equations is equally important. Inspite of the great possibilities for ap- 
plications, the theory of partial finite difference equations is developing rather 
slowely. Indeed, one need new theory and efficient techniques for its signif- 
icant developments. Finite difference inequalities in two and more indepen- 
dent variables which provide explicit estimates on unknown functions have 
become very effective and powerful tools for studying qualitative behavior of 
solutions of partial finite difference equations. In the past few years a large 
number of new finite difference inequalities involving functions of two inde- 
pendent variables have been discovered and used in various applications, see 
[36,38,40,41,45,48,49,53,55,56,62,66,68,71,76]. In this chapter, our goal is to 
present some basic finite difference inequalities recently discovered and which 
can be used as handy tools in the study of different classes of partial finite 
and sum-difference equations. Applications of some of the inequalities are also 
presented. 


5.2 Some basic finite difference inequalities 


During the past few years some new finite difference inequalities have been 
developed in order to widen the scope of their applications. In this section we 
present some fundamental finite difference inequalities involving functions of two 
independent variables, recently investigated by Pachpatte in [56,68,55,40,45). 
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Our first theorem deals with the comparison inequalities related to certain 
partial finite difference equations proved in [56]. 


Theorem 5.2.1. Let Mo = {mo,mo +1,...},.No = {no,no +1,...} where 
Mo, No are integers and Ay = Mop x No. 


(a1) Let f(m,n,r) be a function defined for (m,n) € Ap. 0 < r < o© and 
nondecreasing with respect to r for fixed (m,n) € Ao. Let u(m,n) and v(m, n) 
be two functions defined for (m,n) € Ap and u(mp, 79) < uv (mo, 29). Assume 
further that 


u(mt1,n+1) < f(m,n,u(m,n)), (5.2.1) 


u(m+1,n+1) > f(m,n,v(m,n)), (5.2.2) 
for (m,n) € Ao. Then 
u(m,n) <v(m,n), (5.2.3) 
for (m,n) € Ao. 
(a2) Suppose that the functions Wy (m,n,r) , W2 (m,n,r) be nonnegative and 


defined for (m,n) € Ap, 0 < r < co and nondecreasing with respect to r for 
fixed (m,n) € Ao. Let z(m,n) be a function defined for (m,n) € Ao and 


W2 (m,n, z(m,n)) < z(m+1,n+1) < Wi (m,n, z(m,n)), (5.2.4) 
for (m,n) € Ao. Let u(m,n) and v(m, n) be solutions of the difference equations 


u(m+1,n+1) = W, (m,n, u(m,n)),u(mo, 0) = uo, (5.2.5) 


u(m+1,n+1) = W2(m,n,v(m,n)) ,v (mo, 20) = vo, (5.2.6) 
and suppose that vg < z(1mp,70) < uo. Then 
u(m,n) < z(m,n) <u(m,n), (5.2.7) 


for (m,n) € Ao. 


(a3) Let x(m,n) and y(m,n) be solutions of the difference equations 


x(m+1,n+1) = g(m,n,2x(m,n)),x(mo,n0) = Xo, (5.2.8) 


and 


y(mt+1,n+1)=h(m,n,y(m,n)) ,y (Mo, no) = Yo, (5.2.9) 


where x(m,n), y(m,n),g(m,n,r),h(m,n,r) are defined for (m,n) € Ao, 0 < 
r <oo. Let the functions W, (m,n,r) and W2(m,n,7r) be as in (a2). Suppose 
that the functions g and h in (5.2.8) and (5.2.9) satisfy the condition 


W2 (m, n, |a _ yl) < lg (m, n, @) —h (m,n, y)| <W, (m, n, |x ae yl) ’ (5.2.10) 
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for (m,n) € Ao. Let u(m,n) and v(m,n) be solutions of the equations (5.2.5) 
and (5.2.6) for (m,n) € Ao and assume that vo < |x — yo| < uo. Then 


u(m,n) < |a(m,n) — y(m,n)| < u(m,n), (5.2.11) 
for (m,n) € Ao. 
Proof. (a ,) Since u(mp,7o9) < v(m, no) , from the nondecreasing character 
of f we obtain 

u(mo + 1,9 +1) < f (mo,N0, u (Mo, No)) 

< f (mo,n0, v (mo, N0)) 

<vu(mo+1,n0 +1). 


If the inequality (5.2.3) is fulfilled for m = mp +i, n = no +2 (i = 2,3,...,k), 
it follows by the nondecreasing character of f that 


u(mp +k+1,no +k+1) < f (mo +k, no +k, u(mo + kno + k)) 


< f(mo +k, no +k, v (mo +k, no + k)) 
<v(mp +k+1,no +k +1). 


Hence by mathematical induction we obtain (5.2.3). 


(a2) Applying the inequality in part (a,) to the second part of (5.2.4) and 
(5.2.5) we obtain the right half of the inequality (5.2.7). A similar argument 
yields the left half of the inequality (5.2.7). 


(ag) Let z (m,n) = |x (m,n) — y(m,n)|. Then z (mo, no) = |x (mo, no) — 
y (mo, no)| < u(mo, No). On account of the nondecreasing nature of 
Wi, (m,n,r) we obtain 
z(mo +1,n0 +1) = |a (mo + 1,20 +1) — y(mo + 1,20 + 1)I 
= |9 (mo, No, & (Mo, No)) — h (mo, no, y (Mo, No))| 
< Wi (mo, No, |x (mo, No) — y (Mo, No)|) 
< WwW, (Mo, N20, U(Mo, No)) 
=u(mo +1,n9 +1). 


If the inequality z(m,n) < u(m,n) is fulfilled for m = mp9 +i,n = no + i(t = 
2,3,...4), then it follows by the nondecreasing nature of W; (m,n,r) that 


z(mo t+k+1,n9o +k +1) = |x (mo +k +1,n0 +441) —y(m +k +1, 
no +k+1)| 
=|9(mo+ k, no + k, x (mo k,no k)) h(mo k, no k, y (mo + k, no + k))| 
< Wi (mo + k, no + k, |x (mo + k, no +k) — y (mo + k, no + )I) 
<W, (mo +k,no + k,u(mo + k, no + k)) 
=ul(mo t+k+1,no+k+1). 
Hence by mathematical induction we obtain |x (m,n) — y(m,n)| < u(m,n) for 
(m,n) € Ao. The proof of the left half of the inequality (5.2.11) is similar. 
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Explicit representation of the solution u(m,n) (or v(m,n)) of a comparision 
equation of the form (5.2.5) (or (5.2.6)) is not always possible. Therefore in 
applications this solution is often replaced by an upper (or lower) bound for it. 
The following theorems deals with some such inequalities proved in [40,45,55,68]. 


Theorem 5.2.2. Let u(m,n),a(m,n) € D(N§,Rz),k(m,n,o,7), Aik(m, 
n,o,T), Aok(m,n,o,7),AsAik(m,n,o,7) € D(E, Ry) where 
E={(m,n,o,T) ENG :0<0<m<w,0<7T<n<oo}. 


(b,) Let g € C( Ry, R,) be a nondecreasing function with g(u) > 0 for u > 0 
If 


m—1ln-1 


u(m,n) <e+ S- S- k(m,n,o,7)g (u(o,T)), (5.2.12) 


o=0 7T=0 


for m,n € No, where c > 0 is a real constant, then for 0 <m<mj,0<n <n; 
m,M1,nN,N1 © No, 


m—1n-1 


u(m,n)<G'|G(e+ SS) Q(s,t)], (5.2.13) 


where 


m1 
Q (m,n) = k(m4+1,n+1,m,n) + S- Aik(m,n+1,0,n) 


o=0 


n—-1 m—1n-1 


+ » Aok(m+1,n,m,7) + a S- AsAik(m,n,¢,7), (5.2.14) 


T=0 o=0 7r=0 


i ds 
G(r) = / aay > 0, (5.2.15) 


ro > 0 is arbitrary, G—' is the inverse of G and m1, 1 € No are chosen so that 


m—-1n-1 


G(c) + S- ae Q(s,t) € Dom (G~'), 


s=0 t=0 
for all m and n lying in0<m<mj,and0<n< ny. 
(bz) Let g,G, G~! be as in (b;) and suppose in addition g(u) is subadditive. 
If 


m—1ln-1 


u(m,n) < a(m,n) + S- S- k(m,n,o,T)g (u(o,7)), (5.2.16) 


o=0 T=0 
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for m,n € No, then for 0 < m <mz2,0 <n < ng; m,me,n,n2 € No, 


m—-l1in-1 
u(m,n) <a(m,n) + G7! 1G(A(m,n)) + S> >) Q(s,4)] , 
s=0 t=0 
where Q(m,7) is given by (5.2.14), 
m—-l1n-1 
A(m,n) = $> So k(m,n,o,7)g9(a(o,7)), 
a=0 T=0 
m2,N2 € No are chosen so that 
m—-1in-1 
G(A(m,n))+ S> S$” Q(s,t) € Dom (G7), 
s=0 t=0 


for all m and n lying in0< m< m2,0<n< ng. 
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(5.2.17) 


(5.2.18) 


Proof. (b,) Let c > 0 and define a function z(m,n) by the right hand side of 
(5.2.12). Then z(0,n) = z(m,0) = c, u(m,n) < z(m,n), z(m,n) is positive 


and nondecreasing for m,n € No and 
Aiz(m,n) = z(m+1,n) — z(m,n) 


m n-l 


=S> So k(m+41,n,¢,7)9 (u(a,7)) 


o=0 T=0 


m—-l1ln-1 


_ S- S > k(m+1,n,0,7)9 (u(a,7)) 


a=0 T=0 


m—-l1ln-1 


+ S> So k(m+ 1,n,o,7)g (u(o,T)) 


o=0 T=0 


m—-l1ln-1 


2 S S¢ k(m,n,o,7)g(u(o,7)) 


a=0 T=0 


n—1 


= So k(m+1,n,m,7)g (u(m,7)) 
T=0 


m—-l1ln-1 


+ S> - Aik (m, n, 0, T)g (u (0, T)) i 


a=0 T=0 


From (5.2.19) we have 


AsAiz (m,n) = Ayz(m,n+ 1) — Aiz (m,n) 


(5.2.19) 


248 Finite difference inequalities in two variables 


= So k(m+1,n+1,m,7)g(u(m,7)) 
T=0 


m—-ln 


+ S$ Aik (m,n + 1,0,7) g(u(a,T)) 


a=0 T=0 
n-1 


—S > k(m+1,n,m,7) g (u(m,7)) 
T=0 


m—l1n-1 


~S° So Aik(m,n, 0,7) 9 (u(o,T)) 


o=0 T=0 


= So k(m+1,n+1,m,7)g(u(m,7)) 


~Sok(m 1,n+1,m,7) 9 (u(m,7)) 


+Sok(m 1,n+1,m,7) g(u(m,7)) 


—~ So k(m+1,n,m,r) g(u(m,7)) 


T=0 
m—-ln 
+50 So Aik (m,n +1,0,7) 9 (u(o,7)) 
o=0 T=0 
m—1ln-1 
—~S0 Se Aik ( (m,n,o,T) 9 (u(a,T)) 
o=0 T=0 
n—1 
=k(m+1,n+1,m,n)g(u(m,n)) + S> Ask (m+ 1,n,m,7)g (u(m,7)) 
T=0 


+S {roaneh (m,n+1,0,7) 9 )- Sank (m,n, 0,7) 9 corp} 


o=0 \r=0 
=k(m+1,n4+1,m,n)g(u(m,n)) + $7 Auk (e+ 1,n,m,7)g (u(m,7)) 
T=0 
+ y {oaks 1,0,T)g(u(o,T)) — S Ak G+ 1,0,T) g(u(o,7)) 
=0 =0 T=0 


ae 3 Aik(m,n-+1,0,7) 9 (u(o,7)) — 3 Aik(m,n,o,T) g (u(o, »h 


T=0 sae 
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=k(m+1,n+ Lm gms) + Bak (m-bLamsm rum) 
+San (m,n + 1,0,n) 9 (u(o,n)) 

SS aaa (m,n,o,T)g (u(o,T)) 

Zing Gs a) + Saati 1,n,m,7)g (2 (m,7)) 
+S ak (m,n + 1,0,n) g (z(0,n)) 

af S > A2,Aik (m,n, o,7)g (z (0,7) 

Lo ama telney Geoe 


The rest of the proof can be completed by following the proof of Theorem 5.2.1 
given in [42, p. 388]. 


(b2) Define a function z(m,n) by 


m—-1n-1 


z(m,n) = S- Sk (m,n, 0,7) 9 (u (0,T)). (5.2.21) 


o=0 T=0 


From (5.2.21) and using the fact that u(m,n) < a(m,n) + z(m,n) and hy- 
potheses on g we have 


m—-1n-1 


z(m,n) < S- S > k (m,n, 0,7) 9 (a(o,7) + 2(0,7)) 


o=0 r=0 
m—l1n-1 
< A(m,n)+ S> Sok (m,n, 0,7) 9 (2 (0,7), (5.2.22) 
o=0 T=0 
where A(m,7) is given by (5.2.18). The remaining proof can be completed by 
closely looking at the proof of Theorem 5.2.2 given in [42]. 


Remark 5.2.1. We note that the inequalities in (b;) and (b2) are the further 
generalizations of the inequality given in Theorem 5.2.1 in [42], which can be 
used in more general situations. 


Theorem 5.2.3. Let u(m,n), k(m,n,o,7), Aik(m,n,o,7), A,k (m,n, 0,7), 
AoAik (m,n,o,7) and c be as in Theorem 5.2.2. 
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(c1) If 
m-1n-1 
u? (m,n) <e+ se S k(m,n,o,T)u(o,T), (5.2.23) 
o=0 r=0 
for m,n € No, then 
yp mainal 
u(m,n) <Ve+s5 d > Q(s,t), (5.2.24) 


for m,n € No, where Q(m,n) is given by (5.2.14) 


(c2) Let g(u) be as in Theorem 5.2.2, part (b1). If 


m—-l1n-1 


u? (m,n) <e+ S- S- k(m,n,o,T)u(o,T) g(u(a,7)), (5.2.25) 


a=0 T=0 


for m,n € No, then for 0 < m < m3,0 <n <n3;m,m3,n,n3 € No, 


m—-ln-1 


u(m,n)<G" a(va +5 S~ Q(s,2) : (5.2.26) 


where Q(m,n) is given by (5.2.14), G,G~! are as defined in Theorem 5.2.2, part 
(61) and mg,ng are chosen so that 


m—-1n-1 
1 


5 ¥ Q(s,t) € Dom (Cemeae 


s=0 t=0 


G (vc) + 


for all m,n € No lying in0<m<m3,0<n< nz. 


Proof. Let c > 0 and define a function z(m,n) by the right hand side of 
(5.2.23). Then z(0,n) = z(m,0) = c, u(m,n) < /z(m,n), z(m,n) is positive 
and nondecreasing for m,n € No and following the proof of Theorem 5.2.2, part 
(b1) we get 


As,Aiz (m,n) < Q (m,n) Vz(m,n). (5.2.27) 
The rest of the proof follows by using the arguments as in the proof of Theorem 


5.4.1 given in [42]. 


(c2) The proof can be completed by following the proof of (c,) given above 
and the proof of Theorem 5.4.3 in [42]. We omit the details. 


Remark 5.2.2. In the special case when k(m,n,o,7) = a(o,T), the inequal- 
ities in (c,) and (cz) reduces to the corresponding inequalities in Theorem 5.4.1 
and Theorem 5.4.3 given in [42]. 
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Theorem 5.2.4. Let u(m,n),a(m,n) ,b(m,n),g(m,n),h(m,n) € D 
(Né, Ry) and p > 1 is a real constant. 


(di) If 
u? (m,n) < a(m,n)+b (m,n) D s [g (s,t) u? (s,t) +h(s,t)u(s,t)], (5.2.28) 
o=0 7r=0 


for m,n € No, then 
u(m,n) < {a(m,n) + b(m,n) €(m,n) 


= h(s,t) ? 
1+) > (s¢s.0 + “e0)) bat) ! : (5.2.29) 


t=0 


m-1 
xT] 
s=0 


for m,n € No, where 


LO= s CORIO ater) (e rs at) . (5.2.30) 
for m,n € No. 


(dz) Let L: N@ x Ry — Rx be a function which satisfies the condition 
0< L(m,n,u) — L(m,n,v) < M(m,n,v) (uv), 
for u>v>0, where M: NO x Ry — Ry. If 


u? (m,n) < a(m,n) + b(m, n) S ss L(s,t,u(s,t)), (5.2.31) 


o=0 T=0 


for m,n € No, then 


u(m,n) < {a(m,n) + 6(m, n) E(m, n) 


145m (64,221 4 229) en (5.2.32) 


é(m,n) = y y ia (s. t, 2 4: aa (5.2.33) 


for m,n € No. 
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Proof. (d) Define a function z(m,n) by 


z(m,n) = [g(s,t) u? (s,t) +h(s,t) u(s, 6], (5.2.34) 


then z(m,0) = z(0,n) = 0 and (5.2.28) can be written as 
u? (m,n) < a(m,n) + b(m,n) z(m,n). (5.2.35) 
From (5.2.35) as in the proof of Theorem 2.3.3, part (c,) we obtain 


u(m,n) < a za a a ~ ON enh (5.2.36) 


From (5.2.34)-(5.2.36) we observe that 


z(m,n) < [9 (s,t) (a(s,t) + b(s,t) z(s, t)) 


+h(s,t) (2 ! 26.9 9 -(5,2))| 


Pp Pp Pp 


m—-1ln-1 


=e(m,n)+ 5° S°d(s,t) (a(s.0 » =o), (s,t), (5.2.37) 


where e(m,n) is given by (5.2.30). Clearly e(m,n) is nonnegative and nonde- 
creasing function for m,n € No. Now an application of Theorem 4.2.2 given in 
[42] to (5.2.37) yields 


z(m,n) < e(m,n) Ul 1+ 3 b(s, t) (« (s,t) + a) ‘ (5.2.38) 
s=0 t=0 P 


The required inequality in (5.2.29) follows from (5.2.35) and (5.2.38). 


(dz) Define a function z(m,n) by 


m—-1n-1 


z(m,n) = S- S- L(s,t,u(s,t)), (5.2.39) 


s=0 t=0 


then as in the proof of Part (d) above, from (5.2.31) we see that the inequalities 
(5.2.35), (5.2.36) hold.From (5.2.39),(5.2.36) and the assumptions on L it follows 
that 
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Hoe a(t onan 
<e(mn)+ SM (st.2— se) C9. (5.0), (5.2.40) 


where €(m,n) is given by (5.2.33).Clearly €(m,n) is nonnegative and nonde- 
creasing function for m,n € No. An application of Theorem 4.2.2 given in [42] 
to (5.2.40) yields 


: as = p-1. a(s,t)\ b(s,t) 
atnamy se io). LT 1+ Fou (st Fi + - ) - |. 2a 


From (5.2.35) and (5.2.41) the desired inequality in (5.2.32) follows. 


Remark 5.2.3. We note that the inequalities given in (d:) and (dz) are of 
more general type and in the various special cases, one can obtain new inequal- 
ities which can also be used as tools in certain applications. 


Theorem 5.2.5. Let u(m,n), f (m,n) € D(N§, Ry), h(m,n,o,7) € D(E, Ry) 
and c > 0, p > 1 be real constants, where E = {(m,n, 0, T)ENG:0<a0K< 
m<o,0<T<n< co} 


(e1) If 
m—-ln-1 
uP (m,n) <e+ D> So [f(s,t) 9 (u(s,t)) 
s=0 t=0 
s—1t-1l 
+O VAG, 4.0.7) 9 (ulo, ») : (5.2.42) 
a=0 T=0 
for m,n € No, then for 0 < m < m4,0 <n < n4g;m,m4,n,n4 € No, 
u(m,n) < {HH (c) + B(mn)]}? , (5.2.43) 
where 
m—-l1n-1 s—1t-1 
B(mn)= >>> E (s,t)+ 5° >" A(s,t,0, >] (5.2.44) 
s=0 t=0 o=0 7T=0 
H(r)= / 2s > 0, (5.2.45) 
 o(s) 


ro > 0 is arbitrary, 7 —1l is the inverse of H and m4,n4 € No are chosen so that 
H (c) + B(m,n) € Dom (H™"), 


for all m,n lying in0< m<m4,0<n< nq. 
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(e2) If 
m—-l1n-1 s—1t-1 

u? (m,n) <et+ E (s,t) u(s,t) + > oe h(s,t,o,T)u(o,T)}, (5.2.46) 
s=0 t=0 o=0 T=0 


for m,n € No, then 


pri p-1 pt 
u(m,n)<4oPr + or Bi(m,n) : (5.2.47) 
for m,n € No, where B(m,n) is given by (5.2.44). 


Proof. (e;) Let c > 0 and define a function z(m,n) by the right hand side of 


(5.2.42).Then z(0,n) = z(m,0) =c, u(m,n) < {z (m,n)}* , 2(m,n) is positive 
and nondecreasing for m,n € No and 


z(m+1,n) — z(m,n) 


3 i (r,t) 9 (u(on,t)) + > ST a(m,t,0,7) 9(u on) 
t=0 o=0 7=0 
25 i (m.t)9(f2(m.)}*) + 2 Yo A(mto.7) 9 ((eom*)] 
t=0 a=0 r=0 
<g({z (m,n)}") 3 E (m,t) + ‘y y Alm, to, o) (5.2.48) 
t=0 a=0 Tr=0 


From (5.2.45), (5.2.48) we observe that 


z(m+1,n) 
ds 


sae) 


A (z(m+1,n)) — H(z(m,n)) = 


z(m+1,n)— z(m,n) 


g ({z(m.n)}*) 


n-1 m—1t-1 
< ; (m,t)+ 5° S° item tain} (5.2.49) 
t=0 o=0 T=0 


Keeping n fixed in (5.2.49), setting m = s and summing over s from 0 to m— 1 
we obtain 


H (z(m,n)) < H(c)4+ B(m,n). (5.2.50) 


Now substituting the bound on z(m,n) from (5.2.50) in u(m,n) < {z(m, n)}*, 
we obtain the required inequality in (5.2.43). The proof of the case when c > 0 
can be completed as mentioned in the proof of Theorem 4.2.3, part (b,). The 
domain 0 < m < m4,0 <n < ng is obvious. 
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(e2) The proof is similar to that of Theorem 1.3.4. We omit the details. 


Remark 5.2.4. We note that the inequality in (e1) is a Bihari type discrete 
inequality in two independent variables and if we take p = 2,h = 0 in (eg), then 
we get a slight variant of the inequality in Theorem 5.4.1 given in [42]. 


5.3 Further finite difference inequalities 


In view of the important applications,a great deal of attention has been given 
to establish finite difference inequalities which provide explicit bounds on un- 
known functions. In this section, we offer some more finite difference inequalities 
investigated by Pachpatte in [38,53,66] which provide a natural and effective 
means in certain applications. 


We begin with the following theorem which contains the inequalities proved 
in [38]. 


Theorem5.3.1. Let u(m,n),a(m,n),b(m,n),p(m,n), g(m,n),h(m,n) € 
D (NG, Ry). Let L: Nj x Ry — Ry be a function which satisfies the condition 


0< L(m,n,u) — L(m,n,v) < M(m,n,v) (uv), (5.3.1) 


for u>v>0, where M: Né x Ry — Ry. 


(a1) Let a(m,n) be nondecreasing in m. If 


m-1 


u(m,n) < a(m,n) + p(m,n) S- b(s,n) u(s,n) 


s= 


m—-1n-1 


+>) DL (s,t.u(s, 8), (5.3.2) 


s=0 t=0 


for m,n € No, then 


u(m,n) < f (m,n) [a(m,n) + e (m,n) 


* 7 1+ 3 M (s,t, f (s,t)a(s,t)) f «o)] ; (5.3.3) 
s=0 t=0 


for m,n € No, where 


m-1 m—-1 


f (m,n) =14+p(m,n) S> b(s,n) [TT 1 +o(,n)p(o,n)], (5.3.4) 


s=0 o=s+l 
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m—1ln-1 


e(m,n) = 5° So L(s,t, f (s,t) a(s,t)), (5.3.5) 
for m,n € No. 


(a2) Let a(m,n) be as in (a1). If 


ws (m,n) <a (m,n) + 5 9(6,n) (6.0 + Trlormu(orm)) 
s=0 o=0 
3 3 So L(s,t,u(s,4)), (5.3.6) 
s=0 t=0 


for m,n € No, then 


u(m,n) < k(m,n) [a (m,n) + €(m,n) 


<T] LSM (ahktatated) HO] ; (5.3.7) 
s=0 t=0 
for m,n € No, where 
k(m,n) =1+ 3 g(s,n) Ul [1+ g(o,n)+h(o,n)], (5.3.8) 
s=0 o=0 
é(m,n) = 3 SE (st,k (a2) 0(9,4)), (5.3.9) 
s=0 t=0 


for m,n € No. 


Proof. (a) Define a function z(m,n) by 


m—-1ln-1 


z(m,n) =a(m,n) + > S- L(s,t,u(s,t)). (5.3.10) 


s=0 t=0 
Then (5.3.2) can be restated as 


u(m,n) < z(m,n) + p(m,n) S b(s,n)u(s,n). (5.3.11) 
s=0 


Clearly z(m,n) is nonnegative and nondecreasing function for m € No. Treating 
(5.3.11) as an one dimensional inequality for any fixed n € No and a suitable 
application of Theorem 1.2.4 given in [42] to (5.3.11) yields 


u(m,n) < z(m,n) f (m,n), (5.3.12) 
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where f(m,n) is defined by (5.3.4). From (5.3.10) and (5.3.12) we have 
u (m,n) < f (m,n) [a(m,n) +r (m,n), (5.3.13) 


where 


m—-1n-1 


=S) > L(s,t,u(s,t)) (5.3.14) 


s=0 t=0 
Using (5.3.13),(5.3.1) in (5.3.14) we observe that 


m—1n-1 
< YL. (6.8) last) + r(s,0)) 
s=0 t=0 
—L (s, t, f (s, t) a (s, t)) + L (s, t, f (s, t) a (s, t))} 
m—-1ln-1 
e(m,n)+ ¥> S> M(s,t, f (s,t)a(s,t)) f (st) r(s,t), (5.3.15) 
s=0 t=0 
where e(m,) is defined by (5.3.5). It is easy to observe that e(m,n) is nonneg- 
ative and nondecreasing for m,n € No. Now a suitable application of Theorem 
4.2.2 given in [42] to (5.3.15) yields 


r(m,n) < e(m,n) TT 
s=0 


TO t, f (s,t) Jota) £8] (5.3.16) 
Now using (5.3.16) in (5.3.13) we get the desired inequality in (5.3.3). 


(a2) Define a function z(m,n) by (5.3.10), then (5.3.6) can be written as 


u(m,n) < z(m,n) + x g(s,n) (. (s,n) + 3 h(a,n) u(o, ») . (5.3.17) 
s=0 o=0 


Clearly z(m,n) is nonnegative and nondecreasing function for m € No. Treating 
(5.3.17) as one-dimensional inequality for any fixed n € No and a suitable 
application of Theorem 1.4.2 given in [42] to (5.3.17) yields 


u(m,n) < z(m,n)k (m,n), (5.3.18) 
where k(m, 7) is defined by (5.3.8). Now by following the proof of (a1) we obtain 
the desired inequality in (5.3.7). 


Remark 5.3.1. If we take p(m.n) = 0 in (a1), g(m,n) = 0 in (ag), then 


m—-l1n-1 
f(m,n) =1=k(m,n), e(m,n) =é@(m,n) = D7 7 L(s,t,a(s,t)) = eo (m,n) 
s=0 t=0 
(say) and the bounds obtained in (5.3.3) and (5.3.7) reduces to 
m—-1 


u(m,n) < a(m,n) + eo (m,n) II 1+ x M (s,t,a(s,t))] . (5.3.19) 
s=0 t=0 


For some such inequaliies and their applications, see [42]. 
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The inequalities embodied in the following theorem are established in [53]. 


Theorem 5.3.2. Let u(m,n), f (m,n) ,a(m,n) € D(N§, Ry), k(m,n,o,7), 
Aik(m,n,o,7), Aok(m,n,o,7), A2Aik(m,n,o,7) € D(E,R+,) and c> 0 be 
areal constant, where E = {(m,n, 0,7) ENG:0<a0<m<w0<T<n< oo} , 


(b;) If 


u(m,n) <ct+ 3 f (s,#) c (s,t) + x y k (s,t,o,T)u(o, a) , (5.3.20) 


o=0 T=0 


for m,n € No, then 


m—1n-1 


u(m,n) <c +S SOOT 
= 


s=0 t=0 


4 OU (én) + Q(E, oi , (5.3.21) 
for m,n € No, where Q(m,n) is defined by (5.2.14). 


(b2) If 


LE banda) ; (5.3.22) 


a=0 T=0 


for m,n € No, then 


m—-1ln-1 


1+ 5° So f(s,2) 


s=0 t=0 


u(m,n) < a(m,n) + H (m,n) 


—-1 


«TI 


£=0 


14 SU f(&n)+Q en ; (5.3.23) 


n=0 


for m,n € No, where 


a(s,t)+ S- Se k(s,t,0,T)a(o,T)}, (5.3.24) 


m—-1n-1 s—1lt—l 
o=07=0 


for m,n € No and Q(m,n) is defined by (5.2.14). 
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Proof. (b,) Let c > 0 and define a function z(m,n) by the right hand side of 
(5.3.20). Then z(0,n) = z(m,0) = c, u(m,n) < z(m,n) and 


AsAiz (m,n) = f (m,n) c (m,n) + 3 S k(m,n,o,T)u(a, | 


a=0 T=0 


m—l1n-1 
< f (m,n) |: (m,n) + S- S- k(m,n,o,7)z (0, >] ‘ (5.3.25) 
a=0 7T=0 
Define a function v(m, n) by 
m—-1n-1 
u(m,n) = z(m,n) + y be k(m,n,0,7)z (0,7). (5.3.26) 
o=0 7T=0 


Then v(m, 0) = z(m,0) = ¢, v(0,n) = 2(0,n) = c, AgAiz(m,n) < f (m,n) 
u(m,n),2(m,n) < v(m, n) and following the proof of Theorem 5.2.2, part (b1) 
and using the fact that z(m,n) is nondecreasing for m,n € No we observe that 


AsA\u (m,n) < AgAiz (m,n) + Q (m,n) z (m,n) 


< [f (m,n) + Q (m,n)] v (m,n), (5.3.27) 


where Q(m, 7) is defined by (5.2.14). The rest of the proof can be completed as 
in the proof of Theorem 4.3.1 given in [42]. 


(b2) The proof can be completed by following the proof of Theorem 4.3.3, 
part (a4) given in [42]. We omit the details. 


Remark 5.3.2. By taking k(m,n,o,7) = k (0,7), the inequality in (b)) re- 
duces to the inequality in Theorem 4.3.1 given in [42]. The inequality in (b2) is 
of more general type and can be used conveniently in certain situations. 


In the following theorems we present the inequalities investigated in [66] which 
can be used in some applications. 


Theorem 5.3.3. Let E; = {(m,n,s,t)€ Nj:0<s<m<w0<t<n<ow} 
and E2 = {(m,n,s,t,0,7T) ENG :0<a0<s<m<w,0<7r<t<n< oo}. Let 
u(m,n) € D(NG,Rz); k(m,n,s,t), Ark (m,n,s,t), Ack(m,n,s,t), AsAdik 
(m,n, s,t) € D(E,, R.); h(m,n,s,t,0,7), Arh (m,n, s,t,o,7), Ach (m,n, s, t, 
a,T), AsAih(m,n, s,t, 0,7) € D( Eo, Ry) and c> 0 be a real constant. 
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+ Ss s (EE remnant T)u(o, ”). (5.3.28) 


s=0 t=0 \o=07T=0 


for m,n € No, then 


1+ 5° [A(2,y)+B wou (5.3.29) 


for m,n € No, where 


xz—1 


A(z,y) =k(x+1yt1,2,y) + >) Aik(a,y+1,s,y) 
s=0 


a—-ly-1l 


+S aah (a+1,y, x,t) +S°S 0 AdAik (x,y, 8,t), (5.3.30) 


s=0 t=0 


a—-ly-l 


2 ap a (a+1,y+1,2,y,0,7) 


a=0 T=0 


1 


x—-1 s—ly- 
+ (Seveaane 


s=0 \o=07=0 


y-1 /x-1t-1 


t=0 \o=07=0 


Dy (EY asaitionnte ») (5.3.31) 


s=0 t=0 \o=07=0 


(co) Ler g € C(Ry, Ry) be a nondecreasing function with g(u) > 0 for u > 0. 
If 


u(m,n) <e+ ye S/ k (m,n, s,t) g (u(s,t)) 


+e (Ere (m,n, 8,t,0,7) 9 (u(o, »): (5.3.32) 


o=0 T=0 
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for m,n € No, then for 0 << m <m 1,0 <n<7n1;m,m1,n,n1 € No, 


m—1ln-1 


)+ S2 So (A(z, y) + Bla, y)]] (5.3.33) 


x=0 y=0 


u(m,n) < 


where A(x, y), B(x, y) are given by (5.3.30), (5.3.31), 


f dw 
) sa PCG > 0, (5.3.34) 


ro > o is arbitrary, G~* is the inverse of G and m,n, € No be chosen so that 


m—-1n-1 


(c)+ So So (A(z, y) + B(z,y)] € Dom (G), 


x=0 y=0 


for all m,n € No such that O< m<m,,0<n< ny. 


Theorem 5.3.4. Let u(m,n),k(m,n,s,t) , h(m,n,s,t,o,7), c be as in The- 
orem 5.3.3 and b(m,n) € D(Nj, Ry). 


(di) If 
m—-l1n-1 m—-l1n-1 fs—1t-1 

u(m,n) <ct > S- b(s,t) u( 0 Sok ( 8,t,0,T)u ute) 
s=0 t=0 s=0 t=0 \o=07=0 


+SOSOPSOSE [SCS as tar én)ul&n) | |, (5.3.35) 


m—-1 n-1 
u(m,n)<e]] j1+5¢ a(n] ; (5.3.36) 
s=0 t=0 
for m,n € No, where 
m—-1n-1 
Q (m,n) = b(m,n) + S> So k(m,n, 0,7) 
o=0 T=0 


m—1n-1 fo-17-1 


+ ye ys S> a h (m,n, o, TEs) ‘ (5.3.37) 


a=0 T=0 €=0 n=0 
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(dz) Let g(u) be as in Theorem 5.3.3, part (cz). If 


u (mn) <b > 5 b(4,8) 9 (u(9,4)) + +Fy (rye 8,t,0,T) g(u(a, ») 


s=0 t=0 s=0 t= o=0 T=0 


m—-1n-1 f[s—1 t-1 o—1rT-1 


tS | ite nemeee)) |: (5.3.38) 


s=0 t=0 \o=07=0 \ €=0 7=0 


for m,n € No, then for 0 < m < mz2,0 <n < ng; m,me,n,n2 € No, 


u(m,n) < G1 |G(c) + 3 + o(00] ; (5.3.39) 


s=0 t=0 
where Q(x, y) is given by (5.3.37), G, G~! are as in Theorem 5.3.3, part (c2) 


and m2,n2 € No be chosen so that 


m—-1n-1 


G(c)+ © Yo Q(s,t) € Dom (G"), 


s=0 t=0 


for all m,n € No such that 0 < m<m2,0<n< no. 


Proofs of Theorems 5.3.3 and 5.3.4. (c,) Let c > 0 and define a function 
z(m,n) by the right hand side of (5.3.28). Then z(m,n) > 0, 2(0,n) = z(m,0) = 
c and 


Aiz(m,n) = z(m+1,n) — 2(m,n) 


m n—-1l m n—-1 fs—1t-1 
=S°Sok(m+1,n,8,t) u( EE ER (m+1,n,s,t,0,7) u )) 
s=0 t=0 s=0 t=0 \o=07T=0 
m—-l1n-1 m—l1n-1 fs—1t—-1 
~S° So k(m,n,5,t)u -» ( S 7 h(m,n, 8, t,0,7) u (a, 2) 
s=0 t=0 s=0 t=0 \o=07T=0 
n—1 m—-1ln-1 
=Sok(mt+1,n,m,t)u (m,t t+ So SOK (m+1,n,s,t)u(s,#) 
t=0 s=0 t=0 


3 
| 
ue 
3 
| 
a 


i 


k (m,n, s,t) u(s,t) 


wH 
Il 
a) 
+ 
tl 
fon) 


\ 
t 

+ 3 

ll | 

° 

i. 

; 3 


-1t-1 
So h(m+ Lmashovr) wlan) 


T=0 


a7 (m+ 1,n,8,t,o,7) ula, ») 


o=0 T=0 


w 
ll 
j=) 


} 
. 
IMi 
fo SS 
vs 
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m—-1ln-1 /s—1t-l 
-F¥ (Era m,n, 8,t,0,T)u(o, ») 
s=0 t=0 \o=07T=0 
n—1 m—l1n-1 
= k(m+1,n,m,t)u(m,t y+ So SE Aik (m,n, s,t) u(s,t) 
t=0 s=0 t=0 
n—-1 f/m—-1t-1 
+f S$" h(m+1,n,m,t,0,7) (o ») 
t=0 \o=0 r=0 


0 
m—l1n-1 /fs—1t-l1 
+ S- (Sean (m,n, s,t,0,T)u(o, 2) ; (5.3.40) 
t= 


o=0 T=0 


From (5.3.40) and using the facts that u(m,n) < z(m,n), z(m,n) is nonde- 
creasing for m,n € No, we have 


AcsAiz (m,n) = Ayz(m,n+1)— Aiz(m,n) 


=Sok(m+ 1,n+1,m,t) u(m,t) 
=0 


0 
m-l n s—l1t-1 
+ (SY Amina tteatorrula) 


s=0 t=0 \o=07=0 


—~ So k(m+1,n,m,t) u(m,t) 


t=0 


m—-l1ln-1 


~S° So Aik (m,n, 5, t) u(s, t) 


s=0 t=0 


-¥ (Sos (m+ 1,n,m, t, 0,7) u(o, ») 


o=0 T 


= 0 
s—1lt-1 


= 3 3 SY ashommashovre(er)) 
=0 t=0 


8 o=0T=0 
=k(m+1,n+1,m,n)u(m,n) 


n—1 


+S k(m+1,n+1,m,t) u(m,t) 
t=0 


264 


Finite difference inequalities in two variables 


m-1 


+ S> Aik(m,n+1,s,n) u(s,n) 


s=0 


m—-1n-1 


+> S¢ Aik (m,n + 1,8,t) u(s,t) 


s=0 t=0 


n—-1 


— So k(m+1,n,m, t) u(m,t) 


t=0 


m—-1n-1 


— S75 SU Aik (m,n, s,t) u(s, #) 


s=0 t=0 


m—-1ln-1 


+ 5° SCa(m4+ijn+1,m,n,o,7)u(o, T) 


a=0 T=0 


n—-1 f/m—-1t-1 
+ ( Shot tant hm 2.7) 410.7) 


o=0 7T=0 


+ = (SE ashomnt banana (9, °) 
o=0 T=0 
ys 


m—-lin-1 /s—1t-1 
+ s ( YArhlmnt ba hove) wie) 
t=0 


o=0 T=0 


n-1 /m-1t-1 
-¥( Shon + tamamstiovn) n(n) 
t=0 


o=0 7T=0 


s=0 t=0 \o=07T=0 


m—l1In-1 fs—l1t-l1 
- So So Ath (m,n, s,t, 0, T)u(o, ») 


=k(m+1,n+1,m,n)u(m,n) 


Aik(m,n+1,s,n) u(s,n) 


n-1 
+ S- Ask (m+ 1,n,m,t) u(m, t) 
t=0 


m—1n-1 


ae S- Ss A2Aik(m,n,s,t) u(s,t) 


s=0 t=0 


m—-l1n-1 


+0 So h(m+1,n+1,m,n,0,7)u (0,7) 


a=0 7T=0 
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+ 3 EZaninertane (9, °) 


o=0 T=0 


ee (m+ 1,n,m,t,o,7) u(o, ») 


oF 
i 
r 


315 AAsh (rnyn, 8,2,0,7) 4 (9, ») 


o=07=0 
< [A(m, = + Bi(m,n)] z(m,n). (5.3.41) 
Now by following the proof of Theorem 4.2.1 given in [42] we get 


m-1 


(m,n se] 


1+ yu (a,y) + Bla, vi}. (5.3.42) 


for m,n € No. Using (5.3.42) in u(m,n) < z(m,n) we get the required inequal- 
ity in (5.3.29). If c > 0, we carry out the above procedure with c+ ¢ instead 
of c, where € > 0 is an arbitrary small constant, and subsequently pass to the 
limit as « > 0 to obtain (5.3.29). 


(c2) Let c > 0 and define a function z(m,n) by the right hand side of (5.3.32). 
Then z(m,n) > 0, z(m,0) = 2(0,n) = c, u(m,n) < z(m,n) and z(m,n) is 
nondecreasing for m,n € No. By following the arguments as in the proof of (c1) 
upto (5.3.41) with suitable modifications we get 


As,A\z(m,n) < [A(m,n) + B(m,n)] g(z(m,n)). (5.3.43) 


The remaining proof can be completed as in the proof of Theorem 5.2.1 given 
in [42]. 


(d,) Let c > 0 and define a function z(m,n) by the right hand side of (5.3.35). 
Then z(m,n) > 0, z(m,0) = 2(0,n) = c, u(m,n) < z(m,n) and z(m,n) is 
nondecreasing for m,n € No and 


m—-l1ln-1 


AoAiz (m,n) = b(m,n)u(m,n) + S- SS k (m,n,o,T)u(o,7T) 


a=0 T=0 


m—-1ln-1 fo-17T-1 


+ S20 | SOY a(n, 0,7,6,0) ulE) 


@=0 T=0 \VE=0 H=0 
< Q(m,n) z(m,n). (5.3.44) 


The rest of the proof can be completed by following the proof of Theorem 4.2.1 
given in [42]. 
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(dz) The proof can be completed by following the proof of (d;) and closely 
looking at the proof of Theorem 5.2.1 given in [42]. Here we leave the details to 
the reader. 


Remark 5.3.3. We note that the inequalities in Theorems 5.3.3 and 5.3.4 
can be considered as two independent variable discrete generalizations of the 
integral inequalities established by Bykov and Salpagarov in [9] (see also [12]). 
The important feature of these inequalities lies in their successful utilizations to 
the situations for which the other available inequalities do not apply directly. 


5.4 Estimates on certain finite difference inequal- 
ities I 


In [36,41,48,49] Pachpatte has investigated a number of new finite difference 
inequalities involving functions of two independent variables. In this section we 
shall give some of the inequalities established in the above papers which find 
applications in the study of some specific types of finite difference equations. 


We start with the following theorem which deals with the inequalities proved 
in [86]. 


Theorem 5.4.1. Let u(m,n),a(m,n),b(m,n) € D (NG, Ry). 


(a,) Let a(m,n) be nondecreasing in m and nonincreasing in n . If 


m—1 oc 
u(m,n) <a(m,n)+ S> © d(s,t)u(s,t), (5.4.1) 
s=0 t=n+1 
for m,n € No, then 
m-1 foe) 
u(m,n) <a(m,n TI 1+ Ne boo] (5.4.2) 
s=0 t=n+1 


for m,n € No. 


(a2) Let a(m,n) be nonincreasing in each variable m and n. If 


u(m,n) < a(m,n) + ay > b(s,t)u (5.4.3) 


s=m-+1 t=n+1 
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for m,n € No, then 


u(m,n)<a(m,n) [J j1t+ © boo]. (5.4.4) 
s=m+1 t=n4+1 


for m,n € No. 


Proof. (a) First we assume that a(m,n) > 0 for m,n € No. From (5.4.1) it 
is easy to observe that 


u(m aac u(s,t) 
ate 1+ eG Cn (5.4.5) 


Define a function z(m,n) by 


smn) =14+ > 3 560) ne (5.4.6) 


s=0 t=n+1 


then ae < z(m,n) and 


[z(m+1,n) — z(m,n)] — [z(m+1,n4+1) - 2(m,n4+ J 


Sia gitct) u(m,n+ 1) 

a(m,n-+1) 
<b(m,n+1)z(m,n+1). (5.4.7) 
From (5.4.7) and using the facts that z(m,n) > 0, z(m,n+1) < z(m,n) for 


m,n € No, we observe that 
[e(m+1,n)—2(mn)) _ [e(m+1,n+1)—2(mn+)) 
z (m,n) z(m,n+ 1) 
<b(m,n+1). (5.4.8) 


Keeping m fixed in (5.4.8), set n = t and sum over t = n,n+1,...,r-l(r >n+1 
is arbitrary in No ) to obtain 


[z(m+1,n)—2(m,n)] [z(m+4+1,r)—z(m,r)] 


z(m,n) z(m,r) 
S~ b(m,t). (5.4.9) 
t=n+1 
: lim — lim _ , 
Noting that pes pele (m,r) = ae: (m+ 1,r) = 1 and by letting r — co 


in (5.4.9) we get 


[z(m-+1,n) — z(m,n)] < x b( 


z (m,n) 
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z(m+1,n)< 


1+ a nono z(m,n). (5.4.10) 


t=n+1 


Now keeping n fixed in (5.4.10) and setting m = s and substituting s = 
0,1,2,...,7—1 successively and using the fact that z(0,n) = 1 we get 


z(m,n) < a 1+ 3 bot) ; (5.4.11) 
s=0 t=n+1 


Using (5.4.11) in (5.4.5) we get the required inequality in (5.4.2). If a(m,n) 
is nonnegative, we carry out the above procedure with a(m,n) + € instead of 
a(m,n), where € > 0 is an arbitrary small constant , and subsequently pass to 
the limit as « — 0 to obtain (5.4.2). 


(a2) We first assume that a(m,n) > 0 for m,n € No. From (5.4.3) it is easy 
to observe that 


mm) 14 3 = b(s,t) Se 


a(m,n Ponity one a(s,t) 


Se 


(5.4.12) 


Define a function z(m,n) by the right hand side of (5.4.12), then ae < 


z(m,n) and 


[z(m,n) — z(m+1,n)] — [z(m,n4+1)-— 2(m4F1,n4+ J] 
7 u(m+1,n+1) 
=bim+ ntl) ag 


) 
<b(m+i1,n+1)2(m+1,n4+1). (5.4.13) 


From (5.4.13) and using the facts that z(m,n) > 0, z(m+1,n+1) < z(m+1,n) 
for m,n € No, we observe that 


[z(m,n)—z(m+1,n)] [z(m,n4+1)—2(m4+1,n+ 1] 
z(m+1,n) z(m+1,n+1) 
<b(m+1,n4+1). (5.4.14) 


Keeping m fixed in (5.4.14), set n = ¢t and sum over t = njn+1,...,qg—1 
(q >n-+1 is arbitrary in No) to obtain 
[z(m,n)-—z(m+1,n)] _ [z(m,g)-2z(m+1,9)] 
z(m-+1,n) z(m+1,q) 


< 3 b(m+1,t). (5.4.15) 


t=n+1 
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: lim lim . 
Noting that ae z(m,q) = z(m-+1,q) =1 and by letting g — co 


in (5.4.15) we get 


1+ S> b(m+1,t) 
t=n4+1 


z(m,n) < z(m+1,n). (5.4.16) 


Now keeping n fixed in (5.4.16) and by setting m = s and by substituting 
s=m,m+l,...,.p—1(p>m-+1 is arbitrary in No ) successively, we obtain 


p foe) 
z(m,n) <2(p,n) J] i+ boo] (5.4.17) 
s=m+1 t=n4+1 
Notine dist: 8 Beanie Dean ietlinkp 2eed in GA t 
oting tha nes , and letting p oo In (0.4. we ge 
z(mn)< J] ji+ S bod] (5.4.18) 
s=m4+1 t=n+1 


Using (5.4.18) in (5.4.12) we get the required inequality in (5.4.4). The case, 
when a(m,n) is nonnegative can be completed as mentioned in the proof of part 


(a1). 
In the following theorems we present the inequalities investigated in [36]. 


Theorem 5.4.2. Let u(m,n),b(m,n) € D(Nj,R,) and c > 0 be a real 
constant. Let g € C(R;, R41) be a nondecreasing function with g(u) > 0 for 
u> 0. 


(b1) If 


u(m,n) <c+ y S~ b(s,t) 9 (u(s,t)), (5.4.19) 


s=0 t=n+1 


for m,n € No, then for 0 << m < mj 1,0 <n <7 1;m,m1,n,n1 € No, 


Co 


u(m,n) < G7! Soa Peele (5.4.20) 


s=0 t=n+1 
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i ds 
G(r) => i g(s)’. = 0, (5.4.21) 


ro > 0 is arbitrary, G~! is the inverse of G and m,n, € No are chosen so that 


G+ S- b(s,t) € Dom (G""), 


s=0 t=n+1 


for all m,n € No such that O0< m<m,,0<n< ny. 


(b2) If 


u(mn)<c+ So SY” d(s,t)g(u(s,t)), (5.4.22) 


s=m-+1 t=n+1 


for m,n € No, then for 0 < m < m2,0 <n < na;m,m2,n,n2 € No, 


u(m,n) <G!|G(c) + SS 2 b(s,t)] , (5.4.23) 


s=m+1 t=n+4+1 
where G, G7! are as in (b;) and mz, nz are chosen so that 
G(c) + S- S- b(s,t) € Dom (G""), 
s=m-+1 t=n+1 


for all m,n € No such that 0 < m<m2,0<n< no. 


Theorem 5.4.3. Let u(m,n),a(m,n),b(m,n) € D(NG, Ry) and L: Ng x 
R, — Rx be a function which satisfies the condition 


0< L(m,n,u) — L(m,n,v) < M (m,n, v) (uv), (5.4.24) 


for u>v>0,, where M: N@ x Ry > Ry. 


(c1) If 
u(m,n) < a(m,n) + 6(m,n) SS L(s,t,u(s,t)), (5.4.25) 


for m,n € No, then 


u(m,n) < a(m,n) + b(m,n) e (m,n) 
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ATA + S> M(s,t,a(s,t)) b(s,t)] , (5.4.26) 
s=0 t=n4+1 


for m,n € No, where 


n) = SS” L(s,t,a(s,t)), (5.4.27) 


for m,n € No. 
(c2) If 


u(m,n) < a(m,n) + b(m,n) 3 Sr: (s, t, u(s,t)), (5.4.28) 


s=m-+1 t=n+1 


for m,n € No, then 


u(m,n) < a(m,n) + b(m, n) E(m, n) 


x Il ee >> M (s,t,a(s,t)) b(s,t)| , (5.4.29) 


s=m+1 t=n4+1 
for m,n € No, where 


LS. ar: (s,t,a(s,t)), (5.4.30) 


s=m-+1 t=n+1 


for m,n € No. 
Theorem 5.4.4. Let u(m,n),a(m,n),b(m,n) € D(NG, Ry) and L: Ng x 
R, — R, be a function which satisfies the condition 

0< L(m,n,u) —L(m,n,v) < M(m,n,v)y7' (u—v), (5.4.31) 


for u > vu > 0, where M: N@ x Ry — Ry and w: Ry — Rx be a continuous 
and strictly increasing function with w (0) = 0, ~~! is the inverse function of w 
and y~* (xy) < y~* (x) b~* (y) for zy € Ry. 


(d;) If 


u(m,n) < a(m,n) + 6(m,n) o(S Ss L(s,t,u(s »). (5.4.32) 


s=0 t=n+1 


for m,n € No, then 


u(m,n) < a(m,n) + b(m,n) 
xy («om 7 + S> M(s,t,a(s,t)) v7? ws} , (5.4.33) 
s=0 t=n+1 


for m,n € No where e(m,n) is defined by (5.4.27). 
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(dz) If 


u(m,n) < a(m,n) + b(m,n) es or: fstn(s)), (5.4.34) 


s=m+1 t=n+1 


for m,n € No, then 


u(m,n) < a(m,n) + 6(m,n) 


xw (comm ) [I 


s=m+1 


1+ > M (s,t,a(s,t)) p- rots] (5.4.35) 


t=n4+1 
for m,n € No, where €(m,n) is defined by (5.4.30). 


Proofs of Theorems 5.4.2-5.4.4. We give the details of the proofs of (bj), 
(c1), (di) only. The proofs of (bz) , (cz) , (dz) can be completed similarly with 
suitable modifications. 


(b1) Let c > 0 and define a function z(m,n) by the right hand side of (5.4.19). 
Then u(m,n) < z(m,n) and 
[z(m+1,n) — z(m,n)] —[z(m4+1,n4+1) — 2(m,n+4 I] 
= b(m,n+1)g(u(m,n-+ 1)) 
< b(m,n+1)g(z(m,n+1)). (5.4.36) 


From (5.4.36) and using the facts that z(m,n) > 0, z(m,n+1) < z(m,n) for 
m,n € No, we observe that 


[z(m+1,n)—2(m,n)] [z(m4+1,n4+1)—2(m,n+1] 
g(z(m,n)) g(z(m,n + 1)) 
<b(m,n+1). (5.4.37) 


Now by following the similar arguments as in the proof of Theorem 5.4.1, part 
(a1) below (5.4.8) upto (5.4.10) we have 


en ete 3 b(m, t). (5.4.38) 


TEC) Far 


From (5.4.21) and (5.4.38) we have 


G (z(m+1,n)) — G(z(m,n)) = 
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> b(m,t). (5.4.39) 


t=n+1 


Keeping n fixed in (5.4.39), setting m = s and taking the sum over s = 
0,1,2,....2—1 and using the fact that z(0,n) = c we obtain 


G (z(m,n)) — G(c) < y S- b(s,t). (5.4.40) 


s=0 t=n+1 


The required inequality in (5.4.20) follows from (5.4.40) and the fact that 
u(m,n) < z(m,n). The proof of the case when c > 0 can be completed as 
mentioned in the proof of Theorem 5.4.1, part (a;). The subdomain 0 < m < 
m,,0 <n <n, is obvious. 


(c1) Define a function z(m,n) by 


m—-1l1 ow 
n)= >> >> L(s,t,u(s,6)). (5.4.41) 
s=0 t=n+1 


Then (5.4.25) can be restated as 
u(m,n) < a(m,n) + b(m,n) z (m,n). (5.4.42) 
From (5.4.41), (5.4.42) and (5.4.24) we observe that 


m—-1 co 


u(m,n) < S- S- {L(s,t,a(s,t) + 6(s,t) z(s,t)) 


s=0 t=n+1 


—L(s,t,a(s,t)) + L(s,t,a(s,t))} 


(m,n) ae S> M (s,t,a(s,t)) b(s,t) z(s,t), (5.4.43) 


s=0 t=n+1 


where e(m,n) is defined by (5.4.27). Clearly e(m,n) is real-valued, nonnega- 
tive,nondecreasing in m and nonincreasing in n for m,n € No. Now an appli- 
cation of Theorem 5.4.1, part (a,) to (5.4.43) yields 


z(m,n) < e(m,n) Ul 1+ S° M(s,t,a(s,t)) b(s,t)| . (5.4.44) 
s=0 t=n+1 


The desired inequality in (5.4.26) follows from (5.4.42) and (5.4.44). 
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(d1) Define a function z(m,n) by (5.4.41), then from (5.4.32) we have 
u(m,n) < a(m,n) + b(m,n) wv (z(m,n)). (5.4.45) 
From (5.4.41), (5.4.45), (5.4.31) and the hypotheses on y we observe that 
m—1l oo 
z(m,n)< >) SY) {L(s,t,a(s,t) + 6(s,t) d(z(s,¢))) 
s=0 t=n+1 
=i (s, t,a (s, t)) +L (s, t,a (s, t))} 


<e(m,n) + S S$" M(s,t,a(s,t)) b~! (b(s,t))z(s,t), 


s=0 t=n+1 


where e(m,n) is defined by (5.4.27). Now, by following the last arguments as 
in the proof of (c,) given above we get the desired inequality in (5.4.33). 


Remark 5.4.1. We note that the inequalities in Theorem5.4.2 are the useful 
versions of the more general inequalities given in [86, Theorem 2] and in the 
various special cases the inequalities in Theorems 5.4.3 and 5.4.4 can also be 
useful in certain applications. 


The discrete analogues of Theorems 2.5.3-2.5.5 established in [41] are embod- 
ied in the following theorems. 


Theorem 5.4.5. Let u(m,n),a(m,n) ,b(m,n),c(m,n) € D(NG, Ry). 


(e1) If 
m—1l oo 
u(m,n) < a(m,n) + b(m,n) S> c(s,t) u(s,t), (5.4.46) 
s=0 t=n+1 
for m,n € No, then 
m—-1 ee) 
u(m,n) <a(m,n)+b(m,n) f (m,n) II 1+ S- c(s,t) b(s,t)| , (5.4.47) 
s=0 t=n+1 
for m,n € No, where 
m—1 oo 
f (m,n) = S- c(s,t)a(s,t), (5.4.48) 
s=0 t=n+1 


for m,n € No. 
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(e2) If 


u(m,n) <a(m,n)+b(m,n) SY)  S°> e(s,t)u(s,t), (5.4.49) 


s=m-+1 t=n+1 


for m,n € No, then 


u(m,n) < a(m,n) + b(m,n) f (m,n) 


x I 1+ sf c(s,t) b(s,t)] , (5.4.50) 


s=m+1 t=n+1 


for m,n € No, where 


f (m,n) = S- S- c(s,t)a(s,t), (5.4.51) 
s=m+1 t=n+4+1 
for m,n € No. 


Theorem 5.4.6. Let u(m,n),a(m,n),b(m,n),c(m,n) € D(NG, Ry). 


(p1) Assume that a(m,n) is nondecreasing in m for m € Np. If 


u(m,n) <a(m,n)+ ‘ b(s,n)u(s,n)+ 9 S- c(s,t)u(s,t), (5.4.52) 
s=0 s=0 t=n+1 


for m,n € No, then 


z(m,n) < q(m,n) [a(m,n) + F (m,n) 


m-1 love) 
x [J fit SO e(s,ta(s,t) i (5.4.53) 
s=0 t=n4+1 
for m,n € No, where 
m-1 
q(m,n) = [J [1+ b(s,n)], (5.4.54) 
s=0 
m—1 oo 
F(m,n)= 5° >> e(s,t)a(s,t)a(s,t), (5.4.55) 
s=0 t=n+1 


for m,n € No. 
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(p2) Assume that a(m,n) is nonincreasing in m for m € No. If 


u(m,n) < a(m,n) + Ss b(s,n) u(s,n) 
s=m+1 
+ 7 Dd els,t)u(st), (5.4.56) 


s=m+1 t=n+1 


for m,n € No, then 


u(m,n) < ¢(m,n) [a (m, n) + F' (m,n) 


m-1 foe) 
x I 1+ S© e(s,t)a(s,t) (5.4.57) 
t=n+1 
for m,n € No, where 
q(m,n)= JJ [1+0(s,n)], (5.4.58) 
s=m+1 


eS Se t) G(s, t)a(s,t), (5.4.59) 


s=m-+1 t=n+1 


for m,n € No. 


Theorem 5.4.7. Let u(m,n),a(m,n),b(m,n) € D(N@, Rz). Let L,M be 
as in Theorem 5.4.3 and the condition (5.4.24) holds. 


(qi) Assume that a(m,n) is nondecreasing in m for m € No. If 


m—1 love) 
u(m,n) <a(m,n)+ S> b(s,n (s,n jay S- L(s,t,u(s,t)), (5.4.60) 
s=0 s=0 t=n+1 


for m,n € No, then 


u(m,n) < q(m,n) [a(m,n) + H (m,n) 


“Tl 1+ >) M(s alssats0) ale) (5.4.61) 
s=0 t=n+1 
for m,n € No, where q(m,n) is defined by (5.4.54) and 
m—-1 oo 
H (m,n) = d= L(s,t,4(s,t) a(s,t)), (5.4.62) 
s=0 t=n+1 


for m,n € No. 
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(q2) Assume that a(m,n) is nonincreasing in m for m € Np. If 


u(m,n) < a(m,n) + SS aCe 7) 


s=m+1 


+ > SE: (s,t,u(s,t)), (5.4.63) 


s=m+1 t=n+4+1 
for m,n € No, then 


u(m,n) < G(m,n) [a (m,n) + H (m,n) 


x JJ ja+ dS Mistatenatsopateo]|. (5.4.64) 
s=m+1 t=n4+1 


for m,n € No, where G(m,n) is defined by (5.4.58) and 


BS yo (s,t,7(s,t) a(s,t)), (5.4.65) 


s=m4+1 t=n+4+1 


for m,n € No. 


Proofs of Theorems 5.4.5-5.4.7. We give the proofs of (e1) , (p2) , (qi); the 
proofs of (e2) , (pi), (q2) can be completed similarly. 


(e,) Define a function z(m,n) by 


z(m,n) = s SS” c(s,t)u(s,t), (5.4.66) 
s=0 t=n+1 


then (5.4.46) can be restated as 
u(m,n) < a(m,n) + b(m,n)z (m,n). (5.4.67) 
From (5.4.66) and (5.4.67) we have 


(m,n) < Se c(s,t) [a(s,t) + b(s,t) z(s, t)] 


< f (m,n) + Ss S> e(s,t) b(s,t) 2(s,t), (5.4.68) 


where f (m,n) is defined by (5.4.48). Clearly, f(m, n) is real-valued, nonnegative 
function, nondecreasing in m and nonincreasing in n for m,n € No. Now, an 
application of Theorem 5.4.1, part (a1) to (5.4.68) yields 


m-1 oo 
z(m,n) < f(m,n miee + Soe (s, t) b(s,t)] . (5.4.69) 
s=0 t=n4+1 


The required inequality in (5.4.47) follows from (5.4.67) and (5.4.69). 
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(p2) Define a function w(m,n) by 
w (m,n) = a(m,n) + S- S- c(s,t) u(s,t), (5.4.70) 
s=m+1 t=n+4+1 


then (5.4.56) can be restated as 


u(m,n) < w(m,n) 1 Se b(s,n)u(s,n). (5.4.71) 


s=m+1 


Clearly, w(m, n) is real-valued, nonnegative and nonincreasing in m for m € No. 
Keeping n fixed in (5.4.71) and applying Theorem 4.5.3, part (c,) to (5.4.71), 
we obtain 


u (m,n) < w(m,n) g(m,n), (5.4.72) 
where @(m,n) is defined by (5.4.58). From (5.4.72) and (5.4.70) we have 

u(m,n) < (m,n) [a(m,n) +0 (m,n)), (5.4.73) 
where 


SSS e(s,t)u(s,t). (5.4.74) 


s=m+1 t=n+1 


From (5.4.74) and (5.4.73), it is easy to see that 


v(m,n) < eS x v(s,t), (5.4.75) 


s=m+1 t=n+1 


where F'(m,n) is defined by (5.4.59). Clearly, F' (m,n) is real-valued nonneg- 
ative function, nonincreasing in each variable m and n for m,n € No. An 
application of Theorem 5.4.1, part (az) to (5.4.75) yields 


v(m,n)<F(mn) TT j1+ So c(s,t)a(s,t)]. (5.4.76) 
s=m4+1 t=n+1 


Using (5.4.76) in (5.4.73) we get the required inequality in (5.4.57). 


(qi) Define a function z(m,n) by 


m—-1 
z(m,n) =a(m,n) + > ee: (s, t, u(s,t)) , (5.4.77) 
s=0 t=n+1 


then (5.4.60) can be restated as 


u(m,n) < z(m,n) + ss b(s,n)u(s,n). (5.4.78) 
s=0 
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Clearly, z(m, n) is real-valued, nonnegative and nondecreasing function in m for 
m € No. Keeping n fixed in (5.4.78) and applying Corollary 1.2.5 given in [42, 
p. 15] to (5.4.78) we get 


u(m,n) < z(m,n)q(m,n), (5.4.79) 
where g(m,m) is defined by (5.4.54). From (5.4.79) and (5.4.77) we have 
u(m,n) < ¢(m,n) [a(m,n) + v(m, n)], (5.4.80) 


where 


a ae (s,t,u(s,t)). (5.4.81) 


s=0 t=n+1 


From (5.4.81), (5.4.80) and the hypotheses on L we observe that 


(m,n) < Pee (s,t,q(s,t) [a(s,t) + v(s,t)]) — L(s,t,q(s,t) a(s,t)) 


s=0 


+L (s,t,q(s,t) a(s,t))} 


< H(m,n) 3 SM (s,t,q(s,t) a(s,t)) q(s,t) v(s,t), (5.4.82) 
s=0 t=n+1 


where H(m,n) is defined by (5.4.62). Clearly, H(m,) is real-valued, nonnega- 
tive, nondecreasing function in m and nonincreasing in n for m,n € No. Now, 
applying Theorem 5.4.1, part (a,) to (5.4.82) and substituting the bound on 
u(m,n) in (5.4.80), we get the required inequality in (5.4.61). 


The next theorem contains the inequalities obtained in [49]. 


Theorem 5.4.8. Let u(m,n),a(m,n) € D(NG, Ry) and c > 0 be a real 
constant. 


(71) If 


u? (m,n) <c+ S SS” a(s,t)u(s,t), (5.4.83) 


s=0 t=n+1 


for m,n € No, then 


u(m,n) < J/e+ 


NOR et 
ae 


> et (5.4.84) 


for m,n € No. 
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(r2) Let g,G,G~! be as in Theorem 5.4.2, part (b1).If 


u? (m,n) < c+ SS” a(s,t)u(s,t) g(u(s,t)), (5.4.85) 


for m,n € No, then for 0 < m < m3,0 <n <n3;m,m3,n,n3 € No, 


m1 


3 a(s,t)| , (5.4.86) 


u(m,n) < G7" |G (Ve) + oP 


for all m,n € No such that 0 <m <m3,0<n< nz. 


(r3) Let L,M be as in Theorem 5.4.3 and the condition (5.4.24) holds. If 


m—1 oo 
u2 (m,n) <e+ SS” a(s,t) u(s,t) L(s,t,u(s, 4), (5.4.87) 
s=0 t=n+1 
for m,n € No, then 
m—1 ee) 
1 
u(m,n) < /e+h(m,n) II 1+ 5 S- a(s,t)M (s,t,Vc)|, (5.4.88) 
s=0 t=n+1 
for m,n € No, where 
1 m—-1l oo 
h(mn)=5 D0 a(s,t) L(s,t, Ve), (5.4.89) 


for m,n € No. 


Proof. (r,) Let c > 0 and define a function z(m,n) by the right hand side of 
(5.4.83), then u(m,n) < \/z(m,n) and 


[z(m+1,n) — z(m,n)] — [z(m+1,n +1) -— z(m,n+ 1] 


a(m,n+1)u(m,n-+ 1) 
<a(m,n+1) Vz(m,n+1). (5.4.90) 


By using the facts that \/z (m,n) > 0, /z(m,n+1) < Vz(m,n), /z(m,n+1) < 
Jz(m+i,n4+1), f/z(m+i,n4+]l) < /z(m+1,n), we observe that 


| Vz(m + 1n) - Vz(m,n)| - [Vz(m +1 #1) - Vz(mn+0)] 
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=) [z(m+1,n) — z(m,n)] [ge(m+1,n+1)—z(m,n+1)] 
Jz(mt1,n)+ Vz(mn) Sz(m4+1,n+1) + Vz(m,nF+ 1) 
2 [z(m+1,n) — z(m,n) [ze(m+1,n+1)—z(m,n+1)] 
~ Jfz(mtintl+JSz(mn+l) Vz(mtl1jnt+1+Vz(m,n+1) 
[z(m+1,n) — z(m,n)] — [z(m+1,n+ 1) — z(m,n+1)] 
Jz(mt1,nt+1)+/fz(m,n+1) 
[z(m+1,n) — z(m,n)] — [z(m+1,n+1)— z(m,n+1)] 
Jz(m,nt1) + Vz (m,n+1) 


a 


< sau(m.n +1). (5.4.91) 


Here, we have used (5.4.90) to get (5.4.91). Now, keeping m fixed in (5.4.91), 
set n = t and sum over t=n,n+1,..,¢—1 (¢ >n+1 is arbitrary in No ) to 
obtain 


[vz( (m+ 1,n) — Vz(m,n)] - |Vz(m 41a) - V2(m,9)| 


= 5 a(m,t). (5.4.92) 


Noting that j am Jz(m+1,q) = Vz(m,q) = ve, and by letting g > co 


in (5.4.92) we get 


Co 


S$” a(m,t). (5.4.93) 


t=n+1 


eae 


JVz(m+1,n)— Vz(m,n) < 


Keeping n fixed in (5.4.93), set m = s and sum over s = 0,1,2,...,m —1 and 
use the fact that z(0,n) = c, to obtain 


Vz(m,n) < /et+ ; ‘3 a a(s,t). (5.4.94) 


s=0 t=n+1 


The desired inequality in (5.4.84) follows by using the fact that u(m,n) < 
\/z(m,n). If c > 0, we carry out the above procedure with c+ ¢ instead of c, 
where ¢€ > 0 is an arbitrary small constant, and subsequently pass to the limit 
as € > 0 to obtain (5.4.84). 


(rg) Let c > 0 and define a function z(m,n) by the right hand side of (5.4.85). 
Then by following the same arguments as in the proof of (r1) upto (5.4.91) with 
suitable changes we get 


[ Vz(m+1n) — Vz (m,n)] - Raa Ln+1)- Vz(mn+1)| 
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< sa(mn+1)9(Vz0n,n+1)) 3 (5.4.95) 


From (5.4.95) and using the fact that a( z(m,n+ D) < a( 2(m,n)) we 
observe that 


| Vz(m+1n) — Vz(m,n)] [Vz(m +n ¥1)- Vz(mn¥1)| 
a( 2(m,n)) a( z(m,n +1) 


1 
< 54 (m,n +1). (5.4.96) 


Keeping m fixed in (5.4.96), set n = ¢ and sum over t = n,n +1,...,q—1 ( 
q>n-+1 is arbitrary in No ) to obtain the estimate 


[ Vz(m+1n) — Vz(m,n)] [Vz(m +1) - V2(m,9)| 


9 (Vz(m,n)) 9 (/z(m,4)) 
1 <f 
S5 Deeley (5.4.97) 
Noting that : ae Jz(m+1,q) = V/z(m,q = Ve and by letting ¢ — 00 in 


(5.4.97) we get 


z(m+1,n)— /z(m,n oo 
Lv a aed } = SS aig) (5.4.98) 
a( 2(m,n)) t=n+1 
From (5.4.21) and (5.4.98) we have 


2(m+1,n) 
G( z(m-+1,n)) —G (Vz (mn)) = / 5 
[Vet 1,n)— Vz (m,n)| 
< 
g ( z(m, n)) 
< ; > a(m,t). (5.4.99) 


Now keeping n fixed in (5.4.99), set m = s and sum both sides over s = 
0,1,2,...,2—1 and use the fact that z(0,n) = c to obtain 


s a(s,t). (5.4.100)) 
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The required inequality in (5.4.86) follows from (5.4.100) and u (m,n) < /z(m,n). 
The case c > 0 can be completed as mentioned in the proof of part (r;). The 
subdomain 0 < m < m3,0 < n < nz is obvious. 


(r3) Let c > 0 and define a function z(m,n) by the right hand side of (5.4.87). 
Then u(m,n) < \/z(m,n) and by following the proof of (r1) upto (5.4.91) with 
suitable changes we get 


| Vz(m +17) - Vz(m,n)| _ [VzQn+1n +1) - Vz(mn+0)] 


1 
< 54(m,n+1)L(m,n+ 1, V2(mn+ D). (5.4.101) 


Further by following the arguments as in the proof of (71) below (5.4.91) upto 
(5.4.94) with suitable changes we get 


Vz(m,n) < vet ; ‘ S- a(s,t)L (s.t 2(s,4) : (5.4.102) 


s=0 t=n+1 


Define a function v(m, n) by 


e a(s,)L (st, 2(8,1)). (5.4.103) 


s=0 t=n+1 


From (5.4.103), (5.4.102) and the hypotheses on L we observe that 


m—-1 

1 

eas 
u(m,n) < 5 De 


Co 


a(s,t) {L (s,t, /e+v(s,t)) —L(s,t, Vc) + L(s,t, Vc)} 
n+1 


S~ a(s,t) M (s,t, Ve) v(s,t), (5.4.104) 
s=0 t=n+1 
where h(m,n) is defined by (5.4.89). Clearly, h(m,n) is a real-valued nonneg- 
ative function, nondecreasing in m and nonincreasing in n for m,n € No. An 
application of Theorem 5.4.1, part (a1) to (5.4.104) yields 


u(m,n) < h(m,n) Ul 1+ : S- a(s,t) M (s,t, Ve)| . (5.4.105) 
s=0 t=n+1 


The required inequality in (5.4.88) follows by using the fact that u(m,n) < 
z(m,n) and (5.4.102). The proof of the case when c > 0 can be completed 
as mentioned in the proof of (71). 


Our final theorem in this section deals with the inequalities proved in [48]. 
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Theorem 5.4.9. Let u(m,n),a(m,n),b(m,n),c(m,n) € D(Nj, R+) and 
p> 1be areal constant. 


(s1) If 


m—-1 oc 
u? (m,n) <a(m,n) + b(m,n Les Ss c(s,t) u(s,¢), (5.4.106) 
s=0 t=n+1 


for m,n € No, then 


u(m,n) < {a(m,n) + (m,n) E (m,n) 


m— CO t Pp 
“TT: + > cls, ) (5.4.107) 
s=0 t=n+1 
for m,n € No, where 
se -1. a(s,t) 
S~ e( st) (24+ ). (5.4.108) 
s=0 t=n+1 D D 


for m,n € No. 


(sq) Let L, M be as in Theorem 5.4.3 and the condition (5.4.24) holds. If 
m—-1 oc 
u? (m,n) < a(m,n) + b(m, n) L(s,t,u(s,t)), (5.4.109) 


s=0 t=n+1 


for m,n € No, then 


u(m,n) < {a(m,n) + b(m,n) E (m,n) 


- ane a (s42=) : “e8) ae (5.4.110) 


t=n+1 


m-1 


aU 


for m,n € No, where 


BR 


m— 


eee (s.t Bey, “G.0)) (5.4.11) 
p 
1 


s=0 t=n+ 


for m,n € No. 
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Proof. (s;) Define a function z(m,n) by 


z(m,n) = 9 S* c(s,t)u(s,t). (5.4.112) 
s=0 t=n+1 


Then (5.4.106) can be written as 
u? (m,n) < a(m,n) + b(m,n) z (m,n). (5.4.113) 
From (5.4.113) as in the proof of Theorem 2.3.3, part (ci) we get 


u(m,n) < P— ! a | (m,n). (5.4.114) 


From (5.4.112) and (5.4.114) we have 


a acs p-1. a(s,t)  b(s,t) 
ztmn sets. ( at 4 HED 4 HED (6,9) 
COE DD \ ost) “2 (5,1), (5.4.115) 
s=0 t=n+1 


where E(m,n)is defined by (5.4.108). Clearly, E(m,n) is real-valued, nonneg- 
ative function, nondecreasing in m and nonincreasing in n for m,n € No. An 
application of Theorem 5.4.1, part (a;) to (5.4.115) yields 


z(m,n) < E(m,n) Ul 1+ o(,1) 8 (5.4.116) 
s=0 t=n+1 


The required inequality in (5.4.107) follows from (5.4.113) and (5.4.116). 


(s2) The proof follows by closely looking at the proof of (s;) given above and 
the proof of Theorem 5.4.3, part (c,). Here we omit the details. 


Remark 5.4.2. We note that one can very easily obtain explicit bounds on the 

inequalities given in (5.4.83), (5.4.85), (5.4.87), (5.4.106), (5.4.109) by replacing 
m—1 oo ee) ee) 

the doublesum S> >> by > YO . Here we leave the details of such 


s=0 t=n+1 s=m-+1 t=n+1 
results to the readers to fill in where neede 
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5.0 Estimates on certain finite difference inequal- 


ities I] 


In this section we shall give some more finite difference inequalities, recently 
established by Pachpatte in [62,71,76], which can be used conveniently in certain 
new applications for which the inequalities given earlier do not apply directly. 


Our first theorem deals with the inequalities investigated in [76]. 


Theorem 5.5.1. Let u(m,n),a(m,n),b(m,n),c(m,n), f (m,n), g(m,n) € 


D (NB, Ry). 


(a,) Suppose that 


m—-1n-1 


u(m,n) < a(m,n) + b(m,n) S- Sf (s,t) u(s,t) 


for m,n € No. i 


1 =S°S5g(s,t)Qi (s,t) <t 


s=0 t=0 
then 
u(m,n) = P, (m,n) ag NiQ, (m,n) ’ 


for m,n € No, where 


P, (m,n) = a(m,n) + b(m,n) Ly (m,n) = f (s,t) a(s, t), 
s=0 t=0 
Qi (m,n) = c(m,n) + b(m, n) Ly (m,n) as f (s,t) c(s,t), 
s=0 t=0 
Hwe= 11 LESS FDA?) , 
s=0 t=0 


and 


(5.5.1) 


(5.5.2) 


(5.5.3) 


(5.5.4) 


(5.5.5) 


(5.5.6) 


(5.5.7) 
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(a2) Suppose that 


u(m,n) < a(m,n) + b(m,n) S- Ds f(s, t) u(s,t) 


s=m-+1 t=n+4+1 


+e(m,n) Soe u(s,t), (5.5.8) 
for m,n € No. i 7 
oe yds (s,t) Qa (s,t) <1, (5.5.9) 
ae 
then 
u(m,n) < P2(m,n) + N2Qo (m,n), (5.5.10) 


for m,n € No, where 


P2 (m,n) =a(m,n)+b(m,n)L2(m,n) S> S> f(s,t)a(s,t), (5.5.11) 


s=m-+1 t=n+1 


Qa (m,n) = c(m,n)+b(m,n)L2(m,n) SS” f(s,t)e(s,t), (5.5.12) 


s=m+1 t=n+1 


Lo(mn)= [J j1+ S° f(s,t)b(s,0)], (5.5.13) 
s=m+1 t=n+1 


and 


Co 


dda (s,t) Po (s,t) (5.5.14) 
=0 


=i = 


(a3) Suppose that 


m-1 co 


u(m,n) < a(m,n) + b(m,n) > a f (s, t) u(s,t) 


s=0 t=n+1 


+c(m,n) S735 9(s,t) u(s,t), (5.5.15) 


If 
q3 = S7 S59 (s,t) Q3(s,t) <1, (5.5.16) 
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then 
U (m, n) < Ps (m, n) F N3Q3 (m, n) ’ (5.5.17) 


for m,n € No, where 


m-1 co 


P3(m,n) = a(m,n) + b(m,n)L3 (m,n) S* N° f(s,t)a(s,t), (5.5.18) 


s=0 t=n+1 


m—-1l oc 


Q3 (m,n) = c(m,n) + b(m, n) Lz (m,n) Ss S- f (s,t)e(s,t), (5.5.19) 


s=0 t=n+1 
m—1 ee) 
L3 (m,n) = 1+ So f(s,t)b(s,t)] , (5.5.20) 
s=0 t=n4+1 
and 
1 Co [oe) 
Nes SS" 55 9(s,t) Ps (s,t)- (5.5.21) 
~ 93 5=0 1=0 
Proof. (a,) Let 
m—-1n-1 
u(m,n) = f (s,t) u(s,t), (5.5.22) 
s=0 t=0 
r=S°S0g(s,t)u(s,t). (5.5.23) 
s=0 t=0 
Then (5.5.1) can be restated as 
u(m,n) <a(m,n) + b(m,n) vu (m,n) + e(m,n)r. (5.5.24) 
From (5.5.22) and (5.5.24) we have 
m—l1n-1 
v(m,n) < d(m,n)+ S° S° f(s, t)b(s,t) v(s,t), (5.5.25) 
s=0 t=0 
where 
m—-l1n-1 
d(m,n) = [f (s,t) a(s,t) +r f (s,t) e(s,t)]. (5.5.26) 
s=0 t=0 


Clearly, d(m,n) is real-valued,nonnegative function and nondecreasing in both 
the variables m and n for m,n € No. Now an application of Theorem 4.2.2 
given in [42] to (5.5.25) yields 


u(m,n) < d(m,n) Li (m,n). (5.5.27) 
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Using (5.5.27) in (5.5.24) we have 
u(m,n) <a(m,n)+re(m,n) + (m,n) d(m,n) Ly (m,n) 


= P, (m,n) +rQi (m,n). (5.5.28) 
Now from (5.5.28), (5.5.23) and (5.5.2) we have 


r<S °° G(s, t) {Pi (s,t) +r Qi (s,t)} 


Hi S dane wos S "9 (s,t) Pi (s,t), 


s=0 t=0 
which implies 
r< Nj. (5.5.29) 


Using (5.5.29) in (5.5.28) we get (5.5.3). 


(a2) Let 


S> SS f(s,tu(s,t), (5.5.30) 


s=m-+1 t=n+1 
and r be as in (5.5.23). The proof can be completed by following the proof of 
(a1) and using the inequality in Theorem 5.4.1, part (a2). 


(a3) Let 


n= S” f(s,t)u(s,t), (5.5.31) 


s=0 t=n+1 


and r be as in (5.5.23). The proof follows by the similar arguments as in (a1) 
and using the inequality in Theorem 5.4.1, part (a1). 


The next theorem contains the inequality established in [71]. 


Theorem 5.5.2. Let u(m,n) € D(N§, Ry) and a(m,n,s,t),b(m,n,s,t) € 
D(E, R,) be nondecreasing in m,n for each s,t € No, where EF = {(m,n,s,t) € 
No: 0<s<m<w,0<t<n<o}.0<s<m<w0<t<n< oo}. Sup 
pose that 


m—-1n-1 


(m,n set >> Via (m,n, s,t)u ip > hee (s,t), (5.5.32) 


s=0 t=0 s=0 t=0 
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for m,n € No , where c > 0 is a real constant. If 


= Yomns0 7] 


s=0 t=0 


+See (s,t,0, a) at, (5.5.33) 


for m,n € No, then 


m-1 


UO Searcy Ol 


n-1 
1+ 5° a(m,n,s, 7 , (5.5.34) 
for m,n € No. 


Proof. Fix (x,y) € N?. Then for 0 <m< 2,0 <n<_y;(m,n) € N? we have 


m—-l1n-1 
u(m,n) < c+ a(x, y,s,t)u(s,t er (x,y, $,t) u(s,t). (5.5.35) 
s=0 t=0 s=0 t=0 
Let 
k(2,y) = c+ ~ 5 d(a,y, 8, t) u(s, 2), (5.5.36) 
s=0 t=0 
then (5.5.35) can be restated as 
m—-l1n-1 
u(m,n) < b(2,y) + a (sj, 0st) (a, 0), (5.5.37) 
s=0 t=0 


forO<m<2,0<n<_y. Now an application of Theorem 4.2.1 given in [42] to 
(5.5.37) yields 


m—1 n-1 
u(m,n) < k(z,y) [] |1+ So a(2,y,¢,7) (5.5.38) 
o=0 T=0 
for 0 < m < 2,0 <n < ySince (x,y) € N@ is arbitrary, from (5.5.38) and 
(5.5.36) with (a, y) replaced by (m,n) we have 


m—-1 n-1 
u(m,n) < k(m,n) II 1+ SS a(m,n,o, a) , (5.5.39) 
o=0 T=0 
where 
k(m,n) =c+ "5 _ b(m,n, s,t) u(s, t), (5.5.40) 
s=0 t=0 


for all (m,n) € N@. Using (5.5.39) on the right hand side of (5.5.40) we have 


k(m,n) cet SY bommat {Koma Ul 14+ Yalstan| 
T=0 


s=0 t=0 o=0 


Chapter 5 291 


which in view of (5.5.33) implies 


k(m,n) < Toren 


(5.5.41) 
Using (5.5.41) in (5.5.39) we get the required inequality in (5.5.34). 

Remark 5.5.1. We note that the inequality given in Theorem 5.5.2 is of more 
general type and in the special cases when (7)b(m,n, s,t) = 0, (it)a(m, n, s,t) = 
0, it can also be used more effectively in the situations for which the other 
available inequalities do not apply directly. 


Tn the following theorem we present the inequality proved in [62]. 


Theorem 5.2.3. Let u(m,n),p(m,n),f (m,n) ,g(m,n),h(m,n) € D (NG 
,R+), and c> 0 bea real constant and suppose that 


u(m,n) <e+ S p(s,n) u(s,n) 
s=0 
+ aS f (s, t) [u(s, ) 
s=0 t=0 
WIC COED SPSL (oral) (5.5.42) 
o=0 T=0 o=0 7T=0 
for (m,n) € Né. If 
r= SS" So h(e,7)B (0,7) 
ao=0 T=0 
c II 14+ 3° Bn) 1160) +06] <1, (5.5.43) 
€=0 n=0 
where 
Blair) = II [+p(s,7)), (5.5.44) 
s=0 


for (0,7) € N@, then 


u(m,n) < 7B (m,n) Ul 1+ ST B(s,t) [f (s,t) +9 (s,t)]| , (5.5.45) 
s=0 t=0 


for (m,n) € Né. 
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Proof. Let c > 0 and define a function z(m,n) by 


m—-1ln-1 


z(m,n) =ct+ S- Sf (s,t) [u (s, t) 


s=0 t=0 


s—l1t-l1 


+)0 Ss" alo, T)u(o,7) + So So h(o,7)u (a,7T)| . (5.5.46) 


o=0 7T=0 o=07=0 
Then (5.5.42) can be restated as 


m1 


u(m,n) < z(m,n) + oy p(s,n)u(s,n). (5.5.47) 
s=0 


It is easy to observe that the function z(m,n) is real-valued, positive and non- 
decreasing for (m,n) € Nj. Now treating n fixed in (5.5.47) and applying the 
inequality given in Corollary 1.2.5 in [42] to (5.5.47) we get 


u(m,n) < B(m,n) z(m,n), (5.5.48) 


for (m,n) € N@, where B(m,n) is defined by (5.5.44). From (5.5.46), (5.5.48) 
and the fact that B(m,n) > 1, we observe that 


z (m,n) <e+5>) S/S (s,t) 


s—1t-1 


B(s,t)z(s,t)+ S>S¢g (0,7) B(o,7) 2(,7) 


o=0 T=0 


z(s,t)+ ¥° N° g(¢,7) B(o,7) 2(0,7) 


m—-1n-1 s—1 t-1 
o=0 T=0 


+7 dh (6,7)B(o,7) 20, | (5.5.49) 


Define a function v(m, n) by the right hand side of (5.5.49). Then v(m, n) > 0, 
v(0,n) = v(m,0) =c, z(m,n) < v(m,n) and 


m—-1n-1 


AoAyu (m,n) = f (m,n) B (m,n) |: (m,n) + S- > g(o,T) B(o,7T) z (0,7) 


a=0 T=0 


+¥0 S > h(o,7) B(o,7) “(oin] 
o=0 T=0 


m—1ln-1 


< f (m,n) B(m,n) may Ss S° 9 (0,7) B(o,7) v(0,7) 


o=0 T=0 
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+> 0 a(e,7) Ble,r) v(o,7)] . (5.5.50) 


o=0 T=0 


Define a function w(m,n) by 


w (m,n) = v(m,n) + 3 > 9 (0,7) Bla) v(o,7) 
o=0 T=0 
+S°Soh(6,7) B(o,7) v (0,7), 


o=0 T=0 


then w(m,n) > 0, v(m,n) < w(m,n), AcAiu (m,n) < f (m,n) B(m,n) w(m,n), 


w(0,n) = w(m,0) =c+ > S > h(o,7) B(o,7) v(0,7) = L (say), (5.5.51) 


o=07=0 


and 
AsAiw (m,n) = AgAjvu (m,n) + g (m,n) B(m,n) v (m,n) 


< f (m,n) B(m,n) w (m,n) + g (m,n) B (m,n) v (m,n) 
< B(m,n) [f (m,n) +9 (m,n) w (m,n). (5.5.52) 
Now, by following the proof of Theorem 4.2.1 given in [42], the inequality (5.5.52) 


implies the estimate 


n-1 


w(m,n)<L Ul 1+ B(s,t)[f (s,t) + g(s,6)]}. (5.5.53) 
s=0 0 


t= 
From (5.5.51), (5.5.53) and (5.5.43) we observe that 


Cc 


Lé< ; 
~1l-r 


(5.5.54) 


Using (5.5.54) in (5.5.53) and the facts that z(m,n) < v(m,n), u(m,n) < 
B(m,n)z(m,n) we get the required inequality in (5.5.45). The proof of the 
case when c > 0 can be completed as mentioned in the proof of Theorem 5.4.8, 
part (71). 


Remark 5.5.2. We note that,in the special cases when (7)p(m,n) = 0, (41) g(m, n) 
= 0, (tit) h(m, n) = 0, the inequality in Theorem 5.5.3 reduces to the new inequal- 
ities which can be used as tools in different applications. 
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5.6 Applications 


In this section we present applications of some of the inequalities given in 
earlier sections which deals with some fundamental properties of solutions of 
various types of finite difference equations in two independent variables. The 
inequalities given above are recently developed and hope will provide a fruitful 
source for future research. 


5.6.1 Partial finite difference equations 


First, consider the following partial finite difference equation 
z(m+1,n4+1) =F (m,n, z(m,n)), (5.6.1) 
with the given initial condition 
2 (mo, No) = 20, (5.6.2) 


for (m,n) € Ag = Mo X No, F : Ao xX R— R, where Mo, No are as defined in 
Theorem 5.2.1. 


As an application of the inequality given in Theorem 5.2.1, part (a2) we 
present the following theorem which deals with the dependency of solutions of 
equation (5.6.1) on given initial values (see [56]). 


Theorem 5.6.1. Suppose that the finction F in (5.6.1) satisfies 

|F (m,n, 2) — F (m,n, y)| < w(m,n, |x — yl), (5.6.3) 
for (m,n) € Ao, x,y € R, where w(m,n,r) : Ao x Ry > Ry is a nondecreasing 
function with respect to r for fixed (m,n) € Ao. Let z (m,n, mo, No, 2) (¢ = 1,2) 
be solutions of (5.6.1) with the given initial conditions 

2 (Mo, No, Mo, No, 21) = Zi; (5.6.4) 
for i = 1,2. Let r(m,n) be a solution of the equation 

r(mti1,n+1)=w(m,n,r(m,n)), r(mo,no) = 10; (5.6.5) 
for (m,n) € Ap and |z1 — z2| < ro. Then 

|z(m,n,mo, No, 21) — 2 (m,n, Mo, No, 22)| <r (m,n), (5.6.6) 


for (m,n) € Ao. 
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Proof. Let p(m,n) = |z (m,n, mo, no, 21) — z (m,n, Mo, No, 22)|. Then 
p(m+1,n4+1) = |z(m4+1,n+1, mo, no, 21) — z(mM4+1,n +1, mo, No, Z2)| 


= |F (m,n, z (m,n, mo, No, 21)) = F (m,n, z (m,n, mo, No, Z2))| 
< W (m,n, |z (m,n,mo, No, 21) _% (m,n, Mo, No, 22)]) 
=w(m,n,p(m,n)). (5.6.7) 


Now a suitable application of Theorem 5.2.1, part (a2) to (5.6.7) and (5.6.5) we 
get (5.6.6), which shows the dependency of solutions of (5.6.1) on initial values. 


Next, we apply the inequality given in Theorem 5.2.3, part (ci) to obtain a 
bound on the solution of sum-difference equation of the form 


m—-1ln-1 


27 (m,n) = h(m,n) + S- F (m,n,0,T,2(0,T)), (5.6.8) 


o=0 T=0 
for (m,n) € N@, where hh : NO — R,, F : Ex R = R, in which E = 
{(m,n,o,7T) ENG:0<Sa0<m<w0<tr<n<oo}. 


Theorem 5.6.2. Suppose that the functions h, F in equation (5.6.8) satisfy 
the conditions 


|h(m,n)| < ¢, (5.6.9) 


|F (m,n, 0,7, z)| <k (m,n, 0,7) |zI, (5.6.10) 


where cand k(m,n,o,7) are as in Theorem 5.2.3. Let Ayk (m,n,o,7), Ak (m, 
n,o,T), AeAik(m,n,o,7) be as in Theorem 5.2.3 and Q(m,n) is defined by 
(5.4.14). If z(m,n) is a solution of equation (5.6.8) for (m,n) € N@, then 


m—-l1n-1 


le(m,n)| < ve+5 D> 7 Q(s,2), (5.6.11) 


s=0 t=0 
for (m,n) € Né. 
Proof. Using the fact that z(m,n) is a solution of equation (5.6.8), the con- 


ditions (5.6.9), (5.6.10) and making use of the inequality in Theorem 5.2.3, part 
(ci) we get the required inequality in (5.6.11). 
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5.6.2 Volterra type sum-difference equation 


In this section we present applications of the inequality in Theorem 5.5.2, 
part (b2), which provide estimates on the solutions of sum-difference equation 
of the form 

m—-1n-1 
z(m,n) =h(m,n) + S- oe F (m,n,o,T,z(0,T)), (5.6.12) 
o=0 T=0 
for (m,n) € Né ,whereh : Nj > R, F : Ex R > R, in which E = 
{(m,n,o,7T) ENG :0<0<m<w,0<r<n<co}. 


The following theorem deals with the estimate on the solution of equation 
(5.6.12). 


Theorem 5.6.3. Suppose that 

|h(m,n)| < a(m,n), (5.6.13) 

IF (m,n,o,7,2)| < k(m,n, 0,7) 9 (lA), (5.6.14) 
where a(m,n),k(m,n,o,7),g(u) are as in Theorem 5.2.2, part (b2). Let 
G,G~!, Aik(m,n,o,7), Agk (m,n,o,T), A2Aik(m,n,o,7) be as in Theorem 
5.2.2, part (b2) and A(m,n) and Q(m,n) are defined by (5.2.18) and (5.2.14) 
respectively. If z(m,n) is any solution of (5.6.12) for (m,n) € N@, then for 
O<ms m,0<n< M1; ™M,™M41,N, Ny E No; 


m—-1n-1 


|z(m,n)| < a(m,n) + G-* |G(A(mn)) + S> S2Q(s,t,)], (6.6.15) 


a=0 T=0 
and m1,  € No are chosen so that 


m—-1ln-1 


G(A(m,n)) + 3s S- Q(s,t,) € Dom (G"), 


o=0 T=0 


for all m,n lying inO <m<mj,0<n< ny. 


Proof. Let z(m,n) € D (NG, R) be a solution of equation (5.6.12). Using the 
fact that z(m,n) is a solution of (5.6.12) and the conditions (5.6.13), (5.6.14) 
we have 
m—-l1ln-1 
|z(m,n)| < a(m,n) + S° Sk (m,n, 0,7) 9 (lz (0,7)])- (5.6.16) 
o=0 T=0 
Now an application of the inequality in Theorem 5.2.2, part (bz) to (5.6.16) 
yields the desired estimate in (5.6.15). 
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In the following theorem we obtain estimate on the solution of equation 
(5.6.12) by assuming that the function F’ satisfies the Lipschitz type condition. 


Theorem 5.6.4. Suppose that 
|F (m,n, 0,7, 2) — F (m,n,o,7, Z)| < k(m,n,o,7) g (lz — 2), (5.6.17) 


where k (m,n, 0,7) and g(u) are as in Theorem 5.2.2, part (by). Let G,G~+, Ayk 
(m,n,o,T) , Aok(m,n,o,7), AcAik(m,n,o,7) and Q(m,n) be as in Theorem 
5.2.2, part (bo) and 


m—-1ln-1 


e(m,n) = S° So |F(m,n,o,7,h(0,7))|, (5.6.18) 


o=0 T=0 


m—-1n-1 


A(m,n) = y Sk (m,n,o,7) 9 (€ (o,T)). (5.6.19) 


o=0 7r=0 
If z(m,n) is a solution of equation (5.6.12) for (m,n) € N@, then for 0 < m < 
mz, 0 snes n2;™, M2,N,N2g © No, 


|z(m,n) —h(m,n)| <e(m,n)+ G7! 


m—-1ln-1 


G(A(m,n)) +d) >) Q(s,8)], (5.6.20) 


s=0 t=0 


and m2,n2 € No are chosen so that 


m—-1n-1 


G(A(m,n)) + 5> S*Q(s,t) € Dom (G"4), 


s=0 t=0 


for all m,n lying in0< m<m2,0<n< ng. 


Proof. Let z(m,n) be a solution of equation (5.6.12). Using the fact that 
z(m,n) is a solution of (5.6.12) and (5.6.17) we observe that 


m—-i1ln-1 


|z(m,n) —h(m,n)| = S- oe, {F (m,n, 0,7, z(0,7)) 
o=0 T=0 
—F (m,n,o,7,h(0,7)) + F (m,n,o,7,h(0,7))}| 


m—-1n-1 


<e(m,n)+ S> So k(m,n,o,7)9 (lz (2,7) —h(,7)])- (5.6.21) 


o=0 T=0 


Now a suitable application of the inequality in Theorem 5.2.2, part (b2) to 
(5.6.21) yields (5.6.20). 
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5.6.3 Partial finite sum-difference equation 


In this section we present applications of the inequality in Theorem 5.3.4, 
part(d) to study certain properties of solutions of partial finite sum-difference 
equation of the form 


m—-1ln-1 


AcAiz(m,n) =F (mms (m,n), > S- P(m,n,0,T,2(0,T)), 


o=0 T=0 


2 . > SoH (mnga. neste) (5.6.22) 


o=0 T=0 \x=0 y=0 
with the given initial conditions at m = 0,n =0 as 
z(m,0) =d(m),z(0,n) = e(n), 2 (0,0) =0, (5.6.23) 


where de: No > R,P: Fx RO RH: Eyx RR, FF: Njx Ra 
Rin which £, = {(m,n,8,t)€ NG: 0<s<m<w0<t<n<o}, = 
{(m,n,8,t,0,7) ENG: 0<0<5s<m<w0<r<t<n<oo}. 


The following theorem deals with the uniqueness of solutions of the problem 
(5.6.22)-(5.6.23). 


Theorem 5.6.5. Suppose that the functions F, P,H in (5.6.22) satisfy the 
conditions 


|F (m,n, u,v,w) — F (m,n, t, b, &)| 

< b(m,n)|u— a) +|u—d|/+|w- a, (5.6.24) 

|P(m,n,o,T,u) — P (m,n, 0,7, @)| < k (m,n, 0,7) |u- GI, (5.6.25) 

|H (m,n,o,7,2,y,u) — H(m,n,o,7, 2, y, @)| 

<h(m,n,o,7,2,y) |u— a], (5.6.26) 
where b(m,n), k(m,n,o,T), h(m,n,o,7,x,y) are as in Theorem 5.3.4, part 


(d,). Then the problem (5.6.22)-(5.6.23) has at most one solution on N@. 


Proof. It is easy to observe that the problem (5.6.22)-(5.6.23) is equivalent to 
the following sum-difference equation 


z(m,n) = d(m)+e(n)+>- SF (2609. Pvhanetorn) 


s=0 t=0 o=0 T=0 


Sy (SE wtenonaanstow))). (5.6.27) 


o=0T=0 \x=0 y=0 
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Let u(m, n) and v(m, n) be two solutions of problem (5.6.22)-(5.6.23) for (m,n) € 
Né. Using the facts that u(m,n) and v(m,n) are the solutions of (5.6.27) and 
the conditions (5.6.24)-(5.6.26) we have 


Ce ect aie RCo reco) 
s=0 t=0 
EEE Ketan) n(n) — ole.) 
0 t=0 o=0 0 


t r= 
1ln-1 s—1t-—1 o-17Tr-1 
HSE (EK (LE meron) in(ea) vei!) ). 6.028) 
s=0 t o 


07r=0 \x=0 y=0 


Now a suitable application of Theorem 5.3.4, part (d,) (when c = 0) to (5.6.28) 
yields u(m,n) = v(m,n), ie., there is at most one solution to the problem 
(5.6.22)-(5.6.23) on N2. 


The next theorem shows the dependency of solutions of equation (5.6.22) on 
given initial values. 


Theorem 5.6.6. Let z,(m,n) and z2.(m,n) be the solutions of equation 
(5.6.22) with rhe given initial conditions at m = 0,n =0 as 


21 (m,0) = d; (m), 21 (0,n) = e1 (n) , 21 (0,0) = 0, (5.6.29) 
and 

z2 (m,0) = da (m), 22 (0,n) = e2 (n) , 22 (0,0) = 9, (5.6.30) 
respectively, where d1, d2,e1,e2 : No — R and 

|dy (m) + e1 (n) — dg (m) — e€2 (n)| < ¢, (5.6.31) 


where c > 0 is a real constant.Suppose that the functions F, P, H in (5.6.22) 
satisfy the conditions (5.6.24), (5.6.25), (5.6.26).Then 


m1 n-1 
l2x (m,n) — za (m,n)| Se ]] J1+ 70 a) (5.6.32) 
s=0 t=0 
for (m,n) € N§,where 
m—1ln-1 
Q (m,n) = b(m,n) + Se S¢ k(m,n,o,7) 
o=0 7T=0 
m—-l1in-1 fo—-17T-1 
FOE (LTA ommanin). (50.39) 
o=0 t=0 \x=0 y=0 
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Proof. From the hypotheses, it is easy to observe that 


|21 (m,n) — 22 (m,n)| < |di (m) + e1 (nm) — da (mm) — ee (n)| 


m—1ln-1 
(a 21 ( (s, t) oi Pk (s, t,0,T, 21 (0,T)), 


m—-l1ln-1 


ts 


s=0 t=0 a=0 T=0 
s—1t-—1 fo-—17-1 
s" S- (- ys H (s,t,0,7,2,Y, 21 =) 
o=0T=0 \x=0 y=0 
m—-l1n-1 
—F (- z2 (s,t), a » P(s,t,0,T,22(0,T)), 
a=0 T=0 
s—1t-1 fo—-17-1 
Ss (Sw istonenatesd))| 
o=0T=0 \x=0 y=0 
m—1n-1 
<e+ S° SY > b(s,t) la (s,t) — 22(s,t)| 
s=0 t=0 


>> ; * (So betevrea (or) len} 
t=0 \o=07=0 
+ Ss is 1e3bs (Ea t,0,7,2, y) |21 (@, y) — 22 wn) (5.6.34) 


s=0 t=0 \o=07T=0 \x=0 y=0 


Now an application of Theorem 5.3.4, part (d1) to (5.6.34) yields the estimate 
(5.6.32), which shows the dependency of solutions of (5.6.22) on given initial 
values. 


5.6.4 Sum-difference equations of Volterra- 
Fredholm type 


First we present an application of Theorem 5.5.2 to obtain a bound on the 
solution of sum-difference equation of the form 


z(m,n) = f (m,n) + S SAG eee) 
s=0 t=0 


s=0 t=0 


for (m,n) € N@, where f : Nj > R, A,B: Ex R—= R are the given functions 
and E = {(m,n,s,t)€ NG:0<s<m<w,0<t<n<oh} 
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Theorem 5.6.7. Suppose that the functions f, A, B in equation (5.6.35) sat- 
isfy the conditions 


lf (m,n)| Se, (5.6.36) 
|A (m,n, s,t,z)| < a(m,n, s,t) |z], (5.6.37) 
|B (m,n, s,t, z)| < b(m,n, s,t) |Z], (5.6.38) 


where c,a(m, n, 8, t), (m,n, s,t) are as in Theorem 5.2.2. Let r(m,n) be as in 
(5.5.33). If z(m,n) is a solution of (5.6.35) for (m,n) € N§,then 


m—- 1 n-1 
< t) 5.6.39 
iz (mm) TT rDalmns, . (5.6.39) 


for (m,n) € Né. 


Proof. Using the fact that z(m,n) is a solution of (5.6.35) and the conditions 
(5.6.36)-(5.6.38) we have 


m—1n-1 


|z(m,n)| <e+ S> So a(m,n, s,t) | (s,6)| 


s=0 t=0 


S_ b(m,n, s,t) |z(s,t)]. (5.6.40) 


s=0 t=0 


Now an application of Theorem 5.5.2 to (5.6.40) yields the required estimate in 
(5.6.39). 


We next consider the following sum-difference equations 


A,Aiz (m,n) =F @ n,z(m,n), Ys y: r(m,n,o,T,2(0,T)) 2 , (5.6.41) 


o=0 7T=0 
AoAiz (m,n) = F (m,n, z (m,n), 


= oy r(m,n,o,T,2(0,T)), ) ; (5.6.42) 


o=0 7T=0 


with the given initial conditions at m =0,n =0 as 


z(m,0) = 61 (m), z(0,n) = Bo (n) , A: (0) = G2 (0) = 0, (5.6.43) 


where (31,32: No > Ryr: Ex R= R,F:Né x R? = Rand p, po are real pa- 
rameters,in which £ = {(m,n, 0,7) ENG:0<0<m<w,0<7r<n<oh}. 


The following theorem shows the dependency of solutions of problems (5.6.41)- 
(5.6.43) and (5.6.42)-(5.6.43) on parameters. 
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Theorem 5.6.8. Suppose that 
Ir (m,n, 0,7, 2) —r(m,n,o,T, Z)| < e(m,n)h(o,7)|z— Z|, (5.6.44) 
|F (m,n, z,w, w) — F (m,n, 2,@, 1)| < f (m,n) (Jz— 2| + |w— al), (5.6.45) 
|F (m,n, z,w, 1) — F (m,n, z,w, Ho)| < d(m,n) |u — bol , (5.6.46) 
where f (m,n) ,h(m,n),e(m,n),d(m,n) € D(N@, Ry) and e(m,n) > 1, 


m—-1ln-1 


d(s,t) <M, (5.6.47) 


M > 0is areal constant. Let 


m= dA) TT 1+ Tsemet6n| <1. (5.6.48) 
o=0 T=0 €=0 n=0 


If z1(m,n) and z2(m,n) are the solutions of problems (5.6.41)-(5.6.43) and 
(5.6.42)-(5.6.43) , then 


|z1 (m,n) — z2(m,n)| < — Ul 1+ S f(s, te a) ‘ (5.6.49) 
s=0 t=0 


for (m,n) € Ng, where k = |u — po| M. 


Proof. Let z(m,n) = 21(m,n) — z2(m,n) for (m,n) € N@. As in the proof 
of Theorem 5.6.5 we observe that 


z(m,n) = 3 ‘ {F (sa ti), So Sorlvthovna lor) 


s=0 t=0 ao=0 T=0 


—F | s,t, (s,t), S° Sor (s,t,0,7, 22 rd) 


a=0 T=0 


eo 


+F 


Co Co 
8,t, 22 (s,t), 4° Sor (s,t,0,7, 22 (0,T)) 2 


a=0 T=0 


BS 


—F | s,t, 22 (s,t), S- 5 r(s,t,0,T, 22 (0,T)) 0) : (5.6.50) 


a=0 T=0 


iS 


Using (5.6.44)-(5.6.47) in (5.6.50) we observe that 


o=0 T=0 


le(min)l < 32 oF (et) (Is +32 Sr e(5,8) A(o,7) lon 
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a: 
os 


(s, t) e(s, t) (Ieee oA (0,7) |z nl). (6051 
o=0 7T=0 

Now a suitable enor of Theorem 5.2.3 to (5.6.51) yields (5.6.49), which 

shows the dependency of solutions of problems (5.6.41)-(5.6.43) and (5.6.42)- 

(5.6.43) on parameters y and pio 


5.7 Notes 


The study of partial finite difference equations has gained noticable impor- 
tance during the past few years. Such equations arise frequently in combina- 
torics and in the approximation of solutions of partial differential equations 
by finite difference methods. In fact, we need new theory and methods for 
the study of various types of partial finite difference equations. The material 
in sections 5.2-5.5 contains a number of new finite difference inequalities in- 
volving functions of two independent variables recently developed by Pachpatte 
(36,40,41,45,48,49,53,55,56,62,66,68,71,76]. These inequalities can be used in the 
theory of partial finite difference equations in essentially the same capacity as 
the finite difference inequaliies with explicit estimates are used in the theory 
of ordinary finite difference equations. Section 5.6 is devoted to applications of 
some of the inequalities given in earlier sections. 
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